



































































































































1IThe Sudakov Form Factor in SCET

We now return to the case of the off shell Sudakov

form factor in QCD

ctq
leftq2rightggpi2leftmi0rightbeginmatrixp11endmatrix p2

this time performing the calculation in SCET and not

ignoring the numerator terms We thus evaluate the

quark matrix element

CvleftQ2rightleftoverlinexioverlinenWoverlinecrightgammabotmuleftWctxinright
at one loop order where CVleftQ2right1OleftalphaSright is the
hard matching coefficient The relevant graphs are

mumu
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WFRplease
study the details of this calculation as a

reading assignment






































































































































2Addingup all pieces we find at one loop order

leftlangleqleftp2rightleftoverlinexioverlinenWoverlinecrightgammabotmuleftWctxinrightqleftp1rightrightrangleoverlineuoverlinenleftp2rightgammabotmuunleftp1right
times1CFalpha54pibeginmatrix2varepsilonleftlnmu2lnmu2lnmu2Q2rightvarepsilon2varepsilonendmatrixbeginmatrixln2mu2P12endmatrixln2mu2P22ln2P12P223lnmu23lnmu295pi26

This is a matrix element of a bare SCET operator
which still needs to be renormalized The fact that the
coefficient of the

nicefrac1E pole depends on the collinear and

ultra soft and hence low energy scales appears to be
troublesome at first sight since the counterterms

removing the divergences must be of UV nature On

second look however we see that

beginmatrixlnmu2P12endmatrix
only depends on the hard scale Q2 It is thus consistent

to interpret these poles as UV divergences






































































































































3Wedefine the renormalized SCET current operator as

Vg
mu

o
JEfare ZVleftmurightV S

M
CETleftmuright

The matrix elements of the renormalized current operator
are finite i e free of 1E poles In the overlineMS scheme

one obtains

ZVleftmuright1cFalphasleftbeginmatrix22mu23varepsilon2varepsilonvarepsilonlnQ2varepsilonendmatrixrightthetaleftalphas2right
The matrix element of the renormalized current is then
givenby

langleqleftp2rightV S
mu

CET leftmurightqleftp1rightrangle

overlineuoverlinenleftp2rightgammabotmuunleftp1right

timesbegincasesCFalpha54piendcasesln2mu2ln2mu2ln2mu2Q2P12P22P12P22
3lnmu23lnmu295pi26

Derivation of the Wilson coefficient

The matching relation for the renormalized vector

current takes the form
overlinepsi8M4 CVleftQ2murightV S

mu

CETleftmuright
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4Wecan derive the one loop expression for the hard

matching coefficient CVleftQ2muright by comparing the
above result for the renormalized SCET matrix
element with the result for the Sudakov form
factor in QCD which reads

leftlangleqleftp2rightoverlinepsigammamupsiqleftp1rightrightrangleoverlineuleftp2rightgammamuuleftp1right

timesleft1beginmatrixCFalpha54piendmatrixleftbeginmatrix2lnQ2Q2P223leftlnrightP12lnP22endmatrixright2pi231right
thetaleftnicefracPi2Q2right

Matching the two expressions we find

CVleftQ2muright1CFalphaS4pileftbeginmatrixln2Q2mu23lnmu28pi26endmatrixright
only depends on hard scale Q2






































































































































5VIIRG Evolution

EquationsThescale dependence of the renormalized SCETcurrent

operator is determined by the differential equation

beginmatrixmuddmuendmatrixV SC

mu

ET leftmurightGammavleftQ2murightVSCmu L Tleftmuright

One can show that to all orders of perturbation theory
the anomalous dimension Gammav is given by

coefficient of pole

GammanuleftQ2muright2alphaspartialZnuleft1rightLleftmuright
see e g myLesHouches lectures in 1901 06573

Using our result from above we find at one looporder

GammaVleftQ2murightcFalphaspileftlnmu23Q2rightthetaleftalphas2right
The appearance of a logarithm of mu2 in an anomalous

dimension is a new feature of SCET It is character

istic of Sudakov problems in which the perturbation
series contains two powers of logarithms for each
power of alphas One can show that to all orders

GammanuleftQ2murightGamma c
1

usp leftalphasrightlnmu2gammavleftalphasright
single log






































































































































6Fromthe fact that the vector current in full QCD is
not renormalized Noether's theorem it then follows
that

mudmudCnuleftQmu2rightVmu SCET leftmuright0

mudmudCnuleftQmu2rightGamma c
1

usp leftalphasrightlnmu2Q2gammavleftalphasrightCvleftQmu2right
renormalizationgroupequation

lceil

cusp is called the light like cusp anomalousdimension
It is known to 4 loop order in QCD The quantity gammaV
is known at 3 Loop order At leading order we have

lceil
c
1

usp leftalphasrightcFalphaspi gammavleftalphasright3cFalphas2pi
The general solution to the RGE is

initial condition
CvleftQ2murightCvleftQ2muhright2

xexpint_muhmudmumuGammacusp leftalphasleftmurightrightlnmu2Q2gammavleftalphasleftmurightright
At the hard matching scale muh2approxQ2 the initial
condition CvleftQ2muhright for the Wilson coefficient is free
of large logarithms and can be calculated reliably






































































































































7usingperturbation theory For instance with muhQ
we have

CVleftQ2muhright1cFalphasleft8pi26rightsigmaleftalphas2right
The above solution can then be used to evolve the
Wilson coefficients to scales mullQ in such a way
that the large logarithms

alphasnlnkQ2mu2 kleq2n

are resummed to all orders in alphas

see problem set 2 for more details






8VIIIDecoupling of Ultra Soft

GluonsUltrasoft gluous couple to collinear fields through the
eikonal interaction

overlinexinleftxrightpi2leftincdot2gsncdotAcleftxrightgsncdotAusleftxrightrightxinleftxright
This coupling can be removed by a field redefinition
i e.new fields

Lxinleftxrightdeltanleftxrightxinleft0rightleftxright
AcmuleftXrightSnleftXrightAcmuleft0rightleftXrightnleftXright
tWcleftxrightSnleftxrightWcleftxrightSnleftxright

note nM not overlinenmu

SnleftxrightP e xpleftigsint_infty0dtnLcdotAusleftxntrightright unitarywhereis

a soft Wilson line along the light like direction nmu
Note that this has the form of an ultra softgauge
transformation with usleftxrightsnleftxright Using the property

leftincdot2gsncdotAusleftxrightrightSnleftxrightSnleftxrightincdot2
which follows from leftincdotDusSnleftxrightright0 one finds



gthat
overlinexinleftxrightoverlinen2leftincdot2gsncdotAcleftxrightgsncdotAusleftxrightrightxinleftxright

overlinexinleft0rightleftxrightoverlinenSntleftxrightSnleftxrightleftincdot2gsncdotAcleft0rightleftxrightrightxinleft0rightleftxright
overlinexinleft0rightleftxrightoverline2incdotDcleft0rightleftxrightxinleft0rightleftxright

This field redefinition thus removes the ultra soft
gluon field from the leading order SCET Lagrangian
The same trick also works for the pure gluonterms
in the

Lagrangian.The
ultra soft decoupling transformation is the ke to

deriving factorizationtheorems in SCET It does not

imply that ultra soft interactions disappearentirely
Rather it means that as far as their couplings to
ultra soft gluon are concerned collinear particles
behave like light like Wilson lines The ultra soft
gluous reappear when we consider external operators

such as currents built out of two or more types
of collinear

fields.Forthe example of the 2 jet vector current the
decoupling transformation implies




