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To study the microscopic structure of quark-gluon plasma, data from hadronic collisions must
be confronted with models that go beyond fluid dynamics. Here, we study a simple kinetic theory
model that encompasses fluid dynamics but contains also particle-like excitations in a boost invariant
setting with no symmetries in the transverse plane and with large initial momentum asymmetries.
We determine the relative weight of fluid dynamical and particle like excitations as a function of
system size and energy density by comparing kinetic transport to results from the 0th, 1st and
2nd order gradient expansion of viscous fluid dynamics. We then confront this kinetic theory with
data on azimuthal flow coefficients over a wide centrality range in PbPb collisions at the LHC,
in AuAu collisions at RHIC, and in pPb collisions at the LHC. Evidence is presented that non-
hydrodynamic excitations make the dominant contribution to collective flow signals in pPb collisions
at the LHC and contribute significantly to flow in peripheral nucleus-nucleus collisions, while fluid-
like excitations dominate collectivity in central nucleus-nucleus collisions at collider energies.

I. INTRODUCTION

Azimuthal asymmetries vn in soft transverse multi-
particle distributions have been measured in detail in
PbPb, pPb and pp collisions at the LHC [1–6]. At lower
energies they have been studied in nucleus-nucleus and
deuteron-nucleus collisions at RHIC [7–9], and at yet
lower center-of-mass energies reached in fixed-target ex-
periments, e.g., [10]. For sufficiently central nucleus-
nucleus collisions at collider energies, model analyses
support a fluid-dynamic interpretation of the measured
asymmetries [11, 12]. The recently established persis-
tence of sizeable azimuthal asymmetries in the smaller
pPb and pp collision systems [3–6] now raises the ques-
tion of whether small transient fluid droplets are also
formed in these systems, or whether other physics mech-
anisms are at the origin of the observed signatures of
collectivity. The main purpose of the present work is
to address a particular variant of this central question:
To what extent are fluid-dynamic or particle-like excita-
tions at the origin of the flow phenomena observed in
proton-proton, proton-nucleus and nucleus-nucleus col-
lisions? And how does the interplay between these two
sources of collectivity change as a function of system size
and energy density?

To set the stage for these questions, we recall that
any self-interacting matter that does not spontaneously
break Lorentz symmetry carries both fluid-dynamic and
non-fluid dynamic excitations. Analysis of the re-

tarded two-point correlation functions Gµν,αβR (x; t) =
〈[Tµν(x, t), Tαβ(0, 0)]〉 is one way of characterizing the
excitations that a system can carry. In particular, the

Fourier transform Gµν,αβR (k, ω), understood as a function
of complex frequency ω, displays non-analytic structures
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FIG. 1: Different analytic structures appearing in micro-
scopic models of fluids. The presence of hydrodynamic poles
in the long wavelength limit is a common feature of all Lorentz
symmetric theories with self-interactions. On the contrary,
the structure of the non-hydrodynamic sector closely reflects
the underlying microscopic degrees of freedom.

that can be related unambiguously to excitable physi-
cal degrees of freedom. Fluid dynamic excitations cor-
respond to poles at positions ωhyd(k) close to the real
axis in the negative imaginary ω half plane. In all known
stable and causal dynamics, they are supplemented by
other non-analytic structures whose precise nature de-
pends on the microscopic dynamics. Prominent exam-
ples are sketched in Fig. 1. For instance, for the non-
abelian plasma of N = 4 super-Yang-Mills theory in the

large-Nc limit at strong coupling, Gµν,αβR (k, ω) displays—
in addition to fluid dynamic poles—a tower of quasi-
normal modes that are located deep in the negative com-
plex plane at depths ∝ −i2πTn, n ∈ 1, 2, 3, ... [13–15];
somewhat distorted versions of this non-fluid dynamic
pole structure are found in a class of related, strongly
coupled quantum field theories with gravity duals [16–
18]. In contrast, kinetic theory in the relaxation time
approximation (RTA) supplements fluid-dynamic excita-
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[Kurkela, Wiedemann & Wu’19, EPJC]

Hydro is a universal EFT of a few conserved densities, valid at small gradients. Non-hydro
modes, however, differ across classes of theories.

At finite gradients, many non-hydro modes of different types can contribute.

Common wisdom: describing the non-hydro regime can be complicated, and an effective
description may not exist at all.
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Main results

We find a simple, systematic description of dominant (least-damped) mode beyond small
gradients for several classes of microscopic theories.

Coupling to only a minimal set of non-hydro modes already gives a good approximation.

In kinetic-like theories, we identify an effective small “gradient” even when hydro is no longer
applicable.

The realization of this minimal coupling may distinguish different classes of theories.

These results may help explain why hydro modeling works in small collision systems.
[Zhao, Shen & Schenke’22, PRL]
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Kinetic sound channel

(∂t + v · ∇x) f = C[f ]
RTA≃ −

f − feq

τR
.

Static, homogeneous, isotropic equilibrium.

Ln =

∫︂
d3p
(2π)3 EpPn(cos(θ))δf , L0 = δε, L1 = δT0z.

Longitudinal wave moment equations:

−iωL0 = −iqL1,

−iωL1 = −iq
(︁ 1

3L0 +
2
3L2

)︁
,

−iωL2 = −iq
(︁ 2

5L1 +
3
5L3

)︁
− τ−1

R L2,
. . .

