
1Regionanalysis of the Sudakov formfactor

Let us see how this procedure works in a concrete

example Every region we identify hard collinear anti

collinear I will later be associated with either
a Wilson coefficient hard region or a field in the
low energy EFT

We decompose the scalar one loop integral

2p1cdotp2IipiD2mu2inintdDkleftk2i0rightleftleftkp1right2i0leftrightleftkp2right2i0rightmu negoverrightarrowwevbeginmatrixckendmatrix
P2

into regions where the loop momentum Krp1
is hard collinear and anti

collinear.ahardregion kmusimleft111rightQ

Expansions of propagators

leftkp1right2k22kcdotp1p12

k22kcdotleftleftncdotp1rightoverlinen2overlinencdotp1n2p1botrightp1211 lambda2 1 lambda

k2leftncdotkrightleftoverlinencdotp1rightsigmaleftlambdarightsimeqleftkp1right2
drop

leftkp2right2k2leftoverlinencdotkrightleftncdotp2rightwidetildesigmaleftlambdarightsimeqleftkp2right2



2with
P1muequivleftoverlinencdotp1right2nmuP2muleftncdotp2rightoverlinenmu null vectors

This gives Taylorexpansionof 2p1cdotp2

v2p1cdotp2

IhipiD2mu2inintdDkleftk2i0rightleftleftkp1right2i0rightleftkp2right2i0Gammaleft1varepsilonrightleftbeginmatrix11E2Elnmu211n2mu2pi2thetaleftvarepsilonrightendmatrixright

appearance of double and single poles in in
IR divergences since integral is UV finite

result depends on hard scale Q2 only besides

the factorization scale µ

b collinear region Kmusimleftlambda21lambdarightQ

Expansions of propagators

leftkp1right2k22kcdotp1p12

k2ncdotkoverlinencdotp1overlinencdotkncdotp12k1cdotp1botp12simlambda2
lambdalambda2lambda21 lambda2lambdalambda2

nothing to expand
1
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leftkp2right2k2ncdotkoverlinencdotp2overlinencdotkncdotp22kbotcdotp2botp22simlambda0lambdalambda2 lambda2lambda2lambda2 1 lambda

overlinencdotkncdotp2thetaleftlambda2rightsimeq2kcdotp2
drop

1

This gives

2p1cdotp2

IcipiD2mu2inintdDkleftk2i0rightleftleftkp1right2i0rightleft2kcdotp2i0rightGammaleft1varepsilonrightleft1varepsilon21varepsilonlnmu2frac12ln2mu2pi26thetaleftvarepsilonrightright

leftP12equivP12right
appearance of double and single poles in in
IR divergences since integral is UV finite

result depends on collinear scale P12
onlyc

anti collinear region Kmusimleft1lambda2lambdarightQ

We find an analogous contribution

IoverlinecGammaleft1varepsilonrightleftbeginmatrix1E21lnmu2P22endmatrixfrac12ln2mu2pi26thetaleftvarepsilonrightrightleftP22equivP22right
L
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sum of the three contributions

IhIcIoverlinec

Gammaleft1varepsilonrightbeginmatrix111varepsilon2endmatrixvarepsilonlnmu2lnbeginmatrixmu2P12endmatrixlnP22frac12ln2mu2Q2frac12ln2fracmu2P12frac12ln2fracmu2P22fracpi26Oleftvarepsilonright

Surprisingly this does not reproduce the exact result on

p 7 lecture1 and uncancelled IR divergences remain

It follows that we have failed to identify at least

one relevant region Combining the three logs in the

coefficient of the pole we get

above frac1varepsilon2frac1varepsilonlnmu2Q2P12P22ldots
suggest that missing region corresponds to scale

beginmatrixP12P22Q2endmatrix a collinear scale Pi2simlambda2Q2



5dultra soft contribution

There is a strong physics reason suggesting that we
need another mode corresponding to a momentum

region in the low energy effective theory An EFT

built out of collinear and anti collinear particles
would contain two disjunct sectors because no vertices

connecting both types of particles are allowed

beginmatrixpcmupoverlinecmusimleft11lambdarightleftlambda21lambdarightleft1lambda2lambdarightendmatrix
hard

Physically it would be strange if the two jets
could not interact in the low energy theory since

they need to neutralize their color The largest
on shell mode that can connect to both collinear
and anti collinear particles without taking them

far off shell is the ultra soft mode

rhousmusimleftlambda2lambda2lambda2rightRightarrowPus2simlambda4Q2
overlinecbeginmatrixctauendmatrix

