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What is the CTP formalism?

@ The Closed-Time Path (CTP) formalism, also known as the Schwinger-Keldysh

formalism, is a powerful tool in quantum field theory for studying systems out of
equilibrium.

o It generalizes the standard in-out formalism (vacuum) to non-equilibrium situations
where the initial state is described by a density matrix.

@ Key idea: The time contour runs from tp to +o0o and then back to tg, forming a closed
loop.
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Vacuum vs. non-equilibrium

Aspect Vacuum (In-Out) Non-Equilibrium (CTP)
Initial state |0) (vacuum) p(to) (density matrix)
Time contour —00 — +00 to — +00 — 1o
Final state (0] Trp(to)
Evolution U(+o0, —0) Ucte(to)

Main Difference

In vacuum, we evolve an in-state to an out-state. In non-equilibrium, only states at ty are
involved, leading to the CTP.
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Two-point Green's function

The two-point Green's function in the full theory is defined as

G(x,y) = (Q Ty (x) oy (v) 12) (1)
where:

e |Q) is the ground state of the full Hamiltonian H
® P()(x) is the field operator in the Heisenberg picture

The Hamiltonian is split into free and interaction parts:

H = Ho + Hiny (2)
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Heisenberg vs Schroedinger picture

At the initial time to, ¢(s)(x) is a field in Schroedinger picture and can be Fourier expanded as

d3 1 ip-x —ip-x
(b(s)(X):/(zﬂ_;g\/z?p (apep +a;e p ) (3)

We can obtain ¢)(t,x) from ¢sy(x) by

Sy (x) = eME70) g5 (x)e M 0) (4)
We see H(H) = H(s) = H.
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Schroedinger vs interaction picture

We can define the field operator in the interaction picture

duy(x) = eMlT0)g ) (x)eMolt=0)
ddp 1

_ - —ip-x T Lipx
~ ] (@n)3 /25, (3ve " + aje™) )

where we have used tg = 0 and

() _iHot, ,—iHot _ —iEpt
ap’ = e'™age =ape P
T _ iHot .t —iHot _ 1 iEpt
ap = eaje = ape’™" (6)

We note that ap and ap in Eq. (5) are in Schroedinger picture and independent of time. We
have used Hp = H(I) H(S)
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Heisenberg vs interaction picture

Now we can express the Heisenberg picture field ¢(x) in terms of ¢()(t,x)
Gy (x) = €M) g5 (x)eH(E—00)
— eiH(t*fo)e*iHo(f*to)d,(l)(X)eiHo(f*to)e*iH(f*to)
= U'(t, to) 1y (x) U(t, to) (7)
where U(t, tp) is the unitary operator connecting the interaction and Heisenberg picture,

U(t,to) = eiHo(t—10) g—iH(t—to)
U(to,t) = Ul(t, ty) = eM(t=10)g=iHo(t—t0) ®)
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Heisenberg vs interaction picture

So we have

’ i .
¢(H)(X) = / (57_‘53 \/;Tp [ap(t)e—lpx + a;r,(t)e’p‘x (9)

where

ap(t) = U'(t,t0)apU(t, to)
al(t) = U'(t to)alU(t, to) (10)
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Evolution operator

The evolution operator U(t, ty) satisfies the Schroedinger equation

d
i~ Ut 10) = HU(t, o) (11)
where Hi(rft) is the interaction Hamiltonian in the interaction picture,
HI(IQ — eiHo(tfto)Hi(Ii) efl'Ho(tfto) (12)
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Evolution operator

The derivation of (11) is

i%U(t,to) = eMolt=to) He=iH(t=t0) _ 1 (¢, to)
. eiHO(t_tO)Hi(ri)e—iH(t—to)

_ eiHO(t_tO)Hi(Ii)e_iHO(t_tO)eiHO(t_tO)e_iH(t_tO)

= HU(t ) (13)
The solution to U(t, tp) is

Ut t)) = T [exp <—i /t tdt’Hiﬁfg(t'))] (14)

0

Note that U(t, tp) is a unitary operator which connects the interaction with Heisenberg
picture.
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Evolution operator

We can define an evolution operator in the interaction picture from t; to t»

U(tz, 1) = U(t2, to) U (11, o)
— eiHo(tz—to)e—fH(tQ—tl)e—fHo(tl—to) (15)

