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A Simple Derivation

Equal Momenta

As we have shown before, the neutrino oscillation probabilities can be
computed as

2

P(v, — Vg t) =

(1.1)

* —iE;
D Vaie BV,
i

Then we take the following approximation (E; =~ p > m;)

E,-:\/pZ—i—m?:p\/l—i—m,?/pz%p—i—m,?/Zp (1.2)
and sometimes E; ~ p ~ E as well. The energy difference reads

E — E ~ (m? — m?)/(2p) = AmZ/(2p) (13)

and finally the time-to-distance conversion t ~ L is performed.

v = = T

Shun Zhou (IHEP, Beijing) Further Discussions on Massive Neutrinos 2026/9/18



A Simple Derivation

Equal Energies

We assume that the energies of neutrino mass eigenstates are the same,
and they are propagating in space, leading to the oscillation probabilities
2
P(v, = vgix) = | Y Vet P vy, (1.4)
i
Then we take the following approximation (p; ~ E > m;)
pi=\/E2—m? = E\[1- m?/E2 ~ E — m?/2E (1.5)
and sometimes p; = p ~ E as well. The energy difference reads
~ 2 2 — 2
pi — p; ~ —(m? — m?)/(2E) = —Am?/(2E) , (16)
and no time-to-distance conversion is needed.
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Equal Energies or Momenta

The answer is that both are wrong. Consider the production of neutrino
mass eigenstates from 7" — p* + ;. If the energies and momenta of 7"
and p" are given, then we have

Eri =E++E, P =Py +Pi, (1.7)

where the energies and momenta of v; (for i = 1,2, 3) fulfill the relation

Ei=+\/p?+m?. (1.8)

Hence both energies and momenta of different neutrino mass eigenstates
are different. In the rest frame of 7™, we have E.=m_.andp_, =0:

ol =/ [(my = m)2 = m?] [(my + m,)2 = m2]/(2my) . (19)
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Wave-packet Formalism

A Realistic Description
The correct description should be the wave-packet formalism:

Z Varbi(t, X)) (1.10)
where the wave packet for a free neutrino mass eigenstate is
&p s ilpx—E,(p)e]
¥;i(t,x) —/(27r)3/2fi (p—pj)e R (1.11)

Some comments are helpful:

° fl.S(p — p;) is the momentum distribution sharply peaked at p; for the
neutrino eigenstates at the source with the width o, < p;.

. 2 . .
e E(p) =4/p?+ m? is the energy corresponding to the momentum p.

Shun Zhou (IHEP, Beijing) Further Discussions on Massive Neutrinos 2026/9/18



Wave-packet Formalism

A Realistic Description

Expand the energy E;(p) around the mean momentum p;
9E;(p) -
Eilp) = E(p)+ —; P —p;
) = EG)+ 50 G-pY
19%E;(p) ' k
2L —p¥(p—p) . (112
2 0pi0pk |, (p=pY(p—pi)* + (1.12)
We can rewrite v;(t,x) as below
; OE;(p) ;
d3p . 1{p-x—[E,—(p,—)+ B ‘p'(p—pi)1:| t}
Pi(t,x) = Wﬁ' (p—pi)e ’
= ellPixEp)t . g8(x — Vjgt) . (1.13)

v

Shun Zhou (IHEP, Beijing) Further Discussions on Massive Neutrinos 2026/9/18



Wave-packet Formalism

A Realistic Description

The shape factor is defined as

& )elP v (1.14)

(2
where the group velocity of the wave packet is

9E (p)
Vi =
g ap

(1.15)

v

o The shape factor g(x — v, t) stands for the distribution of the wave
packet in the coordinate space.
@ The wave packet is traveIIing at the speed of Vig without changing its

shape. The width is o, 2> oy 1 according to the uncertainty principle.
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Wave-packet Formalism

A Realistic Description

Next, we have to specify the neutrino state at the detector, which is taken
to be another wave packet located at x =1L, i.e.,

ax L)) = Z‘/ﬁ: L)[v;)
= Z Vi:e® 6 HgP (x — L)|v;) (1.16)

where gP stands for the shape of the wave packet of |v;) at the detector.

