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Hydrodynamics of the QGP

A description of collective motion

Conserved densities evolve slowly after microscopic degrees of freedom relax.

Mean free path Macroscopic variation scale
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Kn = —% < 1 A small Knudsen number supports an

L expansion in hydrodynamic gradients.

Refs.: Ollitrault, Eur. J. Phys. 29, 275 (2008); Gale et al., Int. . Mod. Phys. A 28, 1340011 (2013);
Jaiswal & Roy, Adv. High Energy Phys. 2016, 9623034 (2016).



Strong magnetic fields in heavy-ion collisions
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EM-field effect

A preferred spatial direction

The magnetic field separates longitudinal
X and transverse transport.
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Refs.: Bzdak & Skokov, Phys. Lett. B 710, 171 (2012); Deng & Huang, Phys. Rev. C 85, 044907 (2012);
Hattori, Hongo & Huang, Symmetry 14, 1851 (2022).



Conservation laws and the entropy-current approach

Evolution equations
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Construction principle auSu > 0

Hydrodynamic variables
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Landau-Lifshitz frame

Thermodynamics and transport
then characteristic modes

Refs.: Hernandez & Kovtun, JHEP 05, 001 (2017); Grozdanov et al., Phys. Rev. D 95, 096003 (2017);

Hongo & Hattori, JHEP 02, 011 (2021).



Ideal RMHD and magnetic pressure anisotropy

Ideal-order currents
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Local first-law assumption
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Ideal entropy conservation and thermodynamic closure
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Independent velocity gradients determine the closure relations.
Thermodynamic identity Magnetic pressure anisotropy
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First-order currents and entropy current
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Orthogonal projections

e = T"uyu,, pL+1L=—T"E,, p/+II=T"bb,

fr=—2rT%s, " =Z0T n=Nru,, V) =ELN 12
Bt = F*y,, (= —Eb e, mh =E2MEE,

First-order entropy current
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Entropy production and first-order constitutive relations
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The local second law fixes the flux-force relations.

Bulk viscosity Shear viscosity
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Charge diffusion
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magnetic response

f ——2p||b Hﬁ]“@?‘[ﬁ ”‘“Pé’a

m'” = 2p, EHE O, H g

(15)-(21)



Second-order entropy current and relaxation equations
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Quadratic terms in the dissipative fluxes supply their time derivatives.
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The theory has seven relaxation times. Their ratios to transport coefficients enter the causal bounds.



Linearization and mode decomposition

Uniform equilibrium
uy = (1,0,0,0), By =1(0,0,0,B), k= (ksinb,0,kcosh)
Perturbations around equilibrium
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Linear order and Fourier modes
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Magnetosonic modes: small-momentum solutions

Fast and slow propagating pairs
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Four hydrodynamic branches and five relaxation branches account for all nine physical modes.
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Magnetosonic modes: large momentum and exact roots
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Six branches propagate at large momentum. Three branches approach finite frequencies.
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Magnetosonic causality: angular constraints
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Red contours mark the luminal boundary at the sampled directions.
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Alfvén modes: small-momentum solutions
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The wave speed vanishes toward perpendicular propagation. The ordinary expansion then becomes non-uniform.
14



Alfvén modes: explicit large-momentum solutions
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The short-wavelength speeds depend on dissipative transport and relaxation, as well as the ideal Alfvén speed.
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Alfvén causality: an explicit analytical bound
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Charge diffusion: small-momentum and exact solutions
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Charge diffusion: propagating large-momentum roots
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The diffusive mode and one relaxation mode form a propagating pair. The third root stays purely damped.



Charge-sector causality and the all-angle bound
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Perpendicular propagation sets the strongest restriction. The numerical luminal crossings agree with the bound.
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Conclusions

Relativistic second-order MHD

We discuss second-order constitutive relations using entropy-current analysis.
They include anisotropic transport and finite relaxation of dissipative currents.

Two momentum limits with different physical roles

Small momentum identifies collective waves and damping.
Large momentum determines characteristic speeds and finite poles.

Explicit analytical bounds with numerical checks
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