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Hadron structures
Part I: Introduction

• Structures of matters→ fundamental task of physics

• Structures of hadrons→ extremely difficult
— Not direct observables
— Non-perturbative nature of QCD at low & middle energies
— Uncertainties of the hadron spectroscopy

• A bridge between the data and the structures?
World data→ ??? → Spectra→ Indications of the structures

• One possible option: comprehensive data-driven models
→ Jülich-Bonn/Jülich-Bonn-Washington Model

• Two studies:
— Baryon transition form factors from the proton

[Y.F. Wang et al. (Jülich-Bonn-Washington Collaboration), Phys. Rev. Lett. ŴŶŶ, ŴųŴżųŴ (ŵųŵŷ)]
— Compositeness of the Pc states

[Y.F. Wang et al., PRD ŴŴŵ, ųźŷųŴų (ŵųŵŸ)]
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Partial Wave Analyses
Part I: Introduction

• Medium energy→ involved dynamics & line-shapes
• Extraction of resonances

→ partial wave analyses (PWA)
• PW decomposition T ∼ TJLS → fit to the data

→meaningful outputs

• Various methods
— Unitary isobar models

→ unitary amplitudes + BW
[MAID, Yerevan/JLab, KSU]

— K-matrix Unitarization
→ on-shell intermediate states
[GWU/SAID, BnGa, Gießen]

— Dynamical coupled-channel (DCC) approaches
→ interaction potentials + scattering equations
(off-shell intermediate states)
[ANL-Osaka (EBAC), Dubna-Mainz-Taipeh]
& Jülich-Bonn Model

— · · ·

[spectra: PDG ŵųųų. quark model calculations: Löring et al., EPJA Ŵų, ŶżŸ (ŵųųŴ) ]
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The Jülich-Bonn Model
Part I: Introduction

Hadron dynamics
Lippmann-Schwinger-like equation

Tµν(p′′, p′, z) = Vµν(p′′, p′, z) +∑
κ

∫∞
0 p2dpVµκ(p′′, p, z)Gκ(p, z)Tκν(p, p′, z)

• One-dimensional: time-ordered perturbation theory
+ JLS basis [Jacob & Wick, Annals Phys. ź, ŷųŷ (ŴżŸż)]

• Effective Lagrangians→ SU(Ŷ), chiral, CP...

• Effective three-body channels: ρN, σN, π∆

Photo- & electroproduction
Construction from final state interactions

Mµγ∗ (Q2) = Vµγ∗ (Q2) +
∑

κ

∫
p2dpTµκGκVκγ∗ (Q2)

• γ∗: the γ∗N channel for electroproduction
• Q2: photon virtuality
• Vκγ∗ → phenomenologically parameterized
• Constraints: Siegert’s theorem, kinematics, etc.

• Photoproduction→ Q2 = 0
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Pole searching
Part I: Introduction

• Resonances→ poles on the second Riemann sheet
• Analytical continuation→ contour deformation [Döring et al., NPA Żŵż, Ŵźų (ŵųųż)]

• Pole position zr = Mr − iΓr/2. Coupling strengths→ normalized residues [PDG, RPP]

τ IIµν ∼ RµRν
zr−z + · · · ,NRµ ≡ 2RπN

Γr
× Rµ [Indication of the structures!]
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Baryon Transition Form Factors
Part II: Baryon Transition Form Factors

Electromagnetic Probes
• EM interactions

→ clean probes of structures
• Electroproduction

→ additional energy scale Q2 (photon virtuality)
• Transition form factors (TFFs)→ “pictures of hadrons”

[Ramalho, Peña, Prog. Part. Nucl. Phys. ŴŶŹ, Ŵųŷųżź (ŵųŵŷ)]

— Lower Q2: meson clouds etc.
— Higher Q2: the quark core
— Related to transverse charge densities

[Tiator & Vanderhaeghen, PLB Źźŵ, Ŷŷŷ (ŵųųż)]