Oscillation Amplitudes

The amplitudes are given by

Ayp(t, L) = /d3x<uﬁ(x —L)|v,(t,x)) . (1.17)

— —r = — SR
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Wave-packet Formalism

Oscillation Amplitudes

The amplitudes are given by

Aty = | d3x<vﬁ<x—L)|ua<t,x)>
- VML,

where

G(L—vigt)E/d3x S(x—vigt) gP*(x — L) (1.19)

v

Note that gP(x — v, t) decreases rapidly when x deviates far from v, t, so
does gP(x — L) for x from L. Hence G(L — v t) peaks at L= t, ie,
the amplitudes are not small only when the wave packets overlap.
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Density Matrix Formalism: General Comments

Pure States

Given a pure quantum state [¢)(t)), one can construct the density matrix
operator via

p(t) = [P() (¥ (D)l , (2.1)

where (¢(t)] = [¢(t))! has been defined such that the density matrix
operator is Hermitian pf = p.

Matrix Representation

Expanding the state |¢(t)) in terms of a complete set of orthonormal
eigenstates |¢;) (for i =1,2,---,n) of the Hamiltonian, we have
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Density Matrix Formalism: General Comments

Matrix Representation

Then, the density matrix can be written as

n

pt) = (@)W (t) = Y ai(t)a} (1)lo:) (@)1 , (2:3)

ij=1
and its element is given by

n

Pu(t) = (Dklp(t)|d)) = Z ai(t)a; (t)(dkloi) (@;l8)) = ax(t)aj(t) . (2.4)

ij=1

The trace of the density matrix for a pure state is
n
EOEDSILIOEESS (25)
i=1

where the state [¢)(t)) is normalized to one.
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Density Matrix Formalism: General Comments

Liouville-von Neumann Equation
Starting with the Schrodinger equation

.0 £
i [9(t)) = Hlu(1)) (2.6)

and its Hermitian conjugate

—1—<¢(t)l = (Y(t)H, (27)
we can find the time evolution of the density matrix

Op(e) _ Ol oW _ g
2 — S )+ i) S = (A7 (28)

v,

Here H is the Hamiltonian operator. One can figure out the matrix
representations of any operators in the chosen basis of state vectors.
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Density Matrix Formalism: Neutrino Oscillations

Neutrino Oscillations in Vacuum

We apply the density matrix formalism to two-flavor neutrino oscillations
in vacuum, for which the Hamiltonian is given by

g — 1 (mig+mis;  Am3isyg
2E \ Amjis,cp  misi + micy
_ mitm I Amyy (—cyy Sy
4E 4E \ 55 4oy
1
= wol + EwB o, (2.9)

where w = Am3, /(2E) is the oscillation frequency and

o (1 0 1 (0 1 > (0 —i 3 (1 0
J—<01,0—10,0—i0,0—0_1 . (2.10)
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Density Matrix Formalism: Neutrino Oscillations

Neutrino Oscillations in Vacuum

The term wyo® with wy = (m3 + m3)/(4E) contributes a common phase
factor and is irrelevant. The “magnetic field” vector can be identified as

B = (Bl7 Bz, 83) =] (529,0, —Cze) o (211)

On the other hand, we can expand the density matrix in terms of Pauli
matrices and obtain the polarization vector P(t):

1
p(t) = P000+§P-o'. (2.12)

v

Notice that the Hamiltonian H has been given in the flavor basis, for
which the basis vectors are |v,) and |v,), namely,

H = HaB’Voz><Vﬁ| ) (213)
for a, 8 = e, u. What are p(0) and p(t) in the same basis?
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Density Matrix Formalism: Neutrino Oscillations

Neutrino Oscillations in Vacuum

For a general state |¢)(t)) = a.(t)|ve) + a,(t)|v,) in the flavor basis, we
can get the expression of the density matrix

A(t):< |a(t)[? ae(f)aﬁ(t)> , (2.14)

ag(t)a,(t)  la (1)

s

and its value at t =0

0= (5 o) - (2.15)

where a,(0) = 1 and a,,(0) = 0 imply that the initial state is [1)(0)) = [v,).

