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The Dark Energy

“Dark” implies no EM interaction.

1. Dark Matter

EoS: w ≈ 0 .

Evidence: Galaxy rotation curves,
Gravitational lensing.

Property: Clustering.

2. Dark Energy

EoS: w ≃ −1 .

Evidence: Type Ia Supernovae.

Property: Non-clustering.
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The Dark Energy

Why must DE scalars decouple from the SM?
Ultra-light scalar fields (mϕ ∼ 10−33 eV) must strictly decouple from SM particles to avoid severe pathologies:

Long-Range Fifth Force
The Yukawa potential:

V (r) ∝ e−mϕr

r
mϕ → 0 induces macroscopic interactions, severely violating precision local gravity tests
(e.g., Eöt-Wash experiments).

Drift of Fundamental Constants
Dynamic couplings (e.g., ϕFµνF

µν) lead to cosmological time-variation of the
fine-structure constant (α) or particle masses.

Quantum Naturalness
Radiative loop corrections from heavy SM particles easily overwhelm the ultra-light scalar
mass, requiring extreme fine-tuning.
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The Cosmological Constant Λ

1910s: Prevailing paradigm of a macroscopically homogeneous, isotropic, and strictly
static universe.

The Inevitable Collapse
Assuming a dust-dominated (p = 0) FLRW universe, the Raychaudhuri (2nd Friedmann) equation is:

ä

a
= −4πG

3
ρ < 0

Gravity drives deceleration/collapse. No stable static solution (ȧ = 0, ä = 0) exists.

Einstein Static Universe (Introducing Λ)

ä

a
= −4πG

3
ρ+

Λ

3
Combined with the 1st Friedmann equation:(

ȧ

a

)2
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8πG
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Λ

3
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The Cosmological Constant Λ

Setting ȧ = ä = 0 requires a closed geometry (k = +1) and fixes the scale factor:

a0 =
1√
Λ

Dynamical Instability
A linear perturbation δa around the static background yields δä = Λδa:

δa(t) = C1e
√
Λt + C2e

−
√
Λt

The growing mode (e
√

Λt) renders the static equilibrium highly unstable.

1929: Hubble’s discovery of cosmic expansion.

Einstein’s “Biggest Blunder”: The subsequent abandonment of Λ.

1998: Late-time cosmic acceleration discovered; Λ revived to represent Dark Energy.
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Theoretical Crises of the Cosmological Constant

1. The Cosmological Constant Problem (Fine-Tuning)

The 10120 Discrepancy: A massive gulf between Quantum Field Theory (QFT)
predictions and astronomical observations.

Observational Constraint:
ρobsΛ ∼ 10−47 GeV4

QFT Prediction (Assuming a Planck-scale cutoff MPl):

ρvac ∼ O(M4
Pl) ∼ 1074 GeV4

Extreme Fine-Tuning: Requires an unnaturally precise cancellation between the bare
cosmological constant and quantum vacuum fluctuations.

He-Xu Zhang The Quintom theory of dark energy April 2, 2026 6 / 18



Theoretical Crises of the Cosmological Constant

2. The Cosmic Coincidence Problem

Divergent Dynamical Evolution:
Matter density dilutes:

ρm ∝ a−3

Vacuum energy remains constant:
ρΛ = const

The “Why Now?” Enigma:
Past: ρm ≫ ρΛ −→ Future: ρΛ ≫ ρm
We happen to live in the brief transitional epoch where they are of the same order of
magnitude:

ΩΛ ∼ 0.68 , Ωm ∼ 0.32

Implication: Demands highly special and fine-tuned initial conditions in the early
universe.
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What Drives Cosmic Acceleration?

ä

a
= −4πG

3
(ρ+ 3p)

p=wρ−−−→ −4πG

3
(1 + 3w)ρ

⇒ ä > 0 ⇔ w < −1

3

Component EoS (w) Evolution ρ(a)

Stiff Matter 1 ∝ a−6

Radiation 1/3 ∝ a−4

Matter (Dust) 0 ∝ a−3

Cosmological Constant (Λ) −1 Constant
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Equation of State for a Canonical Scalar Field

Energy Density: ρ =
1

2
ϕ̇2 + V (ϕ) , Pressure: p =

1

2
ϕ̇2 − V (ϕ)

EoS Parameter: w =
p

ρ
=

1
2 ϕ̇

2 − V (ϕ)
1
2 ϕ̇

2 + V (ϕ)
∈ [−1, 1]

1. Potential-Dominated (Slow-roll)

Condition: 1
2 ϕ̇

2 ≪ V (ϕ)

Result: w ≃ −1

Acts as: Cosmological Constant /
Quintessence (DE)

2. Kinetic-Dominated (Kination)

Condition: 1
2 ϕ̇

2 ≫ V (ϕ)

Result: w ≃ 1

Acts as: Stiff Matter

3. Quadratic Oscillation

Condition:
V (ϕ) = 1

2m
2ϕ2 ⇒ ⟨ 12 ϕ̇

2⟩ = ⟨V (ϕ)⟩

Result: ⟨w⟩ = 0

Acts as: Cold Dark Matter (e.g., Axions)

4. Quartic Oscillation

Condition: V (ϕ) = λϕ4 ⇒ ⟨ 12 ϕ̇
2⟩ = 2⟨V (ϕ)⟩

Result: ⟨w⟩ = 1/3

Acts as: Radiation
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Observational Constraints

CPL Parameterization: w(a) = w0 + wa(1− a)
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Observational Constraints

CPL Parameterization

w(a) = w0 + wa(1− a)

Implications from DESI

Present day (a = 1):
w(a = 1) = w0 > −1

Early universe (a → 0):
w(a → 0) = w0 + wa < −1

=⇒ Dynamical Crossing:
The dark energy EoS dynamically crosses the
phantom divide (w = −1).

