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Proton has a size

Proton radius ~0.84 fm

Hofstadter (1956)

Quantum world is different:
proton has more than one size, depending on the probe



l Electro-magnetic form factors: matrix elements of em current
p Probes distributions of electric charge, magnetic moment densities, etc.

Øproton is not pointlike, 𝑟!
" = 0.74 24 fm

lGravitational form factors: matrix elements of energy-momentum tensor

p Trace anomaly: origin of mass

p Fundamental properties of the nucleon
ØEnergy/mass:

ØSpin:

ØD-term:
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Gravitational form factors

<latexit sha1_base64="S3YpDf9ahFMIoPSD8GN6SV3lTo0="></latexit>〈
N(p→)

∣∣∣T̂µω(0)
∣∣∣N(p)

〉
=

1

4mN
ū(p→)

[
A(t)PµP ω + J(t)

(
iP {µωω}ε!ε

)
+D(t) (!µ!ω → tgµω)

]
u(p)

R. Hofstadter, R. McAllister (1955); R. Hofstadter (1956)
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mN =

∫
d3rT 00(r), A(0) = 1

<latexit sha1_base64="QGPZH4zDR2djeSsrX77vGJiMyoY="></latexit>

J i = ωijk
∫

d3rrjT 0k(r), J(0) = 1/2
<latexit sha1_base64="KMagQdTHCqdnpXWJLeBjhxnwk40="></latexit>

D = →mN

2

∫
d3r

(
rirj → 1

3
ωij

)
T ij(r), D(0) : “last global unknown property”

D-term: M. Polyakov, PLB 555 (2003) 57; M. Polyakov, P. Schweitzer, IJMPA 33 (2018) 1830025;
Trace anomaly, attractive force with a strength similar to the confinement string tension: X. Ji, C. Yang, Research 9( 2026) 1155

p Forces inside hadron, mechanical picture of quark confinement?



lResults from JLab
p Pressure distribution inside proton using DVCS data 

p Nucleon GFFs from near-threshold 𝐽/𝜓 photoproduction 
with two models

ØHolographic QCD
ØGPD + vector-meson dominance
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Gravitational form factors

V. D. Burkert, L. Elouadrhiri, F. X. Girod, Nature 557 (2018) 396

B. Duran et al. [J/ψ-007], Nature 615 (2023) 7954

“We find a strong repulsive pressure near the centre of the proton (up to 0.6
femtometres) and a binding pressure at greater distances. The average peak
pressure near the centre is about 1035 pascals, which exceeds the pressure estimated
for the most densely packed known objects in the Universe, neutron stars.”

0.77 ± 0.07 1.20 ± 0.13Updated GPD analysis:
Y. Guo et al., PRD 108 (2023) 034003

But the main mechanism for this reaction could be different, so no reliable exp. results: M.-L. Du et al., EPJC 80 (2020) 1053 



lProbability conservation: S-matrix unitarity

lDiscontinuity of 𝐴# and 𝐷#

lDecomposition into 𝐽$% = 0&&, 2&& matrix elements (conserved separately):
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Unitarity relation for the pion GFFs

<latexit sha1_base64="JkfcQosdp7WgHei5w4aAuDCaRtE="></latexit>

Disc
〈
ωa(p→)ωb (p)

∣∣∣T̂µω(0)
∣∣∣ 0
〉
=

εab

2
[DiscAε(t)!µ!ω +DiscDε(t) (PµP ω → tgµω)]

= 2i
2pε↑

t

εab

2

[
(Aε(t))↑

(
4

3t
p2ε(t

0
0(t)→ t02(t)) (P

µP ω → tgµω) + t02(t)!
µ!ω

)
+ (Dε(t))↑ t00(t) (P

µP ω → tgµω)

]

<latexit sha1_base64="iAvNpF/5A4vjd9hlch66sDwo68w="></latexit>〈
ωa(p→)ωb (p)

∣∣∣T̂µω(0)
∣∣∣ 0
〉
= εab

{
1

3

(
gµω → PµP ω

P 2

)
!ε(t) +

[
”µ”ω +

”2

3t
(PµP ω → tgµω)

]
Aε(t)

}

<latexit sha1_base64="qHoQGM7ww2+zEjcXEUaIBjO3los="></latexit>

trace part:
〈
ωa(p→)ωb (p)