A

N

N∗,∆

γ∗(Q2)

Towards the TFFs
• Predictions at quark level

— Quark models & Schwinger-Dyson equations
[Segovia et al., Few Body Syst. ŸŸ, ŴŴŻŸ (ŵųŴŷ)]
[Burkert, Roberts RMP żŴ, ųŴŴųųŶ (ŵųŴż)]
[Eichmann et al., Prog. Part. Nucl. Phys. żŴ, Ŵ (ŵųŴŹ)]

— Lattice QCD [Agadjanov et al., NPB ŻŻŹ, ŴŴżż (ŵųŴŷ)]

• Extraction from data
— Experimental facilities @ JLAB

[Mokeev et al.., PRC żŶ, ųŵŸŵųŹ (ŵųŴŹ)]
— Unitary isobar models→ real-valued,

depending on BW parameters
[Drechsel, Kamalov, Tiator, EPJA Ŷŷ, Źż (ŵųųź)]
[Tiator et al., EPJST ŴżŻ, ŴŷŴ (ŵųŴŴ)]

— DCC→ complex TFFs at the poles
[Kamano, Few Body Syst. Ÿż, ŵŷ (ŵųŴŻ)]
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TFFs in Jülich-Bonn-Washington Model
Part II: Baryon Transition Form Factors

The latest JBW results
• γ∗p initial state
• Coupled-channel study of πN, ηN, and KΛ

[Mai et al., EPJA Ÿż, ŵŻŹ (ŵųŵŶ)]

• Based on the JüBoŵųŴź solution
[Rönchen et al., EPJA Ÿŷ, ŴŴų (ŵųŴŻ)]

• C.M. energy range z ∈ [1.13, 1.8] GeV
• Virtuality Q2 ∈ [0, 8] GeV2

• Orbital angular momentum L ≤ 3

• Database
— 105 data points for the electroproduction
— 5× 104 data points from the

photoproduction/hadronic part

• Four fit solutions→ estimation of uncertainties

Highlights of this study
• TFFs defined at the poles (A, S)

Hh = CI

√
pπN
ωγ

2π(2J+1)zp
mNR̃πN

R̃h

• First simultaneous multi-channel study of TFFs
→ channel-independent results

• Outputs→ TFFs of twelve states at the poles
• Results for some higher states are given for the first
time

• Realistic uncertainties

This study:
[Y.F. Wang et al., (Jülich-Bonn-Washington
Collaboration), Phys. Rev. Lett. ŴŶŶ, ŴųŴżųŴ (ŵųŵŷ)]
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Summary of the results
Part II: Baryon Transition Form Factors

Data files on https://jbw.phys.gwu.edu
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Backgrounds
Part III: Compositeness of the Pc States

Pc as exotic states
• Exotic hadrons since X(3872) [Belle, PRL żŴ, ŵŹŵųųŴ (ŵųųŶ)]

→ deviating much from conventional quark models

• Possible pictures
— Hadronic molecules [Guo et al., RMP żų, ųŴŸųųŷ (ŵųŴŻ)]:

bound states formed by hadron-level
interactions (meson exchanges etc. )

— compact multi-quark states
— hybrid states, kinematic cusps, etc.

• The Pc states
— Discovered in Λb → J/ψpK− by LHCb

[LHCb, PRL ŴŴŸ, ųźŵųųŴ (ŵųŴŸ)]
Pc(4380) & Pc(4450)

— Updated results [LHCb, PRL Ŵŵŵ, ŵŵŵųųŴ (ŵųŴż)]
Pc(4312), Pc(4440), Pc(4457)
Pc(4380) insignificant

Interpretations
• D̄(∗)Σ

(∗)
c molecules [Liu et al., PRL Ŵŵŵ, ŵŷŵųųŴ (ŵųŴż)][Du et al.,

PRL Ŵŵŷ, ųźŵųųŴ (ŵųŵų)][Yao et al., Rept. Prog. Phys. Żŷ, ųźŹŵųŴ (ŵųŵŴ)]

