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QCD sum rules

. . . . Nucl.Phys.B147 (1979) 385-447
* QCD sum rules are widely used non-perturbative tools in hadron physics.  wucipayss147 1979) 448-518
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* Since 1979, several approaches have been developed: Monte Carlo-based method, variable continuum threshold,

inverse problem, inverse matrix method, resonance sum rules, finite energy and Gaussian sum rules.
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* Most commonly versions are Laplace and sum rules. PhysRept. 127 (1985) 1
hep-ph/0070775 [hep-ph]
* Laplace: based on Borel transform and “windows”—— OPE convergence and pole dominance

: take the n-th derivative of correlation function. Directly obtain the mass plateau.

* Those two methods have respective drawbacks.



Laplace QCD sum rules

« [t always starts from two-point correlation function: M(g?) =i [ d9% el?* (0| T[J (x)] " (x)]|0) A
« At quark-gluon level, it is computed via the OPE: MOPE(g%) = ¥ C, (g%, 1){0, (1))

« On phenomenological side, I1(g?) is described by the dispersion relation

Y

co (qz)"pPH(s) n-—1 ;
HPH(qZ) T LN ds s™(s — g2 — i0%) + Zi:o ai(qz)

 pPH(s) is parametrized by “narrow resonance” assumption pH(s) = £26(s — m%) + p™(s)0(s — sp)

o o OPE
* The crucial step is quark-gluon duality p"(s) = ImHOPE(s)G(s — 5p) or fsh ps(s(;ds = f o S_;Sz)ds

. This assumption

removes the continuum p”(s) and introduces the duality parameter s,.

* Borel transform is employed to improve the convergence of OPE, eliminate the subtraction terms...

Py 1
B = l 2\n+1 n
_q‘nm%o —F(n+1)( T )



Laplace QCD sum rules
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« We obtain the main equation fZe ™x/Ms = f:}\? pOPE(s)e~S/Msds and hadron mass is extracted to be

ms =

2

2
J52 pOPE(s) e=/MBds

« my depends on s, and M3. They are constrained by convergence of OPE and pole contribution (PC).

* They are inherently subjective.

‘ Hp—s(M3)
Hpert (A{[EP)
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Phys.Rev.D 112 (2025) 9, 094047
Phys.Rev.D 113 (2026) 11, 114015
Chin.Phys.C 50 (2026) 083106

SN

PC(S(),M%) =

* Definition of pole contribution remains questionable
50
L.(s0, M%) = /

pOPE(S)Ske_S/M% ds + IINS(M3)

LO(S()’ M?B)

Lo (OO, M%)
Within Borel window, the mass is stable, whereas the PC varies

2.2

considerably. If PC were physical, it should not be sensitive to M3
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Moment QCD sum rules

It defines moments by taking derivatives of [1(g?)

1 d "H ,
T(n+ 1)\ doz (@)lg2=03

The phenomenological side also adopts “narrow resonance”

Mn(Qg) =

f (mg + Q)™ (= p™(s)
MPH(02) = 1+ 6,(sy, 03 5. (sn, Q%) = j S
n (QO) (m)z( i Qg)"“[ n( h QO)] n( h QO) fXZ o (S I Qg)n_”

: - PH 2y _ MRP@d) _ o 2y _1+8n(5n,Q8) OPE 2y _ MRPE@QS)
Consider the ratio of moments r""(n,Qg) = P 00) (my + Qf) 0,01 5m0E) rVF(n, Qp) = MOPE (07)
For sufficiently large n, one expects that dbisyy 03) ~ BSOS = r°H(nle]) ki Ea:

The mass is extracted to be my = JrOPE (n, Q%) — Q3

Moment method yields a larger mass than Laplace sum rules.

Ignorance of p™(s) prevents the determination of coupling fx.



ok %

SUN YAT-SEN UNIVERSITY

Improved moment sum rules —— core idea

Approximation &, (sp, Q3) ~ 8,41 (sp, Q3) acts only on the phenomenological side.

pOPE(s)
(s+ea)™*?

1+6,(snQ8) _ MIFE(WQD)
(mg + Q§) e = : MRPE(QF) =

= ds + MY5(Q¢

On the OPE side, integration over the p®FE(s) extends to . It inevitably receives contributions from higher excited

states, which naturally pushes the mass upward.

