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Exercise 1

Perform the region analysis for the integral beginmatrix1111endmatrix

mM7 v
1

plangleM2ggm2 iddots
massless ddots

zero extmomenta
Imu2inint_left2rightDDdppip2leftp2M2rightleftp2mright

consider the five regions

i leftp2rightggM2 iii M2ggleftp2rightggm2ii leftP2rightsimM2

v leftp2rightllm2iv leftp2rightsimm2

In each case Taylor expand the integrand an keep the

leading term only
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2Solution
We first derive the exact expression for the integral using
that

1

p2leftp2M2rightleftp2m2right11leftbeginmatrix1111M2p2M212p2m2endmatrixright
We now employ a standard formula for one loop integrals

One loop master integral

bigtriangleupintdDp1left2pirightDleftp2Deltarightnleft1rightniGammaleftnD2rightD2nleftleftrightright
This leads to the exact answer

Ibeginmatriximuleftvarepsilonrightmu2EleftM2rightvarepsilonleftm2rightvarepsiloni_16pi2M2m2endmatrixsigmaleftvarepsilonright
i_16pi2M2left1m2m4ldotsrightlnM2thetaleftvarepsilonright

I
wedgep2

We now performs the region analysis in
dimensional regularization We need to

consider 5 regions in total
I M2

IIIIleftp2rightggM2ggm2

IImu2inintleft2pirightDleftp2right3leftbeginmatrix1M2p2ldotsendmatrixrightleft1m2p2ldotsright I vm2

0 scaleless integrals fracfracV
0
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3IIleftp2rightsimM2ggm2

Ipimu2inintleft2pirightDleftp2right2leftp2M2rightleft1p2m4pright
The integrals can be evaluated using a masterformula

Usefulintegral

intbeginmatrixdDp11left2pirightDp2M2leftp2rightaendmatrixi_left4pirightD2Gammaleft1fracD2rightleftM2rightfracD21a
This leads to

Ipii_left4piright2in1varepsilonleftbeginmatrixmu2M2endmatrixrightin1left1M2M4ldotsright
We can not only evaluate the leading term but also

power corrections in nicefracm2M2ll1

III M2ggleftp2rightggm2

Ifraccoprodmu2inintleft2pirightDleftp2right2leftM2rightleft1p2ldotsrightleft1m212ldotsright
0 scaleless integrals
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II leftp2rightsimm2llM2

Iunderlinepimu2inintleft2pirightDp2leftp2m2rightleftM2rightleft1p2leftp2right2ldotsright
beginmatrixiGammaleftvarepsilonrightleftbeginmatrixmu2m2endmatrixrightin1M2endmatrixleft1M2M4ldotsright

I leftp2rightllm2llM2

IImu2inintleft2pirightDp2leftm2rightleftM2rightleft1P2M2ldotsrightleft1P2ldotsright
0 scaleless integrals

Notice that non zero contributions arise only if the
loop momentum is assumed to be commensurate with

one of the external scales leftp2rightsimM2 or leftp2rightsimm2
Note also that in all cases we integrate over all loop

momenta after the expansions of the integrand have
been performed The sum IIIfracI precisely reproduces

the exact result on page A 1 including the power
suppressed corrections
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5Itis instructive to take a closer look at these two

integrals Notice that

Ipimu2inint_left2pirightDleftp2right2leftp2M2right1left1p2m4ppright
is UV finite but receives IR singular contributions

from the region where p20 Expanding the result

in E we obtain

Ipii_left4piright2in1varepsilonleftbeginmatrixmu2M2endmatrixrightin1left1M2M4ldotsright
i_16pi2M2leftleftbeginmatrix1EmathbbRrEln4piendmatrixrightlnM21thetaleftErightrightthetaleftbeginmatrixm2M4endmatrixright

equivI hard

similarly the integral

Iunderlinepimu2inintleft2pirightDp2leftp2m2rightleftM2rightleft1p2leftp2right2ldotsright
is IR finite but UV divergent for leftp2right infty Expanding

in in we find

IfracNi16pi2M2beginmatrix1varepsilonendmatrix UV gammaEln4pilnbeginmatrixm2mu2endmatrix1thetaleftErightthetaleftbeginmatrixm2M4endmatrixright
equivI soft
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6Thedivergences arise because after theTaylor expansion

Icoprod no longer contains the IR regulator mj2 and ImathbbD no

longer contains the UV regulator M2 In the sum

I hard I soft i_16pi2M2leftbeginmatrix11EUVEmathbbRendmatrixlnM2thetalefterightrightthetaleftbeginmatrixm2M4endmatrixright
the divergent terms cancel out In EFT jargon the

hard contribution is absorbed into a Wilson coefficient
while the soft contribution corresponds to the matrix
element of an EFT operator
leftP2right
wedge

Wilson coefficient

CleftMmuright
hardcontr simlnMMMM2

mu2
m2

softcontr lnmum22 EFTmatrixelement

0 mm
0

By construction the dependence on the factorization
scale µ cancels between the two contributions
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7Exercise2