• Compact or cusps [Wang, Int. J. Mod. Phys. ŶŸ, ŵųŸųųųŶ

(ŵųŵų)][Nakamura, PRD ŴųŶ, ŴŴŴŸųŶ (ŵųŵŴ)][Burns & Swanson, PRD ŴųŹ,

ųŸŷųŵż (ŵųŵŵ)]
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Composition of Pc
Part III: Compositeness of the Pc States

Jülich-Bonn model for Pc
This study:

[Y.F. Wang et al., PRD ŴŴŵ, ųźŷųŴų (ŵųŵŸ)]
• Previous studies

[Wang et al., EPJC Żŵ, ŷżź (ŵųŵŵ)][Shen et al., EPJC Żŷ, źŹŷ (ŵųŵŷ)]

• Three solutions→ updated LHCb data (ŴźŸ)

• Pc as S-wave states near D̄(∗)Σ
(∗)
c thresholds:

Pc(4312) 1/2−, Pc(4440) 1/2−, Pc(4380) 3/2−,
Pc(4457) 3/2−

• Criteria→ poles, & residues

Compositeness criteria
• Dynamical generation→model dependent
• Origin of compositeness criteria: Weinberg’s study of
deuteron [Weinberg, PR ŴŶź, BŹźŵ (ŴżŹŸ)]

• Modern extensions
— Pole-counting rule[Morgan, NPA ŸŷŶ, ŹŶŵ (Ŵżżŵ)]
— Spectral density functions

[Baru et al., PLB ŸŻŹ, ŸŶ (ŵųųŷ)]
— Gamow wave functions

[Sekihara, PRC żŸ, ųŵŸŵųŹ (ŵųŴź)]
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Criterion I
Part III: Compositeness of the Pc States

Weinberg’s criterion
• Weinberg’s criterion on deuteron |d⟩

a = −
2(1− Z)

2− Z
R+O(L)

r = −
Z

1− Z
R+O(L)

Z: “elementariness”. R ∼ 4.3 fm: deuteron radius.
L ∼ m−1

π interaction range.
a: scattering length. r: effective range.

• Z = 1−
∫
dα|⟨α|d⟩|2. α: two-nucleon continuum

• Experimental results→ Z ≃ 0

• Conditions: S-wave, near-threshold, stable

• Model-independent [van Kolck, Symmetry Ŵŷ, ŴŻŻŷ (ŵųŵŵ)]

Pole-counting rule
• Near-threshold single-channel amplitudes:

T ∼ (rp2/2− ip+ 1/a)−1

• One bound state p− and one virtual state p+:
|p+|+ |p−| ≥ 2

|r|

• A molecule→ quantum mechanical potentials
→ |r| being the interaction range
→ only one pole inside 1/|r|

• A genuine state→ |r| extremely large,
|p+| ≃ |p−|[Castillejo et al., PR ŴųŴ, ŷŸŶ (ŴżŸŹ)]
→ two nearby poles

• Can be extended to coupled-channel scatterings
• Only for S-wave near threshold states
• Applications [Meng et al., PRD żŵ, ųŶŷųŵų (ŵųŴŸ)]

[Gong et al., PRD żŷ, ŴŴŷųŴż (ŵųŴŹ)][Cao et al., CPC ŷŸ, ŴųŶŴųŵ (ŵųŵŴ)]
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Criterion II
Part III: Compositeness of the Pc States

Spectral Density Functions
• Weinberg’s Z for bound states: Z = |⟨ψ0|ΨB⟩|2

• Lower decay channels: Z → w(E) = −ImD(E)/π
→ distribution on energy E

• Narrow resonance E = ER − iΓR/2:
w(E) ≃ ZB

π
ΓR/2

(E−ER)2+(ΓR/2)2

• S-wave nearby channels:
w(E) ≃ − 1

π
Im(E− E0 −

∑
j ig

2
j pj/2)