We can prove that all elements of U(ty, t1) consititute a U(1) group:
@ The inverse of U(t, t1) is U(t1, t2): U(t, t1)U(t1, t2) = 1.
e Unitary condition Uf(ty, t1) = U(ty, t).
@ The result of two consecutive evolution is still an evolution: U(t3, t2)U(t2, t1) = U(ts, t1).
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Ground state projection

To deal with Eq. (1), we express the ground state of Hy in terms of eigenstates of H,

0) = > In, H) {n, H|0)

n

(0l = {0ln, H) (n, H] (16)

n

where |n, H) denote energy eigenstates of H with |0, H) = Q). We let |0) evolve in time with

H

e Mot o) = 5 | &7t n, H) (n, HIO)

(0] ¢ Mles8) = 37 & —0) (Ol ) (n, a7)
n

where E,, denotes the energy of the state |n, H) with E, > E,_1.
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Ground state projection

In order to extract |Q2) out of other states, we introduce a small imaginary part into t, as
too = teo(1 — i€), then we have

e—iH[too(l_i€)+t0] |O> — e—E06 {(e—iEO(too+t0) <Q|0>) |Q>

+ 3 e Bt to) g~(Er-Eo)tt [ p) (1, H]0)
n#0

(0] e~ M=t — oo [ (=TEot=—0) (0]0)) (02

+ Z e_iEn(too_tO)e—(En—EO)tooe <0|n7 H> <n’ H| (18)
n#0
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Ground state projection

Since all higher states are suppressed relative to the ground state by a factor e~ (En—Eo)tece 5o
we have

e—iH(too+t0) ’0> ~ <e—iE0(too+to) <Q‘O>> ‘Q>

(0] e~ M(tx0) (e~ E0lx=0) (0)0) ) (0 (19)

We can approximate

Q) ~ lim

too—r00(1—i€)

( iEo(too+to) (Q[0) 1)
too_>|o'o'?1 i) (eIEO =) (Q|0) 1) U(to, —tso) |0)
(¢ )

e—IH too+t0 |0

Q| = lim

IEO too—to O|Q -1
too —00(1—7€)

O’ —IH(too—to)

~

~ . IEo(toofto) -1
(€508 Bt g

/=3 a3=1V7= Ya a
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Gell-Mann-Low Theorem

The normalization condition for the ground state reads

1=(Q|Q)
- i (5051 (210} [2) (0] U(tuc, to) U(to, —t:0) [0) (21)

too—>00(1—7e

which determines the normalization constant

1

2iEpteo (@) -2 = li
e | (2(0) | too%(lor?lf,‘e) (0] U(too, —too) 0)
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Gell-Mann-Low Theorem

Using Egs. (7,20), Eq. (1) can be written as

G(x,y) = (Q| Towy(x)dH(y) Q)
. 1
B too—>|c:on(]1—ie) (0] U(too, —ts0) |0)
% (0] U(tos, to) TU' (x0, to) (1) (x) U(x0, to)
< U (y0, to)é(1)(¥) U(yo, to) U(to, —tc) |0)
_ im (O] T[d1)(x)o(1) () U(toos —t)] 0)
too —r00(1—ie) (0] U(too, —txo) |0)

(23)

The numerator contains the time-ordered product of interaction-picture fields and the
evolution operator over the full time range.
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Non-equilibrium Green's function

In non-equilibrium, the two point correlation function is defined through the density operator
at the initial time

6(x.9) = (Teun()oun ) = Fs Tl Tom (o)) (@9

@ The trace is taken over initial states (eigenstates of Hp)
@ The interaction Hyy; is switched on at later times

@ No preferred ground state — the system is in a mixed state
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Non-equilibrium Green's function

Using Eq. (7), we can write Eq. (24) as

G(x,y)

Qun Wang (USTC/AUST)

Tl”pl(to)Tr[p(tO) T o) (X)Pry(¥)]

Trpl(tO)Tr[’O(tO) TU(x0, t0) (1) (x) U(o, to)
% U' (v, t0)(1)(y) U(vo, to)]

Tr;(to)Tr[P(to) TU(to, x0) (1) (x) U(x0, ¥0) (1) (¥) U(¥o, to)]

’1“rp1(tO)Tr[p(t°) Ted) (X)) (y) Uctp(to)]
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Evolution operator on CTP

Here Uctp(to) is the unitary evolution operator defined on a closed-time path (CTP) starting
from ty to +oo and back to ty

Ucrp(to) = Tp [exp (—i /C TP dtHI(Illg(t)ﬂ
= 7o foo (<1 [T a4 [Canle))] o)

0
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Tp: path ordering on

@ Tp is the ordering operator along the CTP contour.
@ Times on the ty branch are always earlier than times on the t_ branch.