Evaluate the collinear contribution

1
IcipiD2mu2varepsilonintdDk leftk2i0rightleftleftkp1right2i0rightleft2kcdotp2i0right

to the Sudakov form

factor.Solution

We combine the first two factors in the denominator using
a standard Feynman parameter

beginmatrix1leftk2i0rightleftleftkp1right2i0rightint_01dxleftk22timeskcdotp1xp12i0right2endmatrix
For propagators that are linear in the loop momentum

it is convenient to use Feynman paraters lambdainleft0inftyright
and the following master

formula.Feynman
parameters for linear propagators

beginmatrix1AaB1bGammaleftabrightint_0inftydlambdalambdab1GammaleftarightGammaleftbright0inftyintendmatrix
linearpropagators
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8Thisgives
1

leftk2i0rightleftleftkp1right2i0rightleft2kcdotp2i0right
12int_01dxint_0inftydlambda leftk22timeskp1xp122lambdakp2i0right3

leftkxp1lambdap2right2DeltajDeltaleftxp1lambdap2right2xp12i02timeslambdap1cdotp2xleft1xrightp12io
We now use that

up to sigmaleftlambda2right corrections2p1cdotp2simeqq2Q2
p12i0p12

DeltalambdatimesQ2Xleft1XrightP12

changing variables from k to lkxp1lambdap2 yields

1IcipiD2mu2Ecdotleft2pirightDcdot2int_01dxint_0inftydlambdaintleft2pirightDleftl2Deltaright3
ileft4pirightD2

frac12Gammaleft1varepsilonrightDelta1varepsilonGammaleft1varepsilonrightmu2varepsilonint_01dxint_0inftydlambdaleftlambdatimesQ2xleft1xrightP12right1varepsilon
frac1EtimesQ2leftlambdatimesQ2xleft1xrightP12rightininfty lambda0

Gammaleft1varepsilonright1leftbeginmatrixmu2P12endmatrixrightinint_01dxx1varepsilonleft1xrightvarepsilon
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Using the identity

int_01dxxaleft1xrightbGammalefta1rightGammaleftb1rightGammaleftab2right
we finally obtain

IcGammaleft1varepsilonrightGammaleftvarepsilonrightGammaleft1varepsilonrightQ2inGammaleft12varepsilonrightleftbeginmatrixmu2P12endmatrixrightEGammaleft1varepsilonrightleftbeginmatrix11E2Elnmu211n2mu2pi26P122P12endmatrix66right

This agrees with the expression given in the

lectures.Itis interesting to give a diagrammatic EFT interpretation

of this integral obtained by shrinking the hard propagator
to a point

shrinkhard

propagatoruh
c1C

C
level kllpnCJ7 7éékllpn

P2

PrPrPnTheSCET Feynman rules must reproduce the collinear

loop graph shown on the right To this end SCET

must contain an unusual qqg8 vertex not present
in the full theory
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10Exercise3

Evaluate the integral

Iint_1inftydxxvarepsilonxmux3 0mull1leftvarepsilon2right

using the method of regions dropping terms of thetaleftmu2right

Solution

The integral depends on two scales the lower

integration limit Xmin 1 and the parametermu We can

rewrite

Iint_0inftydxXvarepsilonthetaleftX1right
The exact expression for the integral is rather complicated
One finds hypergeometric function

I1_varepsilonleftbeginmatrix12F1left1varepsilon2right1varepsilon2muendmatrixright1_inleft1Gammaleft1varepsilon2rightGammaleft1varepsilon2rightmuvarepsilon2rightmuthetaleftmu2rightHypExp

packageLet

us reproduce this result including the first order
correction in mu using the method of regions The two
relevant regions are Xsim1 and Xsimmunicefrac12



A

11Region1 Xsim1

I1int_0inftydxXXvarepsilonleft1muX2sigmaleftmu2rightrightthetaleftXright
int_1inftydxx1varepsilonmuint_1inftydxx1varepsilonsigmaleftmu2right

varepsilon1XvarepsilonX1inftymuX2varepsilonX1inftysigmaleftmu2right1_varepsilonmusigmaleftmu2right

Note that the first integral converges for varepsilon0 while for
the second one we need to assume that varepsilon2 But this
is o.k since at the final result is defined by
analytic continuation in in to the region varepsilon2

Region 2 xsimmunicefrac12
This region is chosen such that the two terms in the
denominator are of the same order Setting beginmatrixxyVmuendmatrix
we obtain

mustexpand since yOleft1right
in this region

I2int_0inftydyyyleft1y2rightmuE2thetaleftyVmuright
thetalefty2muright

muvarepsilon2int_0inftydyyyleft1y2rightleftthetalefty2rightmudeltalefty2rightthetaleftmu2rightright
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12Changingvariables from y to zy2 we find

I2muvarepsilon212int_0inftydzzzz
The contribution from the Dirac delta function converges
if we assume that varepsilon2 and if that condition is

satisfied it evaluates to zero The integral for the

first term converges for 2varepsilon0 Setting w1z
we find

int_0inftydzzvarepsilon2int_01dwwnicefracvarepsilon2left1wright1nicefracvarepsilon2Gammaleft1fracvarepsilon2rightGammaleftfracvarepsilon2right
This gives

I2mu2varepsilon2Gammaleft1fracvarepsilon2rightGammaleftfracvarepsilon2rightthetaleftmu2right
frac1varepsilon2Gammaleft1fracvarepsilon2rightGammaleft1fracvarepsilon2rightthetaleftmu2right

The sum I1I2 correctly reproduces the exact result

for I given on page A 9 including the power correction

of sigmaleftmuright Any other region of X values leads to

scaleless integrals