−1

j: channels. E0 and gj’s: from residues (couplings) and
pole positions

• Elementariness→ deviation of w(E) from
“Breit-Wigner”:
BW(E) = 1

π
ΓR/2

(E−ER)2+(ΓR/2)2

• Applications [Kalashnikova and Nefediev, PRD Żų, ųźŷųųŷ (ŵųųż)]

[Baru et al., EPJA ŷŷ, żŶ (ŵųŴų)][Hanhart et al., EPJA ŷź, ŴųŴ (ŵųŴŴ)]

Complex Compositeness
• Resonances

— Unphysical Gamow states
[Gamow, Zeitschrift für Physik ŸŴ, ŵųŷ (ŴżŵŻ)]
[Civitarese and Gadella, Physics Reports ŶżŹ, ŷŴ(ŵųųŷ)]

— Complex eigenstates of the Hamiltonian
Ĥ|ΨR) = ER|ΨR)

— Non-normalizable [Xiao and Zhou, PRD żŷ, ųźŹųųŹ
(ŵųŴŹ), J. Math. Phys. ŸŻ, ųŹŵŴŴų (ŵųŴź)]

• Complex elementariness: ZR = (Ψ∗
R |ψ0⟩⟨ψ0|ΨR),

complex-valued
• Complex compositeness→ off-shell residues r(k)

T(E, pi, pf) ∼
r(pi)r(pf)
E−ER

X = 1− ZR =
∫
C

d3k
(2π)3

r2(k)
[ER−k2/(2µ)]2

[Sekihara, PRC żŸ, ųŵŸŵųŹ (ŵųŴź)]

• Naive measure, e.g. X̃j =
|Xj|∑

n |Xn|+|ZR|
Ŵŷ/Ŵż 王宇飞（四川大学）



Results I
Part III: Compositeness of the Pc States

• Pole-counting rule: always only one pole

• Effective ranges: at fm level

States Channels a r

Pc(4312) 1/2− D̄Σc
−1.9 + 0.40i
−2.2 + 0.29i
−2.0 + 0.39i

−3.0 + 2.9i
−3.0 + 2.9i
−3.0 + 2.9i

Pc(4440) 1/2− D̄∗Σc
−1.3 + 0.17i
−1.3 + 0.099i
−1.2 + 0.14i

0.43− 1.9i
0.44− 1.8i
0.36− 1.9i

Pc(4380) 3/2− D̄Σ∗
c

−1.9 + 0.27i
−2.0 + 0.26i
−1.9 + 0.29i

−0.83− 1.4i
−0.82− 1.3i
−0.84− 1.4i

Pc(4457) 3/2− D̄∗Σc
−1.1 + 1.2i
−1.2 + 1.1i
−1.2 + 0.96i

0.76− 1.7i
0.77− 1.6i
0.78− 1.6i
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Results II
Part III: Compositeness of the Pc States

Spectral density functions: one/two orders of magnitude smaller than BW!
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Results III
Part III: Compositeness of the Pc States

• Gamow wave functions→ fairly small elementariness
• Analyses of the compositions→ the closest S-wave channels

— Pc(4312) 1/2−: D̄Σc (80% ∼ 81%)
— Pc(4440) 1/2−: D̄∗Σc (72% ∼ 77%)
— Pc(4380) 3/2−: D̄Σ∗

c (80% ∼ 81%)
— Pc(4457) 3/2−: D̄∗Σc (66% ∼ 71%), D̄Σ∗

c (9% ∼ 12%)
• Relatively large D̄Σ∗

c configuration of Pc(4457)→ large coupled-channel effects
• Independent of model parameterization
• Further confirmation of the molecular interpretation!!
• A similar study on the N∗ and∆ states→much more complicated
[Y.F. Wang et al., PRC Ŵųż, ųŴŸŵųŵ (ŵųŵŷ)]
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Conclusion & Outlook
Part IV: Conclusion & Outlook

Conclusions
• The Jülich-Bonn Model

— Comprehensive dynamical coupled-channel
approaches

— Data driven PWA→ resonance spectra
— Connecting experimental observations to

hadron structures!