Using the same upper limit of integration s, eliminates the discrepancy between two methods.
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Improved moment sum rules — core idea

* sp originates from quark-hadron duality, which must be considered in moment sum rules.

- OPE % nOPE
« Then moment is divided into two parts: MQPE(Q?) = fsop—(s)ds +MNS(Q2) M'OPE(Q3) = [~-L ©)_4s

SN (s+Q§)™+1 So (s+Q§)"*1

2 2y 1+6n(sn,08) MRPE(Q) 2 2y 1+6n(snQ8) MRPEE)+MQPE(0d)
. my + = = (my + = —
(M + Q) 135, v sn0d) — MOPE(QR) (M + Q0) 135, 2o 0D — MOPE(QR)+MOPE ()
. . . . oame e ) 2 MIQPE(Qd)
* In order to maintain a uniform formalism, we introduce the definition §°,,(sy, Q5) = HOPE o2)
n 0
1+8,(sn.Q3) MQPE(Q3) 1+687,(50,Q3)
e The mass can be expressed as m2 + Q2 E = —
p (mx + Qo) 1+8n+1(5nQ3)  Mpit (@) 1+6704+1(50,Q8)
N oo pM(s)ds oo pOPE(5)ds 2 ' 2
* Quark-hadron duality implies [T——=[t—2— = 6,(s1,08) = &§,(s0,Q5)

« Suppose that on the phenomenological side we have 6,,(s,, 03) ~ &,,.+1(s,, Q%). Then on the OPE side, we have

8", (50,08) = &' ,,11(s0,05). Meanwhile, one can use 8',, (5o, 05) ~ &',,.1(so, Q5) as a posterior condition to constrain s,.

My"" (s0, Q5) _
MY (50, Q8)

my+ Q5 =



Dependence conditions

« Evidently, one condition is insufficient to constrain 3 parameters (s, Q3, n) { 2 | 02 MOPE(s,, Qg)J
my 0o =

~ 17OPE
Mn+1 (50» Qg)

Quark-hadron duality implies that the continuum can be approximately described by the OPE. Therefore, the duality

parameter s, must be physical.

 The conventional approach requires the mass to be independent of (M3 = Q& /n, Q3,n).

(We define the dependence Conditions\
2 2
So Is physical. dmg e dmy < 6. GeV?
[ (Q4,n) are unphysical. J — 0Q% T on :
For simplicity, we impose €, = €, = €

J

« The dependence conditions and the posterior condition §',,(sy, Q3) =~ 8',41(So, @Q3) naturally give three constraints.



General procedure

* With the approximation and dependence condition, we can establish a basic procedure.

1. Selecta trial range [ng,n,] and €. Examine for various s, whether there exist a set of Q3 satisfies the
dependence condition.
! 2
2. Define the approximate function 7(sy, Q4,n) = %. Mass formula requires 77(so, 5, n) = 1. It is realized
n+1\20,%0
: bt i _On(50,08)
only in the limit n — oo: T{l_r)glo 57 (50,08) 1.
3. Within [ny, n,], we can find the minimum value 7,,;, > 1 and corresponding s,. Shift [n;, n;,1], we obtain a
sequence (ki S4)
4. Fit function sq(nyin) and extrapolate to 1y, = 1. The determined So is
» Some Remarks: free from subjectivity.
: : S el 1073 )
* € can be smaller. It requires trial. (107°— = —2107° DN

*  1(so,Q3,n) is a monotonically decreasing function of n. Son > 1 foralln > 0.



Numerical analysis and applications
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* We present a specific example. A tetraquark J = ug(,’y”ysdb [cfayﬂCﬂ; + (a < b)]

Phys.Rev.D 112 (2025) 9, 094047

HOPE () = In (qj) A (ms<§f> _ ma{dg) s<g2G26>) ~ (7g2<§s>42
(= ) || el 4sr=  §eer: 3072w = mq(2 GeV) = 0 MeV, m,(2 GeV) = 93.5 + 0.8 MeV,
LT 136G mgiGoa) | Tmi(gsoGs)  (aa)? <aq><§s>)qz (qg) = —(0.24 £ 0.01)* GeV?, (5s) = (0.8  0.1)(ga),
~Par Rl 22 i if= s (9q0Gq) = (0.8 £ 0.2)(Gq) GeV?, (g50Gs) = (0.8 +0.2)(9qoGq),
- (5ms<92G2)<33> _ Tms(g®G%)(@a) _ (d9){ga0Ga) | (950Gs)(qq) <g§qu><§8))] (sG?) = (6.35 £ 0.35) x 1072 GeV4, (g3fG3) = 1.2(asG?) GeV?
7687 115271 2472 4872 4872

 We first test the dependence conditions for s, = 3,4,5,6,7 GeV? with e = 1073, (Corresponding to Figs. (a)-(e))
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Numerical analysis and applications
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Withe = 1073/4,n € [60,80], and As, = 1/10 GeV2. We examine the optimal approximation value 7.