Phantom Crossing Classifications

Quintom-A: w crosses −1 from above to
below.

Quintom-B: w crosses −1 from below to
above. (Favored by recent observations)

Dark Energy Components

Quintessence:

−1 < w < −1/3, ρ ∝ a−3(1+w)

Phantom:

w < −1, ρ ∝ a−3(1+w)

Quintom
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Dynamical Dark Energy Scalar Field Models

1. Quintessence

Canonical scalar field.

EoS Parameter: −1 < wQ < −1/3

Lagrangian:

LQ =
1

2
∂µϕ∂

µϕ− V (ϕ)

Equation of State:

wQ =
1
2 ϕ̇

2 − V (ϕ)
1
2 ϕ̇

2 + V (ϕ)

Key Limit:
Slow-roll condition ( 12 ϕ̇

2 ≪ V (ϕ)) yields
wQ → −1.

2. Phantom

Scalar field with a negative kinetic term.

EoS Parameter: wP < −1

Lagrangian:

LP = −1

2
∂µϕ∂

µϕ− V (ϕ)

Equation of State:

wP =
− 1

2 ϕ̇
2 − V (ϕ)

− 1
2 ϕ̇

2 + V (ϕ)
< −1

Pathologies: Ghost instability

Cosmic Fate: Big Rip singularity.
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The No-Go Theorem for Phantom Crossing

The No-Go Theorem

In an FLRW universe, a single perfect fluid or a single minimally coupled scalar field with
Lagrangian L = P(X , ϕ) cannot dynamically cross the cosmological constant boundary
(w = −1) without encountering fatal pathologies.

The Pathology of Single-Field (k-essence) Crossing

Framework: A general single scalar field with L = P(X , ϕ) and kinetic term
X = 1

2 ϕ̇
2 ≥ 0.

Crossing Condition:

w + 1 =
ρ+ p

ρ
=

2XP,X

ρ

To cross w = −1, the derivative P,X must pass through zero and change its sign.
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The No-Go Theorem for Phantom Crossing

Fatal Flaw (Speed of Sound Squared): The propagation of scalar perturbations is
governed by:

c2s =
P,X

P,X + 2XP,XX

Gradient Instability: When P,X < 0, the squared sound speed becomes negative
(c2s < 0). Short-wavelength perturbations grow exponentially (δϕk ∝ e |cs |kt), leading to a
catastrophic breakdown of the theory at microscopic scales.
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Multi-field model

1. Theoretical Framework & Kinetic Competition

Setup: A Quintessence component (Q) and a Phantom component (P).

Lagrangian & Effective EoS:

L =
1

2
Q̇2 − 1

2
Ṗ2 − V (Q,P) =⇒ weff + 1 =

Q̇2 − Ṗ2

ρ

(The crossing direction is entirely determined by the kinetic competition between Q̇2 and Ṗ2)

2. Early Phantom Phase (w < −1)

Potential Topography:
P-component: Located on a steep slope ⇒ fast-rolling (Ṗ is large).
Q-component: Located on a flat plateau ⇒ slow-rolling (Q̇ ≈ 0).

Early Dynamics:
Ṗ2 ≫ Q̇2 =⇒ weff < −1

(The phantom component kinetically dominates the universe)
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Multi-field model

3. Late-time Crossing (w > −1)

Dynamical Inversion: Influenced by Hubble friction (H), Q rolls into a steeper region
(increasing Q̇2), and/or Ṗ2 dissipates.

Phantom Crossing Instant:

Q̇2 = Ṗ2 =⇒ weff = −1

Sound speed remains healthy, successfully evading the single-component No-Go theorem.

Late-time/Present State:

Q̇2 > Ṗ2 =⇒ weff > −1

(Quintessence successfully overtakes the dynamics, averting the Big Rip singularity)
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Single Scalar Field with Higher Derivatives

Theoretical Framework: Horndeski/Galileon/DHOST theories.
1. Lagrangian and Equation of State (EoS)

Lagrangian:
L = −X + c1X□ϕ+ c2X ϕ̇2

Equation of State (w):

w ≡ p

ρ
=

c2ϕ̇
2 − 1− 2c1ϕ̈

c2ϕ̇2 − 1 + 6c1Hϕ̇

2. Stability Conditions (Absence of Pathologies)

No Ghost Instability: Requires D > 0, where:

D = c2ϕ̇
2 − 1 + 6c1Hϕ̇

No Gradient Instability: Requires the sound speed squared c2s > 0, where:

c2s =
c2ϕ̇

2 − 1 + 2c1(ϕ̈+ 2Hϕ̇)

D
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Interacting Dark Energy (IDE) Models

1. Modified Continuity Equations

Introducing an interaction term δ as an
energy transfer rate:

Dark Matter (DM):

ρ̇m + 3Hρm = δ

Dark Energy (DE):

ρ̇de + 3H(1 + wde)ρde = −δ

2. Phenomenological Forms of δ

Proportional to DE: δ = −bρde

Proportional to DM: δ = −bρm

Proportional to total density:

δ = −b(ρm + ρde)

3. Effective Equation of State (EoS)

Due to the dynamical energy exchange, the
observationally measured “effective” EoS
deviates from the bare theoretical values:

Effective DM EoS:

w eff
m = − δ

3Hρm

Effective DE EoS:

w eff
de = wde +

δ

3Hρde
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