Higher moments describe non-hydro modes, e.g., L2 = 3
2π

zz.

Solving this linear system gives its eigenmodes, including the dominant mode.

To give an effective description, we truncate the system.
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Simple truncation fails
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The full kinetic theory has an isolated dominant mode—the ground-state mode.

Discarding higher-order non-hydro information makes the approx fail rapidly beyond the hydro
regime.

We need a practical way to retain higher-moment information!
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Our method

Keep only the first three equations. Instead of setting L3 = 0, approximate

L3(ω̄, q̄) ≈ L3(L0,L1,L2).

Absorb the non-local ω̄, q̄ dependence into lower moments.

An intuitive approximation is

L3(L0,L1,L2) ≡
L3

L2
L2 ≈ c2

L2

L1
L2.

For general K, we propose

rK ≃ cKrK−1 with rn ≡ Ln+1

Ln
.

As K → ∞, LK → 0 and we expect

cK → 1, rK, rK−1 → r∗, |r∗| < 1.

Does this simple approximation give an accurate result?
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Sound mode approx results
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Adding more non-hydro modes improves the ground-state mode prediction, especially Imω, even at
finite gradient. How to prove this?

This resembles a Taylor expansion: adding higher-order contributions improves the prediction. It
implies an effective “gradient” parameter that remains small even at large q̄. How to find this?
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Moments describe modes

Expanding the kinetic equation in moments commonly yields a tridiagonal secular equation:

λLn = bnLn−1 + anLn + cnLn+1

Gradient q̄ is encoded in coefficients an, bn, cn

Where does error come from?

For K × K matrix, L0, L1, . . . , LK−1 are variables

Last row reads:

λLK−1 = bK−1LK−2 + aK−1LK−1 + cK−1LK

LK = rK−1LK−1

We approximate this

First row gives:

δλ ∼ δr0

We need to ralate δrK−1 to δr0
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Error propagation

Rewrite secular equation gives recurrence relation of relative error δrn:

δrn−1 = (
cn

bn
rnrn−1)δrn := qnδrn

We use it to propagate error back to δr0.

a0 c0r0

b0r−1
0

. . .

. . .

bK−1r−1
K−2 aK−1 cK−1rK−1

. . .

. . .

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Error introduced here

Error propagation
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Analytical expression for relative error

Ground-state mode relative error can be deduced

δλ =
⃓⃓⃓
1 − a0

λ

⃓⃓⃓
(

K−1∏︂
n=1

qn)δrK−1

Ground-state modes exist require:
|qn| < 1

Every order is compressive. Even if the gradient is large!

A new small parameter for extended hydro regime has been found!

If there is a typical r∗ satisfying qn ∼ r2
∗, a rough scaling law show up:

δλ ∼ r2(K−1)
∗ δrK−1

To improve accuracy of extended hydro, we can increase the moments order and/or look for
better approximation for rK−1
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Bjorken expansion

z

t

fixed τ

Boost invariant; Transversely homogeneous

3 + 1d → 0 + 1d (τ)

τ =
√︁

t2 − z2, w = τ/τR

Gradient q̄ = 1
w = τR

τ

Secular equation can be expand by moments.

λLn = bnLn−1 + [an + w(1 − δn0)]Ln + cnLn+1

Pick first K moments and close with our simple approximation.

rK−1 ≈ rK−2
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Approximation improvement

Hard truncation Approximated

Simple approximation greatly improves the accuracy!

12 / 17



More moments improvement

Relative error of different order approximation

More moments systematically reduce relative errors.
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Discrete U(1) gauge field chain

Holographic Maxwell dynamics in AdS5 can be represented by a chain of K coupled U(1) sites with
horizon dissipation at site 1.

The radial direction emerges as K → ∞.

K∑︂
n=1

[βn∆Ea
n∆En + ϵnEa

nEn] +
iσ1

ω
Ea

1E1
K→∞−−−−→ − 1

2g2
5

∫︂
Mext

d5x
√︁

−g Fa
MNFMN + Ieff

horizon

[An, Brants, Heller & Yin’25, PRL]

En: longitudinal electric field at site n.

∆En = En+1 − En, σ1: horizon dissipation.

Equation of motion: βn−1∆En−1 − βn∆En + ϵnEn = 0.

Boundary conditions: (β1 + ϵ1 + iσ1/ω)E1 − β1E2 = 0, EK+1 = 0.
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K = 1 approximation to holography

Solid: K → ∞ (AdS/CFT) vs dashed: K = 1 (minimum coupling) approximation.

Ground-state mode with crossover.
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Summary and outlook

Summary

We develop an extended hydro framework for the ground-state mode beyond small gradients,
applicable to weakly coupled kinetic theory and strongly coupled holography.

In kinetic-like theories, we explicitly identify effective “gradient” parameters that control the
approximation even beyond the hydro regime.

We analytically quantify how the approximation improves as more non-hydro information is
included.

Outlook

Identify the effective “gradient” parameters in more theories and understand how they depend on
the structure of non-hydro modes.

Explore applications of our framework to collective behavior in small collision systems.
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Thank you!
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