. . . ! 2 ?
 The optimal 1, = 1.03921 is achieved at s, = 3.5 GeV?2. n(so, @2,1) = 0 1 (S0, Q5) 1.048)
0, X0 o 2 [
0 n+1(S0,05) | 1.046f
o 1.044"
- If one is not satisfied with the precision sj = 3.5 + 0.1 GeV?. We can reduce As,,. 1.042
1.040
« Then we take As, = 1/50 GeV? and get i, = 1.03918 atsj;, = 3.52 GeV?. f
3.0 3.5 4.0 4.5
so[GeV?]
* Repeat analysis for several intervals:n € [40,60],[80,100],[100,120],[120,140].
* Increasing the n-interval decreases the 1,,;, and causes a slight shift in s.
3 5 ] = = @ o . 102215 n
10540 1.0397 Lo . 1.02505 I
10538, v 1.0396 ! W A . raass0, ” 102210,
o 10538} Qe o 1031200 | : o 102585/ 3 r 1-02205i
1.0534: il 1.03115 ’ . g 1.02580 1.02200/
1.0532:1 Lo o 1.03110 o, e * 1 1.02575! 1.02195-
N ... ] 1.0392 ‘ T » f' . : ] -y XN ] o el T .
33 3.4 35 36 37 33 3.4 35 36 37 34 35 36 37 33 3.4 35 36 3.7 ; 3.3 34 35 36
solGeV? solGeV? solGeV?] solGeV?) so[GeV?]
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* Plot the minima of these curves.
* Perform a linear fit and extrapolate s, to n = 1.

* To assess the robustness of the fit, we can perform more precise calculations.

so(n =1) = 3 42 + 0. 03 GeV2 so(n =1) = 3.42 + 0.02 GeV? 50(77 =1) =3.43+0.03 GeV2
360 i 1 N BN LN M- 8 d A SRR AR r
355"
— 350 - i
B 345 E 35
% 3.40° &
3.353 % extrapolated point S
ey .. Kl Lo ] ]
100 101 102 103 104 105 1.06 100 101 102 103 104 105 106 1.07 100 1.01 1.02 1.03 1.04 105 1.06 1.07
1 , 1073 1 b Lo 1 2 .
An=20,AsO=% GeV,ezT An:lO'ASO_l_OOGeV €= y An:lo;ASo_m GeV?, e =10"*
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Discussion: Comparison with Laplace sum rules

 We wish to clarify, if the results are minimally dependent on M3, the two
methods yield similar results.

Chin.Phys.Lett. 42 (2025) 070201

2
. . . . JHEP 03 (2026) 087
1] is defined to achieve it. 551 7653(7 [heﬁ)_ph]

Phys.Rev.D 109 (2024) 9, 094077

« so(n =1) = 3.42 4+ 0.03 GeV? is consistent with s, = 3.3 + 0.2 GeV?2.

2
mx(So.Mp,i)

mx(So)

X% (s0) = XiLs l

1073

« With sy, = 3.42 GeV?and € = L

we identify the space of (Q3,n). The ratio

2
(i—o ~ 1.1 is very close to the Borel window 1.14 GeV? < M3 < 1.35 GeV?2.

120

100}
: |i||
c el ““Ii‘“"
ﬂl"'ii

60| o

40+

(b)
‘HD=6(IVI%) < 25%. ‘HD=8(IVJ%) < 10%
Mpere(MB) | ~ 77 [ Tpers (M3) |

PC(sg, M%) > 10%

4

In the previous analysis, the Borel
window is determined to be
1.14 GeV? < M3 < 1.35 GeV?

13



Summary

In this work, we present an improved moment sum rules (IMSR).

The dependence conditions and the posterior condition §',,(sg, Q3) = 8',,+1(So, Q3) naturally give three

constraints.

The results of the IMSR are essentially consistent with those of the Laplace sum rule with minimal

parameter dependence.