• Study Ŵ: transition form factors
— Determined by multi-channel data
— Defined at the poles
— Realistic uncertainties
— Outputs for twelve states

• Study ŵ: compositeness of Pc
— Generalization of Weinberg’s criterion
— Four Pc states→ larger D̄(∗)Σ

(∗)
c components!

Outlook
• The hyperon spectroscopy in the near future
• JBW model→ energy extension to 1.95 GeV
• ωN photoproduction underway→more modern data!

• Broader applications
— BES: J/ψ(ψ′) → N̄N∗ [BES, PRL żź, ųŹŵųųŴ (ŵųųŹ)]

[BES, PRL ŴŴų, ųŵŵųųŴ (ŵųŴŶ)] [BESIII, CPC ŷŷ, ųŷųųųŴ (ŵųŵų)]
— HHaS @ HIAF: π beams for πN interaction

[Chen et al., arXiv: ŵŸŴŴ.ŵŵŻŹŷ (ŵųŵŸ)]
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Backups



The Jülich-Bonn Model
Backups

A comprehensive coupled-channel model, fitting to a worldwide collection of data

Hadronic part
• The πN elastic scatterings [Schütz et al., PRC ŸŴ, ŴŶźŷ (ŴżżŸ)] [Schütz et al., PRC ŷż, ŵŹźŴ (Ŵżżŷ)]

• Extended to ππN and ηN [Schütz et al., PRC Ÿź, ŴŷŹŷ (ŴżżŻ)] [Krehl et al., PRC Źŵ, ųŵŸŵųź (ŵųųų)] [Gasparyan et al., PRC ŹŻ, ųŷŸŵųź (ŵųųŶ)]

• Extended to KΛ and KΣ [Döring et al., NPA ŻŸŴ, ŸŻ (ŵųŴŴ)] [Rönchen et al., EPJA ŷż, ŷŷ (ŵųŴŶ)]

• Extended to ωN [Wang et al., PRD ŴųŹ, ųżŷųŶŴ (ŵųŵŵ)]

• Analytical continuation for searching poles [Döring et al., NPA Żŵż, Ŵźų (ŵųųż)]

Photo- & Electroproduction
• Photoproduction

[Rönchen et al., EPJA Ÿų, ŴųŴ (ŵųŴŷ)] [Rönchen et al., EPJA ŸŴ, źų (ŵųŴŸ)][Rönchen et al., EPJA Ÿŷ, ŴŴų (ŵųŴŻ)] [Rönchen et al., EPJA ŸŸŻ, ŵŵż (ŵųŵŵ)]

• Electroproduction (Jülich-Bonn-Washington Model)
[Mai et al., PRC ŴųŶ, ųŹŸŵųŷ (ŵųŵŴ)] [Mai et al., PRC ŴųŹ, ųŴŸŵųŴ (ŵųŵŵ)] [Mai et al., EPJA Ÿż, ŵŻŹ (ŵųŵŶ)]

• Pc states [Wang et al., EPJC Żŵ, ŷżź (ŵųŵŵ)] [Shen et al., EPJC Żŷ, źŹŷ (ŵųŵŷ)] [Wang et al., PRD ŴŴŵ, ųźŷųŴų (ŵųŵŸ)]



Details of the scattering equation
Backups

The Lippmann-Schwinger-like equation
Tµν(p′′, p′, z) = Vµν(p′′, p′, z) +

∑
κ

∫∞
0 p2dpVµκ(p′′, p, z)Gκ(p, z)Tκν(p, p′, z)