∣∣∣T̂µ
µ(0)

∣∣∣ 0
〉
= εab!ω(t), !ω(t) = →1

2

(
4p2ωA

ω(t) + 3tDω(t)
)

<latexit sha1_base64="1f5LFSuJFEQ/J1N65EjhZddfhFY="></latexit>

ImAω(t) =
2pω→

t

(
t02(t)

)→
Aω(t) ,

ImDω(t) =
2pω→

t

[
4

3

p2ω
t

(
t00(t)↑ t02(t)

)→
Aω(t) +

(
t00(t)

)→
Dω(t)

] <latexit sha1_base64="/bVJO9Cc5ko4P3LSWwjxxC91Bbw="></latexit>

Im!ω(t) =
2pω→

t

(
t00(t)

)→
!ω(t)

K. Raman (1971)

𝜋𝜋 scattering



lCausality ⇒ analyticity, Cauchy’s theorem ⇒ dispersion relation:

l Schwarz reflection principle: discontinuity along the cut

lOne or more subtractions might be necessary if lim
'→)

𝑓 𝑧 ≠ 0

p E.g., once-subtracted dispersion relation
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Dispersion relation

<latexit sha1_base64="24ZQAcCf2qH1UxcRBECB99+sbH4="></latexit>

f(s) =
1

2ωi

∮

C1

dz
f(z)

z → s
=

1

2ωi

∫ →

sth

dz
discf(z)

z → s

<latexit sha1_base64="/JEg6n9tXXzDnd1CoOQbcrymYTE="></latexit>

discf(z) = f(z + iω)→ f(z → iω) = 2i Imf(z + iω)

<latexit sha1_base64="Pzt3UUvG921oFMGANyGLBbar9L4="></latexit>

f(s)→ f(s0) =
s→ s0
2ωi

∫ →

sth

dz
discf(z)

(z → s)(z → s0)



lData for 𝜋𝜋 phase shifts known precisely from Roy(-like) equation analyses

lGeneralization to coupled channels: isoscalar, scalar 𝜋𝜋-𝐾9𝐾; 𝑓* 500 , 𝑓*(980) mesons
p Unitarity relation for Θ# 𝑡 ⇒ matrix relation for coupled channels (both pion and kaon trace GFFs):
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𝝅𝝅-𝑲#𝑲 coupled channels

<latexit sha1_base64="Qt6fOD7vRtmxjdGrEUYw+hLrc+Q="></latexit>

Im!(t) = [T0
0(t)]

→ ”0
0(t)!(t), !(t) =

(
!ω(t)
2↑
3
!K(t)

)
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Im!ω(t) =
2pω→

t

(
t00(t)

)→
!ω(t)

<latexit sha1_base64="jUwb89EGv1DK1bvsCm6D8lyjlr8="></latexit>

!0
0(t) → diag(ωωε(t↑ tω),ωKε(t↑ tK))

with ωi(t) →
√

1↑ 4m2
i /t (i = ϑ,K)

phase-space factor

<latexit sha1_base64="zptAUCpWHlVkPTQPS8RslLihoPo="></latexit>

T0
0(t) =




ω0
0(t)e

2iω00(t)→1
2iεε

|g00(t)|ei!
0
0(t)

|g00(t)|ei!
0
0(t) ω0

0(t)e
2i(!0

0(t)→ω00(t))→1
2iεK





𝜋𝜋-𝐾#𝐾 T-matrix

<latexit sha1_base64="UX2g0AV15pzk7+EgMssfppR6DKU="></latexit>

ω00(t) =
√

1→ 4εωεK |g00(t)|2ϑ (t→ tK)

J. Donoghue, J. Gasser, H. Leutwyler, NPB 343 (1991) 341

Bern group; Madrid-Krakow group



lCoupled-channel: solution known as the Muskhelishvili-Omnès (MO) representation
p The above can be generalized to 𝜋𝜋-𝐾9𝐾 coupled channels (matching point: ∼ 1.3 GeV)
p Take isoscalar scalar 𝜋𝜋-𝐾9𝐾 as example
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Muskhelishvili-Omnès representation