The IMSR no longer requires the convergence and the pole contribution (PC). The final results are free

from subjectivity.

Thank you!

14
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  Π (  q 2 ) = i  ∫   d d x    e  i q · x  ⟨ 0 |  T [ J ( x )  J + ( x ) ] | 0 ⟩


   Π OPE (  q 2 ) =  ∑   C n  (  q 2 , 𝜇 )  ⟨  𝒪 n ( 𝜇 ) ⟩


  Π (  q 2 )


   Π PH (  q 2 ) =   ∫   s N ∞  d s     (  q 2 ) n  𝜌 PH ( s )   s n ( s −  q 2 − i  0 + ) +   ∑  i = 0  n − 1   a i   (  q 2 ) i


   𝜌 PH ( s )


   𝜌 PH  ( s ) =  f X 2 𝛿 ( s −  m X 2 ) +  𝜌 h ( s ) 𝜃 ( s −  s h )


   𝜌 h ( s ) =  1 𝜋 Im  Π OPE ( s ) 𝜃 ( s −  s 0 )


    ∫   s h ∞     𝜌 h ( s ) d s  s −  q 2 =   ∫   s 0 ∞     𝜌 OPE ( s ) d s  s −  q 2


   𝜌 h ( s )


   s 0


     B ^ =  lim     −  q 2 , n → ∞   −  q 2 / n =  M B 2 ⁡   1  Γ ( n + 1 )   ( −  q 2 )  n + 1 (  d  d  q 2  ) n


   f X 2  e  −  m X 2 /  M B 2 =   ∫   s N   s 0   𝜌 OPE ( s )  e  − s /  M B 2 d s


   m X 2 =     ∫   s N   s 0   𝜌 OPE ( s )   s    e  − s /  M B 2 d s    ∫   s N   s 0   𝜌 OPE ( s )    e  − s /  M B 2 d s
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   s 0


   M B 2


   M B 2


  Π (  q 2 )


   M n  (  Q 0 2 ) =  1  Γ  ( n + 1 )    ( −  d  d  Q 2 ) n Π  (  Q 2 )  |   Q 2 =  Q 0 2


   M n PH (  Q 0 2 ) =    f X 2    (  m X 2 +  Q 0 2 )  n + 1 [ 1 +  𝛿 n (  s h ,  Q 0 2 ) ]                    𝛿 n (  s h ,  Q 0 2 ) =       (  m X 2 +  Q 0 2 )  n + 1   f X 2   ∫   s h ∞     𝜌 h ( s )    ( s +  Q 0 2 )  n + 1 d s


   r PH ( n ,  Q 0 2 ) =    M n PH (  Q 0 2 )   M  n + 1 PH (  Q 0 2 ) = (  m X 2 +  Q 0 2 )   1 +  𝛿 n (  s h ,  Q 0 2 )  1 +  𝛿  n + 1 (  s h ,  Q 0 2 )


   r OPE ( n ,  Q 0 2 ) =    M n OPE (  Q 0 2 )   M  n + 1 OPE (  Q 0 2 )


  n


   𝛿 n (  s h ,  Q 0 2 ) ≈  𝛿  n + 1 (  s h ,  Q 0 2 )       ⇒        r PH ( n ,  Q 0 2 ) =  m X 2 +  Q 0 2


   m X =   r OPE ( n ,  Q 0 2 ) −  Q 0 2


   𝜌 h ( s )


   f X


   𝛿 n (  s h ,  Q 0 2 ) ≈  𝛿  n + 1 (  s h ,  Q 0 2 )


  (  m X 2 +  Q 0 2 )   1 +  𝛿 n (  s h ,  Q 0 2 )  1 +  𝛿  n + 1 (  s h ,  Q 0 2 ) =    M n OPE (  Q 0 2 )   M  n + 1 OPE (  Q 0 2 )                           M n OPE (  Q 0 2 ) =   ∫   s N ∞     𝜌 OPE ( s )    ( s +  Q 0 2 )  n + 1 d s +  M n NS (  Q 0 2 )


   𝜌 OPE ( s )


  ∞


   s 0


   s 0 = ∞


   s 0 = 3 . 3 Ge  V 2


   s 0


                 M ~ n OPE (  Q 0 2 ) =   ∫   s N   s 0     𝜌 OPE ( s )    ( s +  Q 0 2 )  n + 1 d s +  M n NS (  Q 0 2 )


