
1Collineargluon field
general cov

gaugeTherelevant two point function to consider is

leftlangle0GammaleftAcmualeftxrightAcnubleft0rightright0rightrangleintleft2piright4e2ivarepsilonleftbeginmatrixgmunuleft1xirightp2endmatrixright1 various

scalingsItwould be incorrect to work in Feynman gauge xi1

and conclude that Aamusimlambda Rather we need to decompose

AcmuhcdotAcfracoverlinenmu2overlinencdotAcfracnmu2Acbotmu
It follows from above that

leftlangle0TleftncdotAcleftxrightncdotAcleft0rightright0rightrangleintbeginmatrixd4peipcdotxideltaableft2piright4p2ivarepsilonleftbeginmatrix0left1xirightp2endmatrixrightendmatrix lambda4simlambda4

lambda2leftlangle0TleftoverlinencdotAcleftxrightoverlinencdotAcleft0rightright0rightrangleintbeginmatrixd4peipcdotxideltaableft2piright4p2ivarepsilonlambda2endmatrixbeginmatrix0left1xirightp2endmatrixlambda0

simlambda0 lambda4

lambda2leftlangle0GammaleftACbotmualeftxrightACbotnubleft0rightright0rightrangleintbeginmatrixd4peipcdotxideltaableft2piright4p2ivarepsilonlambda2endmatrixleftbeginmatrixgbotmunuleft1xirightpbotmupbotnup2endmatrixright lambda27lambda21simlambda2 lambda4
lceil

same

RightarrowncdotAcsimlambda2overlinencdotAcsim1Acbotmusimlambda
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This also works for the mixed terms e g
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We observe that the different components of the collinear

gluon field scale like the components of a collinear

momentum such that the covariant collinear derivative

i Di i 21 gsAnita 1 2

has homogeneous power counting in A

Important note

The presence of a field with unsuppressed power
counting ñ Ac 1 is worrisome since this will

lead to an infinite number of operators with
the same power counting in the EFT We will see

the implications of this observation later
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Ultra soft quark field

Wehave

IT Fus x Fusco 10 e
k ik

Ktie
16

as 1
This gives

9us 23

There are no large or small components in this case

Ultra soft gluon fields

We find

01 T A X Aikos 10 e gu 1 3 Ik
18 a 4 1 20

24
This gives

Alin 22

In the following we will derive the effective Lagrangian

of collinear and ultra soft fields focussing on

the Dirac Lagrangian The Yang Mills Lagrangian
can be discussed in an analogous way

L
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Introducing the decompositions

4 Yet 9us In In 9us

At Atc Atus

in the Dirac Lagrangian we obtain

1 12 13 a 42 13
I D 4 But In Jus i Detus Ent Ynt 9us

where
12 N

iDetus in Do gs n Aus in Do gsñÉus

i 9s
Hits

01141 In f in Do gsnAus In In f in Dc 2n
In i Dt yn TniDct In

0115 In 9sHis Yu TusgsAct In Jus 9sw̅AcYn th c

In the 0115 Lagrangian we have used that terms

involving only a single collinear field are not allowed

by momentum conservation Note that all terms of
0115 and higher contain at least one ultra softfield



5Fromnow on we focus on the leading order SCET

Lagrangian

pounds

SCET LcLusLcus
with

Lcoverlinexinfracoverlinen2incdotDcxinoverlineetanfracpsi2ioverlinencdotDcetan
overlinexiniphicbotetanoverlineetaniDcbotbotxin puregluetermssimlambda4

Lctusoverlinexinoverlineh2gsncdotAusxin pureglueterms simlambda4

Lusoverlineq a siphiusqus pureglueterms simlambda8

The leading order action is

SSCET intd4xLcL CTUS intd4xLussimlambda0lambda4 lambda4

since the field xin contains the large components of
the collinear spinor field we can use it to describe
collinear quarks and integrate out the power
suppressed field etan in the generating functional
The functional determinant is just an irrelevant divergent
constant The resulting Lagrangian is obtainedby

using6



6thesolution of the classical equation of motion

beginmatrixdeltaLcdeltaoverlineetan0Rightarrowfraceta2ioverlinencdotDcetaniDcfrac1xin0endmatrixlambda lambda2lambda31