@ Within each branch, standard time ordering applies:
e On ty: T orders increasing time

e On t_: T (anti-time ordering) orders decreasing time

@ This leads to four types of Green’s functions: G**,G*~, G, G~ (or
GF, G<, G>, GF)
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The CTP Contour

p(to) . t
th ’
— t
* —
-
Im(t)

(b) t p(ty) = e ” )

0 [

T >, Re(t)
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Vacuum vs. non-equilibrium: side by side

Vacuum (In-Out) Non-Equilibrium (CTP)
0T ul1o Tr[p(to) T, U
c_ (O Tlomyey U110) (27) c_ [o(to) Tpd( Py UcTp] (28)
(0 U10) Trp(to)
@ Single time contour @ Closed time contour
@ —00 — 400 @ty > +00 — 1y
@ Ground state projection @ Density matrix initial state
@ Denominator cancels disconnected @ No denominator cancellation (all
diagrams diagrams contribute)
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Two equivalent formulations

In the Schwinger—Keldysh (CTP) formalism, two-point functions can be written in:
@ Matrix form — 2 x 2 matrices in the contour branch space

@ CTP form — single time-ordered object on the closed contour

Both are completely equivalent and related by the structure of the time contour.
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CTP form

Equivalently, one defines a single Green's function by time-ordering on the closed-time path:

G(x1,x2) = (Tctha(x1)Ps(x2)) (29)

where x10, xo0 lie on the CTP and T¢ is the contour-ordering operator.

Connection with Matrix form

The matrix elements G2° are simply the values of G when the time arguments sit on branch a
and b of the contour (a, b € {+, —}).
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The matrix form

Gtt Gt- GF G< Yt Yt £ <
G: = — s z: = = 30
(G—+ G“> <G> GF) <z—+ z—-) <z> ZF) (30)

Definitions (for fermions with Dirac indices «, /3):

Gla(x1, x2) = (Tea(x1)Ps(x2))

GEs(xa, %) = (Tata(xa)bs(x2))

Gs(x1,x2) = —(¥p(x2)va(x1))

Grs(x1,x2) = (ha(x1)¥5(x2)) (31)
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Unitary transformation to physical basis

Define the unitary matrix

1 /1 -1 1,7 1 1 1
50 st @
The physical representation is obtained by
0 GA GF G\, _
(GR GC>:U<G> Gﬁ>u ! (33)
and similarly for £ (with sign flips on the off-diagonals):
A0 yFoy<N
(ZC zR> =U <z> _Zﬁ) Ut (34)
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Retarded, advanced and correlation functions

The physical components are defined as

OR = of —0<=-0f + 0~

0% =0f —0> = —0F + 0°

0€ = 0F + 0F = 0> + O< (35)
for O = G or X. Explicitly:

OR(Xl,Xg) = 9(1‘1 — Z‘z) [O>(X1,X2)
OA(X]_,X2) = 0(t2 — tl) [O<(X1,X2)

(x1,%)]

o<
0~ (x1, x2)] (36)

Here OR and OA are causal/anti-causal; O¢ is the sum of statistical correlators.

Qun Wang (USTC/AUST) From KB equations to spin kinetic equations CCNU QCD School



Retarded, advanced and correlation Green's functions

In the physical basis, the product ¥ - G becomes block-structured:

(A0 0o GA P —¥<\ /GF G<

The physical-basis product is

0 YAGA
<ZRGR ZCGA+ZRGC> (38)

Advantage

Retarded, advanced and correlation Green's functions decouple in the upper-left / lower-right
blocks!
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The matrix-form integral

00 zF _y< GF
_ / - /
[ () w(E

is equivalent to the CTP contour integral

| = /CZ(Xl,X/) G(xX',x0)

where C = [tf, +00] + [+00, ty |.
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Proof sketch: [, _