                M ′ n OPE (  Q 0 2 ) =   ∫   s 0 ∞     𝜌 OPE ( s )    ( s +  Q 0 2 )  n + 1 d s


  (  m X 2 +  Q 0 2 )   1 +  𝛿 n (  s h ,  Q 0 2 )  1 +  𝛿  n + 1 (  s h ,  Q 0 2 ) =    M n OPE (  Q 0 2 )   M  n + 1 OPE (  Q 0 2 )         ⟹         (  m X 2 +  Q 0 2 )   1 +  𝛿 n (  s h ,  Q 0 2 )  1 +  𝛿  n + 1 (  s h ,  Q 0 2 ) =        M ~ n OPE (  Q 0 2 ) + M ′ n OPE (  Q 0 2 )     M ~  n + 1 OPE (  Q 0 2 ) +   M ′  n + 1 OPE (  Q 0 2 )


    𝛿 ′ n (  s 0 ,  Q 0 2 ) =     M ′ n OPE (  Q 0 2 )     M ~ n OPE (  Q 0 2 )


  (  m X 2 +  Q 0 2 )   1 +  𝛿 n (  s h ,  Q 0 2 )  1 +  𝛿  n + 1 (  s h ,  Q 0 2 ) =      M ~ n OPE (  Q 0 2 )     M ~  n + 1 OPE (  Q 0 2 )   1 +   𝛿 ′ n (  s 0 ,  Q 0 2 )  1 +   𝛿 ′  n + 1 (  s 0 ,  Q 0 2 )


    ∫   s h ∞     𝜌 h ( s ) d s  s −  q 2 =   ∫   s 0 ∞     𝜌 OPE ( s ) d s  s −  q 2       ⟹    𝛿 n  (  s h ,  Q 0 2 ) =   𝛿 ′ n (  s 0 ,  Q 0 2 )


   𝛿 n (  s h ,  Q 0 2 ) ≈  𝛿  n + 1 (  s h ,  Q 0 2 )


     𝛿 ′ n  (  s 0 ,  Q 0 2 ) ≈    𝛿 ′  n + 1  (  s 0 ,  Q 0 2 )


    δ ′ n (  s 0 ,  Q 0 2 ) ≈   δ ′  n + 1 (  s 0 ,  Q 0 2 )


   s 0


   m X 2 +  Q 0 2   =      M ~ n OPE (    s 0 , Q 0 2 )     M ~  n + 1 OPE (  s 0 ,  Q 0 2 )


  (  s 0 ,  Q 0 2 , n )


   s 0


  (  M B 2 =  Q 0 2 / n ,  Q 0 2 , n ) .


    δ ′ n (  s 0 ,  Q 0 2 ) ≈   δ ′  n + 1 (  s 0 ,  Q 0 2 )


   m X 2 +  Q 0 2   =      M ~ n OPE (    s 0 , Q 0 2 )     M ~  n + 1 OPE (  s 0 ,  Q 0 2 )


   s 0


  (  Q 0 2 , n )
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   𝜖 1 =  𝜖 2 = 𝜖
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   Q 0 2
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  𝜖


              ( 10  − 3 →    10  − 3 2 →    10  − 3 4 →  10  − 4 → . . . )
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   s 0
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  ∆ n = 10 ,   ∆  s 0 =  1 100    GeV 2 , 𝜖 =  10  − 4


   s 0 ( 𝜂 = 1 ) = 3 . 42 ± 0 . 03    GeV 2


   M B 2


   𝜒 2 (  s 0 ) =   ∑  i = 1 N     [    m X (  s 0 ,  M  B , i 2 )     m - X (  s 0 ) − 1 ] 2


   s 0 ( 𝜂 = 1 ) = 3 . 42 ± 0 . 03     GeV 2


   s 0 = 3 . 3 ± 0 . 2     GeV 2


   s 0 = 3 . 42    GeV 2


  𝜖 =    10  − 3 4


  (  Q 0 2 , n )


     Q 0 2 n ≈ 1


  1 . 14    GeV 2 ≤  M B 2 ≤ 1 . 35    GeV 2


  1 . 14    GeV 2 ≤  M B 2 ≤ 1 . 35    GeV 2


    δ ′ n (  s 0 ,  Q 0 2 ) ≈   δ ′  n + 1 (  s 0 ,  Q 0 2 )