One can observe the physical meaning of diagonal elements of p(t), i.e.,
Poe(t) = |a,(t)|? for probability in the state |v,), and Puu(t) = |a
probability in the state [v,,).
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Density Matrix Formalism: Neutrino Oscillations

Neutrino Oscillations in Vacuum

It is now straightforward to find out the polarization vector:

o ae®P Flau(0)P 1 fla ()P = la, ()2 2a.(t)a(t)
plt) = 2 +§( 2a5(t)a,(t)  lau(0)]? Ie(t)|2>

1
= Py’ + EP(t) o,

where [a,(t)]> + |a,(t)|* = 1 holds, i.e., Py = 1/2 and

P; = 2Re [aZ(t)aM(t)} , P, = 2Im [a:(t)au(t)] Py =lag(t)]? - |au(t)]2 - |

Note that the probability to be in |v,) is given by |a,(t)|?, or equivalently

3. (B) = S 11+ Py(t)] (216)
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Density Matrix Formalism: Neutrino Oscillations

Neutrino Oscillations in Vacuum

The initial value of the polarization vector can be extracted from p(0),
namely,

P,(0)=0, P,(0)=0, P30)=1. (2.17)

v

Equation of Motion (EoM)

The Liouville-von Neumann equation can be recast into

i

0 0 1 0 1 0 1
e |:P00' +2P(t)-0'] [woa +§LUB'0',POU +2P(t)-0']

d 1 i - _ijk k
d

The EoM should be solved with the initial conditions in.Eq. (2.17).
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Density Matrix Formalism: Neutrino Oscillations

Neutrino Oscillations in Vacuum: Geometrical Description

€

Figure: The polarization vector P(t) is revolving around the magnetic field B.
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Density Matrix Formalism: Neutrino Oscillations

Neutrino Oscillations in Vacuum: Geometrical Description

Recall that B = (s,4,0, —c,) and write down the EoM of P(t) in its three
components

Pl = CU(B2P3 — B3P2) = CUC20P2 s (219)
/_32 = w (B3P — BP3) = —w(cpP1 + 529P3) (2.20)
P3 = O.)(Blpz — B2P1) = (A.)529P2 0 (221)

The initial conditions are P(0) = (0,0,1) and P(0) = (0, —ws,y,0). Then
differentiate Eq. (2.20) and insert the other two equations into it. We get

P, = —w?P, , (2.22)

whose general solution can be easily found P,(t) = Ajsin(wt + ¢y). The
constants Ay and ¢, will be determined by the initial conditions.
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Density Matrix Formalism: Neutrino Oscillations

Neutrino Oscillations in Vacuum: Geometrical Description
e For P,(0) =0, we have

P,(0) = Apsingy =0; (2.23)

o For P,(0) = —ws,,, we obtain
P,(0) = wAy cos gy = —wSyy - (2.24)
Hence Ay = —s,, and ¢y = 0, leading to P,(t) = —s,,sin(wt), which can

be inserted back into Eq. (2.22) to get
Ps(t) = —ws3ysin(wt) , (2.25)
with the initial condition P;(0) = 1. The solution is

P (t) = s34 cos(wt) + c3y . (2.26)

T = —
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Density Matrix Formalism: Neutrino Oscillations

Neutrino Oscillations in Vacuum: Geometrical Description
Finally, we arrive at the survival probability

1
Pve = ve) = |a( = 5[1+Py(t)]

1

= 3 [1+ R cos(wt)]
= t
_ 1 _5§9$
t Am3, L

= 1—s3sin® % =1 — sin®20sin? % ,

where w = Am3; /(2E) and t ~ L have been used. The ordinary oscillation
probability is reproduced in the geometrical language.

v
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Density Matrix Formalism: Neutrino Oscillations

Neutrino Oscillations in Matter

We turn to two-flavor neutrino oscillations in matter for which the
effective Hamiltonian is given by

~ 1 [(mic3 +m3s;  Am3is,c, A0
Ho = 5¢ 2 227 22| T
2E Amj5syc,  misy + msc; 0 0
1 —Amdic,y Am3is,, 1 0
= 7F 2 2 +A
AE Am3 s,y Amsicyy 0 -1
1 1
= EwB-a'—i—E,u)\-a, (2.27)

where w = Am3, /(2E) is the oscillation frequency in vacuum, the matter
potential is u = V2Gu N, = A/(2E), and X = (0,0, 1) contributes as an
extra magnetic field.
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Density Matrix Formalism: Neutrino Oscillations

Neutrino Oscillations in Matter

The effective “magnetic field” can be computed as

~ 1 1
H, = §wB-a—|—§uA-a

= 1w B, o, (2.28)

2mm

where the effective mass-squared difference Am3; and the effective mixing
angle 6 can be identified as below

Am3
wB + pA = (wsyp, 0, pp — wepg) = 21( Sog 0, 20) =wyBy,  (229)
with
Am3,
Wm = Hp = \/(,u L (2.30)
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Density Matrix Formalism: Neutrino Oscillations

€

Figure: The polarization vector P(t) is revolving around the magnetic field B,,.
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Fermion Masses

Why Yukawa interactions?