Forti e Cy, th € C_:

oo _
/dx [xFG= —£<GF]

/dx YOGS 4+ / dx' L<G<
t

[%]
—/ dx’Z<G<—/ dx' L<G~
tr to

— / dx' [ERG< + £<G] (41)
to

The same result is obtained by evaluating the CTP contour integral using the
branch-dependent f¢ functions.
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Result for all components

Matrix element Equivalent CTP expression

I+ T [ZFGF —¥<G6~]
t

[ tooodx' [(ZRG= +£<G"]

I :oodx' [ZRG” + 767

I /:oodx’ [Z>G< - £FGF]
0

All four components match the CTP contour integral, proving equivalence.
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Wigner coordinates

Introduce relative and center-of-mass coordinates:
Yy = X1 — Xo, X = %(Xl + x2) (42)
with
Y=x=x, Xi=X+1iy, Xx=X-3(y-y) (43)
At leading order in the gradient expansion (zeroth order in dx):

19, x) = /Oo dy' [ZR(y =y, X)G=(y', X) + Z=(y — ¥, X)GA(Y, X)]  (44)

—00
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Fourier transform to momentum space

Convention:

Ap) = [ dixeP A, ()= [idp]e P MA(p) (45)

where [dp] = d*p/(27h)*. Zeroth-order transform:

F[10] = £R(p, X)6<(p, X) + £=(p, X)G*(p, X) (46)
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First-order (gradient) correction

The next-to-leading order gives Poisson-bracket structures:

F[Ifl] = _E{ZR» G<}P.B. o §{z<v GA}P B
{A, B}P_B_ = 6§‘<A 858 — al’jA (‘9;8 (47)

Physical Meaning

These terms encode spatial inhomogeneity and are suppressed by £ relative to the local
collision term.
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Free Dirac structure

For free fermions, G< and G~ satisfy the Dirac equation:
(i1 0% — m) G=(x1,x) =0
. <=
G=(x1,%2) (i 0%, + m) =0 (48)

In Wigner variables:
Oy =20k +0), O =309 (49)
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Fourier-transformed kinetic terms

After Fourier transformation [ d*y ey
h = (i’m%c‘)& + Pt — m) G=(p, X)
. <
b= 6<(p, X) (i3 0% — 7P + m) (50)

These are the kinetic (streaming) terms that will appear on the left-hand side of the
Kadanoff-Baym equation.
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From Dyson—-Schwinger to KB equations

Schematically, on the CTP contour:
Gl=G'-¥ = G'6=1+3%G, GG '=1+6GX
The explicit Kadanoff-Baym equation on the CTP is
—i(iv. 0% — m) G(x1,x2) = 6( )(x / dx' ¥ (x1,x") G(X', x2)

where d¢ is the contour delta function (sign depends on the branch).
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KB equation for G< and G~

For (x1,x2) € (ty,t_):
— i(ihy 0 — m) G=(x1, x2)

— h/ dx' [ERG< + £°G] (1, X X', x2) (53)
—00

For (x1,x) € (t—, t1):
— i(inu 04 — m) G”(x1,x2)

:/ dx’ [ZRG™ + £ G| (31, X' X', x) (54)
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KB equation in momentum space

Fourier transforming and keeping terms up to O(h?):
(i 3n0% + " = m) G<(p, X)
h2
= ih[ZRG< +£<G6"] + > {ZR, G<}pg + {Z<, G*}p5] (55)

where {A, B} pg = 0xA - 0pB — 0pA - 0«xB is Poisson bracket.

Counting powers of A

Each propagator ~ h, each vertex ~ h~1. The collision term is O(h); the Poisson-bracket
term is O(h?).
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On-shell approximation

Taking only the imaginary (on-shell) part of the spectral functions:

—— =~ Find(ko — 56
ko—po:l:ié i ( 0 PO) ( )

Retarded and advanced functions simplify to

Of ~ (0" - 0%), 0"~ —3(0” - 0%) (57)
The KB equation for G< becomes
(i 300K + 3P = m) G<(p, X)
e x 6% - U, 67— (57,65 ) (59)
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The same collision term for G~

The equation for G~ has the identical right-hand side:

(iw%haﬁé +Yup" — m) G~ (p, X)
. 2
=S [EE” 6 - LTS e — 57, G e (59

Subtracting the two equations yields the quantum Boltzmann equation for the distribution
function encoded in G< — G~.
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Clifford decomposition

The Wigner function G<(x, p) is a 4 x 4 matrix in Dirac space. Expand in the 16 independent
generators of the Clifford algebra:

M€ {1, Vi, P, ot = ;[’y“,’y”]} (60)
< 1 ‘5 " 5.1 1 ynz
G (X,p):Z F+iv’P +~ Vu—i-’y’yA#—i-Ea S (61)

@ F: scalar, P: pseudoscalar, V,;: vector, Au: axial-vector, S,w: tensor components

@ Real-valued coefficient functions = obtained by tracing G< with the corresponding
generator

@ F < phase-space distribution; A, < spin-polarization distribution
Conventions: g, = diag(+, —, —, —), €23 = o103 = 1, A* = Tr(y#45G<).
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Equations of motion: real parts

Insert the decomposition into the KB equation

(v-K=m)G™ = Lo, K'=p'+ %8)‘5 (62)
and take traces. Real parts are
PV — mF = ReTr (leon)
mP + gaffflu = ReTr (i’yslcon) ,
puF — mV, + gé’i&w = ReTr (Yuleon) ,
%ewaﬁp”é’aﬁ + mA, — g@x,ﬂ? = ReTr (v’Yuleon) ,

h
euyaﬁpa.AB +mS,, — Eax7[uvy] = —ReTr (Juulcoll) , (63)

Qun Wang (USTC/AUST)
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Collision term

Collision term (up to O(h?)):

: 2
Lo = —% (567 —x°G") - % ({z=, G>}PB —{==, G<}PB) ) (64)
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Equations of motion: imaginary parts

gaﬁVu = ImTr (Lon),
p* A = ImTr (—iv°leon) ,
pP’Suu + g&w}' = ImTr (yuleon) 5
PP + quaga)’:Saﬁ = ImTr (75fyu /Cou) ,
PV + ZGWQB(??.AB = —ImTr (o leon) - (65)
@ Without collisions: equivalent to kinetic theory for massive fermions

o Collision terms from a different derivation in earlier work reproduce these equations
@ Written perturbatively, order by order in A
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Mass-shell and Boltzmann-type equations

Apply v - K + m to the KB equation and combine with its Hermitian conjugate (using
19(6%)1° = 6%

On-shell (Klein—Gordon type)

h2
(p2 = Iaﬁ — m2) Tr (F.G<) = ReTr [[a(vy - K + m)leo] (66)
hp - O Tr (I'aG<) =ImTr [ (v - K+ m)leon] (67)
Equivalent to the ten component equations of the previous slides.
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Off-shell terms

Decompose into on-shell and off-shell part,
G =Gy + G5

with (p? — m?)G,

on —

0. The on-shell condition (66) gives
1
Tr (M.G) = mReTr [Ta(y - K 4+ m)leon] + O(H?).
The adjoint KB equation implies (0 acts only on G= not on 5, I.on ~ g2)

ih <«
leon (7 p—m—= =" ax) = O(h2g4)

2
ih ih WPy ih
Icoll<7'p_m_27'8X>(7'p+m_27'8x>:c011<p2—m2—46)%—2’}/'6)()
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On-shell equations

We obtain "
off .
Ic(oll) = ’mp - Oxleon + O(R2g*) + O(h*g?) (68)
where 9, acts only on G= not on £>. From Eq. (67) we obtain

hp - OxTr (raG;l) =ImTr [ (v - K+ m)leon] — Aip - 0xTr (ranﬂ)

= ImTr [ra(’y- K+ m)lc(slrll)}
h

+ mp . 8XIH1TI' [Ira(7 . K + m)/cou]
h
- mp . 8XReTr [I_a(’y -K + m)/cou]
+ O(1®) + O(l’g*) + O(h*g?) (69)
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On-shell equations

Off-shell pieces cancel in the Boltzmann equation to lowest order in g:

hp - 0 Tr (M2Gyy) = ImTr {I’a(fy K+ m)l(on)]

coll

+ O(h3) + O(h2g*) + O(h*g?) (70)
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Expansion scheme

Expand every function and operator:

F=> nF (71)
n=0

loon starts at O(f): 1%

° coll — 0

@ Zeroth order: free, on-shell kinetic theory

o First order: local collision term — leading-order Boltzmann equations
@ Second order: nonlocal (Poisson-bracket) collision terms

Independent components: F (scalar) and A, (axial-vector); all others are expressed through
them.
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Zeroth order O(hP)

With I(E(())l)l =0, all component at O(h°) are on-shell,

PV — mFO® =0, PO =0, prAR =0,
puF® —my©® = o, p'S) =0, PV =0,

%euyaﬁpVS(o)aﬂ + mALO) =0, e,u,,agpa.A(O)ﬁ + mSl(f;) =0.