To solve this equation for etan we introduce an auxiliary
regulator is to obtain

nux_4leftioverlinencdotDcideltarightetanoverlineniDcbotxin
replaceby PoverlinenPn1

vanishes whenacting on etan

1

RightarrowetanioverlinencdotDcidelta2iDcbotxin
thetaleftlambda0right

arbitrarysign sincepole is un

physicalInsertingthe above solution into our expression for
Lc we find

Lcoverlinexinfracoverlinehslash2incdotDcxinoverlinexiniDcbotoverlinen12overlinencdotDcideltaiphicbotxi
pureglueterms

The inverse of a derivative is an integral but what

is the inverse of a covariant derivative



7Todefine the above expressionproperly we
introducelight

likedirection
overlinenmu

the collinear Wilson line largecomponent
overlineetacdotAcsimlambda0

WcleftXrightP exp leftigsint_infty0dtoverlinencdotAcleftxtoverlinenrightright
This objects satisfies the identity

leftioverlinencdotDcWcleftXrightright0
Proof

ioverlinencdotpartialxWcleftxrightigsleftioverlinencdotpartialxint_infty0dtoverlinencdotAcleftxtoverlinenrightrightWcleftxright

gsleftoverlinencdotpartialxint_inftyncdotxdtoverlinencdotAcleftoverlinencdotx2nx1toverlinenrightrightWcleftxright
gsoverlinencdotAcleftxrightWcleftxright g e

d.Itfollows that

RightarrowioverlinencdotDcWcleftxrightphileftxrightWcleftxrightioverlinencdotpartialphileftxright

arb

functionAsa differential operator this implies

WcleftXrightioverlinencdotDcWcleftXrightioverlinencdotpartial
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This in turn yields

beginmatrix1ioverlinencdotDcideltaendmatrixWc1iiWct
proof apply WcioverlinencdotDcldotsWc on bothsides

The second term in the Lagrangian can now

bewrittenin the form

1overlinexiniDcfrac1overlinen2ioverlinepicdotDcidelta iphicbotxinleftxright

12ioverlinepicdotpartialideltaWctiphicbotxinleftxrightoverlinexiniDcfrac1Wcoverlinen

leftoverlinexiniDcfrac1Wcrightleftxright2overlinenleftirightint_infty0dtleftWctiphicfrac1xinrightleftxtoverlinenright
check

ioverlinencdotpartialxleftirightint_infty0dtphileftxthslashrightoverlinencdotpartialxint_inftyfracncdotx2dt1phileftoverlinencdotx2nx1toverlinenrightphileftxright
Note that the lower integration limit infty is appropriate

for our choice of the is regulator If the collinear

fields leftWctiphicbotxinrightleftxtoverlinenright carry total momentum pc the

t integral gives

regulator to ensure
convergence at tinfty

leftirightint_infty0dteipccdotleftxtoverlinenrightleftirighteipccdotxint_infty0dteileftoverlinencdotpcideltaLrightteipccdotx



g

This indeed corresponds to the action of the inverse
differential operator

1 eipccdotx
ioverlinencdotpartialidelta

This leads to the final form of the leading order SCET
Lagrangian

Lcleftxrightoverlinexinfracoverlinen2incdotDcxinleftxright
leftoverlinexiniphicfrac1Wcrightleftxright w̅ 2iint_infty0dtnleftWctiphicfrac1xinrightleftxtoverlinenright

pureglueterms non local

Important comment

If we had chosen a regulator is on page6 we wouldhave

obtained an alternative result with

iint_infty0dtiint_0inftydt
In most applications both forms give equivalent result but

in some cases it is important to be more careful In

general one should use

initial state collinear particle iint_infty0dt
final state collinear particle iint_0inftydt