<latexit sha1_base64="jcPJCHR1hsbIRrThgLVqWWm989U=">AAADE3icdVHdbtMwGHXC3yh/HVzChUWFt </latexit>

!0
0(t) =

1

ω

∫ →

tω

dt↑

t↑ → t
[T0

0(t)]
↓ ”0

0(t)!
0
0(t

↑)

M. Hoferichter et al., JHEP 06 (2012) 063
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𝜋𝜋 phase shifts: Roy equation

𝜋𝜋 → 𝐾#𝐾: Roy-Steiner equation
I. Caprini et al. (2012);

P. Büttiker et al. (2004);

Precisely known scattering phases



0.0 0.5 1.0 1.5 2.0
0.0

0.2

0.4

0.6

0.8

1.0

0.0 0.5 1.0 1.5 2.0
0.0

0.2

0.4

0.6

0.8

1.0

9

Pion and kaon GFFs
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Ø Pion

0.0 0.5 1.0 1.5 2.0
0.0

0.2

0.4

0.6

0.8

1.0

0.0 0.5 1.0 1.5 2.0
0.0

0.2

0.4

0.6

0.8

1.0

0.0 0.5 1.0 1.5 2.0
-0.8

-0.6

-0.4

-0.2

0.0

0.0 0.5 1.0 1.5 2.0
-0.2
-0.1
0.0

0.1

0.2

0.3

0.4

0.5

0.0 0.5 1.0 1.5 2.0
-1.0

-0.8

-0.6

-0.4

-0.2

0.0 0.5 1.0 1.5 2.0
-1.0

-0.8

-0.6

-0.4

-0.2

0.0

Ø Kaon

LQCD (𝑚! = 170MeV): D.C. Hackett et al., PRL 132 (2024) 251904

J. Donoghue, H. Leutwyler, ZPC 52 (1991) 343At low-energy, matching to chiral perturbation theory;
then no free parameters!



lPartial-wave amplitudes for 𝜋𝜋 → 𝑁9𝑁

lDiscontinuity of the nucleon GFFs

lDecomposition into 𝐽$% = 0&&, 2&& matrix elements
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Unitarity relation for nucleon GFFs

<latexit sha1_base64="36EvSuQPKF5JjN/lIA03XQ3QOnI="></latexit>

AI(t, s) = → 8ω

p2N

→∑

J=0

(
J +

1

2

)
(pωpN )J

{
PJ(cos ε)f

J
+(t)→

mN cos ε√
J(J + 1)

P ↑
J(cos ε)f

J
↓(t)

}
,

BI(t, s) = 8ω
∑

J

J + 1
2√

J(J + 1)
(pωpN )J↓1 P ↑

J (cos ε) fJ
↓(t)

W. Frazer, J. Fulco (1960); G. Höhler (1983) 
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ImAs(t) =
3p5ω→
6t

[
f2
→(t) +

√
3

2

mN

p2N

(
mN

√
2

3
f2
→(t)↑ f2

+(t)

)]↑

Aω(t)

Im Js(t) =
3p5ω
2
→
6t

(
f2
→(t)

)↑
Aω(t),

ImDs(t) = ↑3mNpω
2p2N

→
t

[
4p2ω
3t

((
f0
+(t)

)↑ ↑ (pωpN )2
(
f2
+(t)

)↑)
Aω(t) +

(
f0
+(t)

)↑
Dω(t)

]

<latexit sha1_base64="A3mJqg/F5sZvMmB7GRr/0RsRekA="></latexit>

Im!s(t) = → 3pω
4p2N

↑
t

(
f0
+(t)

)→
!ω(t)

<latexit sha1_base64="lZ+nYqKE4hsLDJqsk5HZehFRmQE="></latexit>

Tµω
S =

1

3

(
gµω → PµP ω

P 2

)
!s(t) ,

Tµω
T =

1

4mN

[
”µ”ω +

”2

3t
(PµP ω → tgµω)

]
As(t) +

[
i”{µωω}εPε +

2iωεϑ”εPϑ

3t
(PµP ω → tgµω)

]
Js(t)

<latexit sha1_base64="zpa4OvVAcndP6Wva4Tsi5yoar2c="></latexit>〈
N(p→)N̄(p)

∣∣∣T̂µω(0)
∣∣∣ 0

〉
= ū(p→) (Tµω

S + Tµω
T ) v(p)