Solution in terms of the independent components:

PO —0, VO = % FO g0 _ 1 a 408

v m prap

All components satisfy on-shell conditions and kinetic equations.
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First order O(h): collision term

w_ i
lcoll - _5

[Z<(O)G>(°) — Z>(0)G<(O)] (75)
@ Only zeroth-order Wigner functions appear = on-shell

@ Local in space-time: collisions at a single space-time point

@ Conserves energy-momentum at the four-fermion vertex

Equations of motion at this order couple gradients of O(h%) components to O(%) components.
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First order: Boltzmann equations for F(©) and A©*

From Oy- Eq. (vector, real) + Eq. (scalar, imaginary):
p- 0.F ) = 2mImTr (11})) (76)
From €”?"¥p,x Eq. (tensor, imaginary):
0 va 1
p- O, A — e 8 b, ImTr (Uaﬂlc(ol)l>

= —2p*ImTr (75l(l)> —2mImTr (75’7“/81)1) (77)

coll

@ On-shell property of /)

onn allows p -~y — m under traces

@ These drive the leading-order Boltzmann equations for the MVSDs
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First order: mass-shell constraints

(p2 m2) FO = omReTyr (IC((}&) ,
(p2 m2) p1) — =0,
p> — m2) V(l =2p, ReTr( I ))
)

coll

(
(p2 m? A(l —€uvaBP ReTr( O‘BIC(OID

’"?
3

coll

= m?) S = 2pp,ImTr (9113} +2mReTr (0, )

o FW YW AW SO) can have off-shell parts at O(h)
o P stays on-shell = off-shell effects enter at most at O(%2)
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Other components at O(h)

Once F1) and AE}) are known, We obtain all other components at order O(h),

1 1
Pl — _ = grA0) 4 = . 5(1)
> 3X.,4N + —ReTr (/’y /COH)

1 1 1
1) 1 v 0 (1)
Vl(l ) —;pﬂf( ) - ﬂaxs,gu) - mRe TI' (7/-"’0011)
1 1 1
by o (0) (1)
S/(W) = — ;Guyaﬂp .A(l)'B + m 8x['uvy] - mRe Tr (o-l“/lcoll) (78)
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Second order: collision terms

The second order collision terms

2 1 0
/(fol)l = AIc(ol)l + I(‘Fol)l,PB (79)

Local part (first-order expansion of ¥=G<):

Al = _é [z<(1)c>(°> _y>(1)6<0) £ y<(0)5>1) _ Z>(°)G<(1)} (80)
Nonlocal part (Poisson brackets — collisions at different space-time points):
©  _  1fs<© >0 _ [s>(0) ~<(0)
Leon,pp 4 HZ G }PB {Z , G }PB] ’
{A,B}pe = (0xA) - (9,B) — (0,A) - (0:B). (81)

The nonlocal term is the seed of spin—vorticity coupling: it converts orbital into spin angular
momentum.
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Second order: Boltzmann equations

Evolution equations for scalar and axial vector components

p- O A = _ gmaBp Ty Ty (Uag l,ffﬁ) —ReTr (75 7 ’C(;l)l)
= —2p*ImTr (75/531)1) —2ImTr (’Y : P75'7u/£1)1)
ReT: (75(9“,(1)) (83)

X ‘coll

Consistency between the two derivations (divergence vs. momentum contraction) yields
constraint equations,

ReTr (fy : 3xlc(§1)1) = 2ImTr {(’}’ P m)/gl)l g (84)

satisfied up to O(hg*) using the adjoint KB equation.
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Decomposition: on-shell and off-shell part