• Reaction channels ν → µ (after PW and isospin projection, JLS basis [Jacob & Wick, Annals Phys. ź, ŷųŷ
(ŴżŸż)],J ≤ 9/2)

• Intermediate channel: κ
• CM initial (final) momentum: p′(p′′). CM energy: z
• Potential (kernel): V. Amplitude: T (→ observables)
• Propagator: G (ππN channel: effective channels ρN, σN, π∆. E/ω - energy of the
baryon/meson. )

Gκ(z, p) =

{
(z− Eκ − ωκ + i0+)−1 (if κ is a two-body channel) ,[
z− Eκ − ωκ − Σκ(z, p) + i0+

]−1
(if κ is an effective channel) .



Details of the scattering equation
Backups

• Separating the amplitude→ with/without s-channel poles T = TP + TNP

• Reconstruction of the amplitude→ TNP = VNP +
∑∫

p2dpVNPGTNP,
TPµν(p

′′, p′, z) =
∑

i,j Γ
a
µ,i(p

′′)Dij(z)Γc
ν,j(p

′), (D−1)ij = δij(z−mb
i )− Σij(z)

— Γ(γ): the dressed (bare) vertices (a - annihilation, c - creation)
— Σ: coupled-channel self-energy functions of the s-channel states



Details of the scattering equation
Backups

Potentials→ field-theoretical construction

Parameters→ determined by fits

The NP part
• Tree-level potentials

— t-channel+ u-channel+ contact
— Stemming from effective Lagrangians→ SU(Ŷ) flavour symmetry, CP conservation, chiral symmetry
— Established by time-ordered perturbation theory (TOPT)→ stationary perturbation in Schrödinger picture
— TOPT+partial wave→ one-dimensional integral

∫
p2dp

— Regulators for every vertex→ to make the integral converge: F(q) ∼
(

Λ2−m2

Λ2+q2

)n

m: the mass of the exchanged particle. Λ: cut-off (fit parameter)

• Beyond tree-level→ correlated two-pion exchanges [Schütz et al., PRC ŷż, ŵŹźŴ (Ŵżżŷ)] [Schütz et al., PRC ŸŴ, ŴŶźŷ (ŴżżŸ)]

The P part
• Stemming from effective Lagrangians with CP conservation (tree-level bare vertices)
• Phenomenological contact terms→ D ∼ (1− Σ)−1 [Rönchen et al., EPJA ŸŴ, źų (ŵųŴŸ)]

• Renormalization of the nucleon mass



Formulae & Extraction
Backups

Origianl definition
[Ramalho, Peña, Prog. Part. Nucl. Phys. ŴŶŹ, Ŵųŷųżź (ŵųŵŷ)]

Ah =
√

2πα
K

〈
R, h

∣∣∣ϵ+ · J
∣∣∣N, h− 1

〉
S 1

2
= |q|

Q

√
2πα
K

〈
R, 12

∣∣∣ϵ0 · J∣∣∣N, 12〉
• A, S: helicity transition amplitudes
• h = 1/2, 3/2: the helicity
• α: fine structure constant
• ϵ(J): virtual photon polarization vector (current)
• q: Ŷ-momentum of the virtual photon
• MR(mN): mass of the excitation state R (nucleon)

• K = (M2
R −m2

N)/(2MR)

At the pole
[Workman, Tiator, Sarantsev, PRC Żź, ųŹŻŵųŴ (ŵųŴŶ)]

Hh = CI
√

pπN
ω0

2π(2J+1)zp
mNR̃

H̃h

• H is either A or S
• CI: isospin factor, C1/2 = −

√
3 and C3/2 =

√
2/3

• pπN: πN c.m. momentum
• ω0: photon energy at Q2 = 0

• zp = MR − iΓR/2 the pole position

• R̃, H̃: the residues of πN, γ∗N channels
• Understanding: the |R⟩ → |R) defined from the
Gamow state

• Complex-valued
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