7

beginmatrixvLusendmatrix

messenger



6Letus evaluate the ultra soft contribution to the
Sudakov form factor kmusimleftlambda2lambda2lambda2rightQ

leftkp1right2k2ncdotkoverlinencdotp1overlinencdotkncdotp12k1cdotp1botp12simlambda2lambdalambda2lambda21 lambda2 lambda2lambda4 lambda2

ncdotkoverlinencdotp1p12thetaleftlambda3rightsimeq2kcdotp1p12
drop

leftkp2right2overlinencdotkncdotp2p22thetaleftlambda3rightsimeq2kcdotp2p22

This gives
2p1cdotp2

InsipiD2mu2inintdDkleftk2i0rightleft2kcdotp1p12i0rightleft2kcdotp2p22i0right
Gammaleft1varepsilonrightleftbeginmatrix11nmu2Q2varepsilon2varepsilonlp12P22endmatrixfrac12ln2mu2Q2pi2Oleftvarepsilonrightright

Adding this result to the expression on page 2 we find

IhIcIoverlinecIus

frac12ln2mu2Q2frac12ln2fracmu2P12frac12ln2fracmu2P22frac12ln2mu2Q2P12P22fracpi23Oleftvarepsilonright
hard collinear anti collinear ultra soft

12lnP12lnP22pi2thetaleftvarepsilonright
This agrees with the originalexpression on p 7 of lecture1



7Comments
The decomposition of Sudakov double logarithms into
a sum of logarithms depending on a single physical
scale requires the presence of three correlated scales

logscale
wedge

hard

Q2P2simlambda2Q2beginmatrixleftP2right2simlambda4Q2Q2endmatrix

wedge

lambda2
v

anti collinear
wedge

lambda2
v

ultra

softTheultra soft scale is physical and characterizes

soft exchanges between the two jets
gamma

ultra softexchanges
are needed for
color

neutralizationTheprocess can be calculated in perturbative QCD only

if the ultra soft scale is much larger that had

else need nonperturbative soft functions



8IIEffective Lagrangian of Soft Collinear Effective

TheoryOurgoal is to construct an effective Lagrangian built

out of collinear anti collinear and ultra soft quark
and gluon fields and ghost fields but we will not
write them out explicitly Momentum conservation

allows the following interactions involving differentmodes

rhocmusimQleftlambda21lambdarightrhofracmucsimQleft1lambda2lambdarightrhousmusimQleftlambda2lambda2lambda2right
beginmatrixphicldotsphicphiuSldotsphiuSendmatrix
ncgeq2 nusgeq1

beginmatrixphioverlinecldotsphioverlinecphiuSldotsphiuSendmatrix
nfraccgeq2 nusgeq1

but not

forbidden hard interactionphioverlinec phiuSldotsphiuSphioverlinecldotsbeginmatrixphicldotsphicendmatrix
nusgeq0noverlinecgeq1ncgeq1

momentum not conservedphicphiudeltaldotsphiusphicphiudeltaldotsphius
nusgeq1 nusgeq1

It follows that
overlinec

LSC
c

E
l
T

overlinec

I leftusrightLcLusLfracccT 7

3 L
usLcusLoverlinecus

messenger



gItsuffices to study the Lagrangian of collinear and
ultra soft
fields.Collinear

quark field

The spinor of a highly energetic along Z axis light
fermion satisfies

pusleftprightmusleftpright mllEp0simeqp3

Rightarrowxusleftprightsimeq0 up to mE corrections

We can identify the large and small components of such
a spinor using the projection operators

leftoverlinePngamma0Pngamma0PoverlinenrightPhchioverlinex4Poverlinehoverlinechih
with

PnPoverlinenleftxoverlinexright2ncdotoverlinen1
Pn2PnPoverlinen2PoverlinenPnPoverlinen0PoverlinenPn
modes restricted to collinearregion

xinPnpsicLetanPoverlinenpsic
We define

Rightarrowxxin0 suggest that xin will describe

overlinenetan0 a collinearquark inSCET



10Toderive the power counting in
lambda we consider massless

fermion

ncdotpfracoverlinex2overlinencdotpfracx2pbotleftlangle0Tleftpsicleftxrightoverlinepsicleft0rightright0rightrangleint_left2piright4d4peipcdotxipp2iin1

lambda4

beginmatrix1lambda2endmatrixleftlambda21lambdarightleftlangle0Tleftxinleftxrightoverlinexinleft0rightright0rightrangleint_2pi4d4peipcdotxioverlinencdotpxleftleftleft2right2rightright

Hence

PnPPoverlinenoverlinencdotP2kleftlangle0Tleftetanleftxrightoverlineetanleft0rightright0rightrangleint_left2piright4d4peipcdotxincdotp_beginmatrixoverlineetaleftrightlambda2endmatrixsimlambda41

1lambda4

lambda4

leftlangle0Tleftxinleftxrightoverlineetanleft0rightright0rightrangleint_left2piright4d4peipcdotxipbotmuPngammamuoverlinePoverlinensimlambda31lambda4
It follows that smallcomponentslargecomponents

xinsimwidetildelambdaetansimlambda2

In the next lecture we will integrate out the small

components etan and use the field xin to describe a

collinear quark in SCET