In general, the Wigner function at O(h) can be decomposed into

G = g 4 =0)
O O

(on) (off)
(2) _ 4(2,0n) (2,0ff)
Icoll - Icoll + lcoll
1,on 0,0on 1,0ff 0,off
= Alc(oll "t Ic(oll,P%?v + Alc(oll - I(Eoll,P])?) (85)

The evolution equations (82) and (83) can be decomposed into on-shell and off-shell parts.
Equation (78) can also be decomposed into on-shell and off-shell parts as
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Decomposition: on-shell and off-shell part

On-shell part:
on 1
Y{ton) = f((;r)l) - —8"8( ) — RGTI“ (’Yulc(ol)1>
- 1 o 41 0 !
S = = e Am T O B

Off-shell part:

rP(l,Off) :0, V(l Off) puf((lf)f)
o 1 a 4(1)8
o 1 (87)
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On-shell evolution equations

We only need to solve on-shell evolution equations. The zeroth order evolution equations
p- 0. F O = 2mTmTr (1)
p- O AN =~ p Ty (0,413 (88)
The first order evolution equations

p- ax}"((;r)l) =2mImTr (/C(fl’lon)) + ReTr (’Y : axlc(;l)l)

p- 8X,AE(1)31’; = — eBp, ImTr <aa5/(2’on)> — ReTr <758“/(1)) (89)

coll X "coll
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Matrix valued spin distributions

The MVSD as 2 x 2 matrices can be parametrized as

[y

f;'s (X,P) =

Frs (va) =

2 [5rsf(unpol) (x,p) + Trs - f(pol) (x, P)] )
1. - _
5 [rsftunpat) (<, ) + 715 - F o) (%, P)] (90)

where T = (71,72, 73) are Pauli matrices in spin space, funpon) and f(,01) are unpolarized and

polarized distributions for particles respectively, and f(unpol) and f(pol) are those for
antiparticles respectively.
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Matrix valued spin distributions

They are given by

fiunpol) :Trf7 F(unpol) = TI‘)’:7
F o) = (fpoi): fizpoi)s fa pon)) = (Tr(maf), Tr(raf ), Tr(7sf))
f (wor) = (f1.pon)s f2,po1)s f(3.pot)) = (Tr(71f), Tr(raf ), Tr(73f)) . (91)

We see that polarized distributions are three-vector that gives the polarization vector.
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Two-point Green's function at O(h°)

The zeroth order (on-shell) function G(E)(x, p) can be expressed in terms of the zeroth order
MVSDs as

Gig)(x: p) = — (2mh)0(po)d (p* — m?) u (r, p) i (s, p) ££ (x, p)
— (27h)0(—po)s (p* — m?) v (r,—p) 7 (s, —p) [55, — 79 (x, —p)} . (92)

Note that Gg, (x, p) can be obtained from (92) by replacing fO - —(1— () and
1—fO) 5 —fO)
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Two-point Green's function at O(h)

In terms of the first order MVSDs f,(sl) and fs(,l), The first order on-shell function G(<O)(x,p) can
be expressed as

GG omy (% P) = — (27h)0(p0)d (p — m?) u(r, p) (s, P) 5 (x, P)
+ (20R)0(—po)d (P> — m?) v (r,—p) 7 (s, —p) ) (x,—p)  (93)
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Extracting scalar and axial vector components

We can extract the scalar and axial vector components of G(<0)(x7 p) in Eq. (92) at O(KO°)
according to the decomposition in Eq. (61)

Fo) = — (2wh)(2m)s (p* — m?)

(
{0(p0) 01y (x:P) = 6(=po) [2= 7)) (. =p) |}
— (27h)(2m ) ( m2)

)t

X {9 (po)n p)f 01)( x, p) + 0(—po)nUH(— p)fj (j,pol) ( —P)}v (94)

X

where nU)#(p) with j = 1,2, 3 are Lorentz boost of three orthorgonal vectors (9, o, ﬁ) in the
particle’s rest frame.
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Evolution equations for MVSDs

From evolution equations (88) and (89) we can derive evolution equations for MVSDs at O(h°)

p - O f((uOIZpol) = %Calar(f(o))

O [ 1| = () (95)
and at O(ht)
P Oy = Cocatar (FO, DA, £D))
N0 | 0 0) (1
p- O, [nomf(j,pol)] — 1 (FO, £ (1) (96)
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