Main features of the standard model include (1) minimal particle content;
(2) gauge symmetries & spontaneous breaking; (3) renormalizability.

Q: Why not mass terms? Take quarks for example. We have left-handed
quark doublets and right-handed singlets

Q; = <Z’L> , Ur, dR- (3.1)

1

The mass terms are not gauge invariant

(M,) U ug + (My);di dg +h.c., (3.2)

but Yukawa interactions are gauge invariant

(Y,); QHug + (Yy);Q:Hdg + hec. . (3.3)
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Majorana Fermions

Why Majorana Condition?

The Dirac equation for a massive fermion reads
0, g = myy . (3:5)

with 1) =)y + 1. Hence ¢y is already related to ). However, the
Majorana equation is

o, = myp (3.6)
ify“@uwg = myy, . (3.7)
with ¢ =)y + wg. The number of independent equations should be equal

to the number of degrees, namely, two for Majorana fermions and four for
Dirac fermions.
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Right-handed Neutrinos

Dirac Neutrinos

For massive Dirac neutrinos, we have

where there should be no confusion at all as massive Dirac fermions should
have independent left- and right-handed chiral components.

Majorana Neutrinos

For massive Majorana neutrinos in seesaw models, we adopt the same
notation vy. For clarity, one can use Ny instead of 1. In this case,

v=1p,+ 0 (3.9)

C

for light Majorana neutrinos 7~ = U; but for heavy Majorana neutrinos

N = NS + Ny (3.10)

v
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Right-handed Neutrinos

Majorana Neutrinos

Let us recapitulate the one-generation version of seesaw model. Adding
one right-handed neutrino N into the SM, we can obtain the neutrino
mass terms

v 17——F( 0 m vC
LY s = —E(VL NR) <mD mi) <N11;> +hec., (3.11)

. —T o
where v = C; T and N§ = CNy, and {mp,, m,} are positive numbers.

| A\

Diagonalization

The overall mass matrix

M= ( 0 mD) (3.12)

My my

is real and symmetric, so it can be exactly diagonalized.
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Right-handed Neutrinos

Diagonalization

First, let us diagonalize M by an orthogonal matrix O, i.e.,

cosf sinf

0 = <— sinf cos 0> ’ (5.18)
(’61 )2) , (3.14)
where the mixing angle and the eigenvalues can be exactly calculated:
X, = % {m,\, —\/m3+ 4m12)] , (3.15)
Xy = % [m,\, + 4/ m% + 4m]23] , (3.16)

tan20 = —=. (3.17)

O0TMO
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Right-handed Neutrinos

Diagonalization

Assuming my, > mp,, we have the excellent approximations

1

o= 5 [mN —\/m3 +4m]23] ~—md/my , (3.18)
1

X = 5 [m,\, + 4/ m3, +4m123] R my, (3.19)

Since x; is negative, it cannot be the mass of the light Majorana neutrino.
We must perform another transformation

<cl) (DT <_m]2)0/mN mON> <(I) (1)> = <nZ,L "?H> . (321)

where m; = m%/mN and my = my, are light and heavy neutrino masses.

= T =
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Right-handed Neutrinos

Mass Eigenstates

Since the overal mass matrix M is diagonalized via

v (m 0) . veo(7 ). e

we rewrite the neutrino mass terms as
l— m 0 v
_ C T
LY s = —E(VL NR) v ( OL mH) Vv <NI;{> +h.c. . (3.23)
Therefore, the mass eigenstates of Majorana neutrinos can be found
v, = V]ik]_VL + \/2*1/\/1%j y (324)
Np = Vipif + Vool (3.25)

where Vi, =icy, Vip =5y, Vo =1isy and Vo, = .

T (il = — oyt
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