<latexit sha1_base64="7jD1sS47QhgvuUnUKCQI+wwgtOs="></latexit>

!s(t) =
1

4mN

[
→4p2NAs(t) + 2tJs(t)→ 3tDs(t)

]

<latexit sha1_base64="GYPtJH50AuoftjuG6SEhx5jAUsI="></latexit>

Im!s(t) = → 3

4p2N
↑
t

[
pω

(
f0
+(t)

)→
!ω(t)ω(t→ tω) +

4

3
pK

(
h0
+(t)

)→
!K(t)ω(t→ tK)

]
coupled-channel

𝐾)𝐾 → 𝑁)𝑁 amplitude

𝐼 =+/− for even/odd 𝐽;
𝑓±
#: 𝜋𝜋 → 𝑁/𝑁 partial-wave amp. with
+/− for parallel/antiparallel 𝑁/𝑁 helicities

𝜋𝜋/𝐾)𝐾 → 𝑁)𝑁 amp.



l Input data: 𝜋𝜋/𝐾9𝐾 → 𝑁9𝑁 S-wave amplitudes 𝑓±
*,-, ℎ&*  from Roy-Steiner equation analyses
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𝜋𝜋/𝐾#𝐾 → 𝑁#𝑁 S-wave amplitudes

M. Hoferichter et al., Phys. Rept. 625 (2016) 1; PLB 853 (2024) 138698;  X.-H. Cao et al., JHEP 12 (2022) 073

G.E. Hite, F. Steiner (1973) 

0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8

-10

-5

0

5

10

1.0 1.2 1.4 1.6 1.8
-15

-10

-5

0

5

10

15

20

0.6 0.8 1.0 1.2 1.4 1.6 1.8
-5

0

5

10

15

0.6 0.8 1.0 1.2 1.4 1.6 1.8

0

10

20

30

40

50
<latexit sha1_base64="AE9w4oTasqmy6v2vtOpRID/LlcA="></latexit>

!2(t) → mN

√
2

3
f2
→(t)↑ f2

+(t)
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Nucleon GFFs: results

LQCD (𝑚! = 170MeV):
D.C. Hackett et al., PRL 132 (2024) 251904

LQCD (𝑚! = 253MeV), gluon part only:
B. Wang et al. [χQCD], PRD 109 (2024) 094504
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Nucleon GFFs: results

Quantity Result Error budget

𝐷-term −3.38!".$%&".$'
+(0.18)()*+(0.12),-.(0.26)/00

−(0.16)()*+(0.12),-.(0.29)/00

𝑟12 	[fm] 0.97!"."$&"."$
+(0.01)()*+(0.01),-.(0.03)/00

−(0.02)()*+(0.01),-.(0.02)/00

𝑟Mass 
$ 	[fm] 0.70!"."'&"."$

+(0.02)()*+(0.01),-.(0.02)/00

−(0.02)()*+(0.01),-.(0.03)/00

𝑟3/4)2 	[fm] 0.72!"."5&"."6
+(0.02)()*+(0.00),-.(0.09)/00

−(0.03)()*+(0.01),-.(0.07)/00

𝑟72 	[fm] 0.70!"."2&"."2
+(0.01)()*+(0.01),-.(0.01)/00

−(0.01)()*+(0.00),-.(0.02)/00

lD-term: 𝐷 ≡ 𝐷(0)
lVarious radii in the Breit frame

p From the trace FF (scalar radius):

p Radius of the energy density (mass radius):

p Mechanical radius:

p Radius of the density 𝐽 𝑡 + -
.
𝑡 /0 1

/1
	:

<latexit sha1_base64="ESH7KCdzek/AnsE8re4loZIR5zk="></latexit>

〈
r2!

〉
=

6!̇(0)

mN
= 6Ȧ(0)→ 9D

2m2
N

<latexit sha1_base64="PQC0ff0AyJwEh721S6pP8UQf6ww="></latexit>〈
r2Mass

〉
= 6Ȧ(0)→ 3D

2m2
N

<latexit sha1_base64="FqezrCZAIWCOpW1XHw50aLdtuIs="></latexit>〈
r2Mech

〉
=

6D
∫ 0
→↑ dt D(t)

<latexit sha1_base64="iYxFh4RzAG1d5VrlZ0dg5CNbiJc="></latexit>〈
r2J

〉
= 20J →(0) M. Polyakov, PLB 555 (2003) 57; 

C. Lorcé et al., PLB 776 (2018) 38

M. Polyakov, PLB 555 (2003) 57; M. 
Polyakov, P. Schweitzer, IJMPA 33 (2018) 
183005; C. Lorcé et al., EPJC 79 (2019) 89

Ø ChPT: NLO ChPT inputs 
Ø pwa: 𝜋𝜋/𝐾 =𝐾 → 𝑁/𝑁
Ø eff: effective poles 𝑚%, 𝑚&
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Two-photon processes
l𝛾𝛾(∗) → 𝜋𝜋/𝐾9𝐾/9𝑁𝑁: the same partial waves enter [0&&, 2&&], check dispersive inputs

p Dispersive analyses of 𝛾𝛾∗ → 𝜋𝜋
lAnalysis with generalized distribution amplitude (GDA) parametrization S. Kumano, Q.-T. Song, O. V. Teryaev, PRD 97 (2018) 014020

:
"

8
𝑑 𝑧 2𝑧 − 1 Φ9

:!:! 𝑧, 𝜁,𝑊2 =
2
𝑃& 2 𝜋"𝜋" 𝑇9&& 0 0

HAPOF-122:宋勤涛 Generalized distribution amplitudes and gravitational form factors of hadrons

M. Hoferichter, D.R. Phillips, C. Schat EPJC 71 (2011) 1743; I. Danilkin, M. Vanderhaeghen, PLB 789 (2019) 366

https://indico.itp.ac.cn/event/374/
https://indico.itp.ac.cn/event/374/
https://indico.itp.ac.cn/event/374/
https://indico.itp.ac.cn/event/374/
https://indico.itp.ac.cn/event/374/
https://indico.itp.ac.cn/event/374/
https://indico.itp.ac.cn/event/374/
https://indico.itp.ac.cn/event/374/
https://indico.itp.ac.cn/event/374/


l The pion, kaon and nucleon GFFs are precisely determined using dispersive method with inputs:

l 𝐷5 = −3.386*..8&*..9, 𝑟:- = 0.976*.*.&*.*.	fm > 𝑟!,"- ≃ 0.84 fm > 𝑟Mass 
$ = 0.70'(.(*+(.(,	fm

Ø Gluons distributed over a larger region than (anti-)quarks
Ø Foundation for further analyses, interpretations, etc.

l Question: How the GFFs can be reliably measured experimentally?

15

Summary

Thank you for your attention!

proton charge radiusMay be regarded as a 
confinement radius

Bag radius in MIT bag model X. Ji, Front. Phys. (Beijing) 16 (2021) 64601

𝑢

𝑢

𝑑



lDefinitions
p Gravitational form factors (GFFs) for spin-0 particles, e.g., for pion:

p Nucleon GFFs
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Pion and nucleon GFFs

<latexit sha1_base64="m79dxe3rpSNJwP0bZEF2CP68O0Q="></latexit>〈
ωa(p→)

∣∣∣T̂µω(0)
∣∣∣ωb(p)

〉
=

εab

2
[Aε(t)PµP ω +Dε(t) (!µ!ω → tgµω)]

<latexit sha1_base64="dei1e1fmJEQJe9iHnGhJW+hF8Q8="></latexit>〈
ωa(p→)ωb (p)

∣∣∣T̂µω(0)
∣∣∣ 0

〉
=

εab

2
[Aε(t)!µ!ω +Dε(t) (PµP ω → tgµω)]

ωa

ωb
P

p

p→

ωa

ωb

ωc

ωd
P

p

p→

P → l

l

Im =F ω F ω t00,2

𝑃; = 𝑝<; + 𝑝; , Δ; = 𝑝<; − 𝑝; Crossing symmetry, for constructing dispersion relations
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N(p→)N̄(p)

∣∣∣T̂µω(0)
∣∣∣ 0

〉
=

1

4mN
ū(p→)

[
Â(t)!µ!ω + Ĵ(t)

(
i!{µωω}εPε

)
+ D̂(t) (PµP ω → tgµω)

]
u(p)


