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@ Spin in non-relativistic quantum theory
@ Spin in relativistic quantum theory
@ Wigner functions and spin dependent distributions

@ Spin kinetic equations for spin-1/2 and spin-one particles
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Energy in rotating frame

In the fixed inertial frame S, the frame S’ is rotating about a fixed axis
(e.g., the z-axis) S with a constant angular velocity w.

A particle with the mass m, with a position vector r’ and velocity v’ in
frame S, its absolute velocity v in frame S is

v=vtwxr (1)
The kinetic energy T of the particle in S is
1 1

T:§mv-v:§m(v’+wxr')-(v’—i—wxr’)
_1 2 I / 1 "2
=5mv 4+ mv (wxr)+2m(w><r) (2)
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Energy in rotating frame

The Lagrangianis L= T — V/, and the generalized momentum is

, oL 0T _

P = 5w T av T

m(V +wxr)=mv (3)
The Hamiltonian is

1 1
Hw:p/-V/—inmV/2—§m(wXr,)2+v

1 2 1 2
:%(p’—mwxr’) —Em(wxr’) +V
:%p’z—p’-(wxr’)—i—V:%pQ%—V—w-L’ (4)

where L' =+ x p'.
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Energy in magnetic field

In classical mechanics, the magnetic moment of a particle in an external
magnetic field can be derived as follows

_ 2 2 2
+_ [ qA):L_g A a2
2m 2m m 2m
q q q
——p-A = —p- B)=——L-B=— B
mp 2mp (rxB) 2m ac
He = 2T v (5)
2m  2m
Here we choose A = —%r x B (Coulomb gauge condition is satisfied

V - A =0) and orbital magnetic moment p; = 5L with L =r x p.
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Including spin

We can include the spin contribution to the interaction energy

1
P’ 2
Hg =— —A V— -B 6
B=p t o ATV (et ps) (6)
where we have suppressed the prime symbol in the rotating frame, and

Its = g5=S is the spin magnetic moment.
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Spin in non-relativistic quantum theory

In non-relativistic quantum mechanics, the spin operators of a particle form
a 3D vetcor S =), S’e;, where e; are three basis vectors and i = 1,2,3
or x,y,z. They satisfy the commutation rule for the angular momentum

[3", SJ] — ez S*. (7)

The spin operators are defined in the frame in which the particle's
momentum is much less than its mass.
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Spin in non-relativistic thermal systems

The mean spin vector is defined as:
= <s> ~Tr (ﬁS) (8)
where j is the density operator of the particle under consideration and § is

the spin operator. The polarization vector is defined as the mean value of
the spin operator normalized to the spin quantum number of the particle:

SHE

so that its maximal value is 1, that is |P| < 1.
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Spin in non-relativistic thermal systems

Consider a non-relativistic particle at equilibrium in a thermal bath at
temperature T in a rotating vessel at an angular velocity w, the density
operator is

1 ~ A ~
p=exp | —BH+BuQ+ fw- I+ g - B (10)

where J=L + 8, Q is a conserved charge with 1t being the corresponding
chemical potential, and B is a constant and uniform external magnetic field
with fig = 1gS/S being the magnetic moment.
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Spin in non-relativistic thermal systems

If the constant angular velocity w, as well as the constant magnetic field B
are parallel, the above density operator can be diagonalized in the basis of
eigenvectors of the spin operator component parallel to w, § - w, thereby
giving rise to a probability distribution for its different eigenvalues m. The
different probabilities read

o5 (42 )

w (T, B,w](m) = Eﬁqus exp [5 (% —i—w) m}

(11)

The distribution Eq. (11) may now be used to estimate the spin vector in
Eq. (8).
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Spin in non-relativistic thermal systems

For the simpler case with B = 0, the spin vector along w is

S
> exp (me)]

m=-—S5

ST smep(fum) o

w

S cem(fum) - 0(Bw)
59 in {exp (—fwS) [1 4 exp(Bw) + - - - + exp(26wS)]}

S =

I(Pw)
5 9 — exp [Bw(2S +1)]
w@( w) {exp( BwS) 1 — exp(fw) }
=& i &P [=Aw(S +1/2)] — exp [fw(S +1/2)]
9(bw) exp(—fw/2) — exp(fw/2)

sinh [Bw(S + 1/2)]
9(B=) " sinh[3w/2] (12)

where @ is the unit vector along the direction of w.
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Spin in non-relativistic thermal systems

At the limit w < T or fw < 1, the spin vector in Eq. (12) becomes:
1
S %55(5 +1)fw
1
P zg(S +1)pw (13)

Then we obtain

1 1

S=P~ ;,Bw, (S=1)

3 5
S=SP~ 2B, (S=3/2) (14)

Qun Wang (USTC/AUST) Spin and rotation effects in HIC CCNU QCD School 13 / 84



Homework

Prove Eq. (13).

Qun Wang (USTC/AUST) Spin and rotation effects in HIC CCNU QCD School 14 / 84



Spin in relativistic quantum theory

e What is a microscopic particle? How to describe it (mass, spin,
charge, parity)?

@ Quantum + Special Relativity
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Particle tracks in bubble chamber
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Translation and Lorentz transformation

Let x* be the coordinates of a four-vector in frame F and x* is the
coordinates of a four-vector in frame F’, then the translation and Lorentz
transformation is expressed as

XM= N XY 4 (15)

which can be denoted as {a, A} with a* being a four vector and A a 4 x 4
matrix satisfying

8NN = oo (16)

Note that the positions of two indices are sensitive in A/, they can be
lowered or raised by the metrix tensor g, or g#. The distance is invariant
under Lorentz transformation

gudxdx" = g, NN, dxPdx” = gpodx?dx” (17)
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Lorentz transformation

We can also derive from (16)

gpw/\up/\l; =8po
(guNN) 877 =gpo8"
8uv (AI;JAVngU) =4
1
/\‘;/\” gr? =gt

o

We have following property for A%,

det (g N A%) = (detA)? detg = detg
= (detA)? = 1 = detA = £1 (18)
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Lorentz transformation

The inverse Lorentz transformation is derived as
gu,,/\*;/\”g =gpo = gWN;/\”UgF’)‘ — g>‘g
/\V)\/\VU :g)\a = (Ail)AV /\VU
1
TP o
(A1), =N = gpNag™ = (ghe),) (19)
or in another way
—1\ B
AN, =gl = N> (A7)
!
—1\ 8
(A =N, (20)
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Lorentz transformation

The Lorentz transformation for x* reads

X" = N XY (21)

The inverse transformation

(A = (A px =5

H poov
A A=\ Ui LA A
x* = (A )MX = x"N,; (22)
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Explicit form

The explicit form of the transformation x'* = A4, x" is

t'=1(1-8-x)
X' =x+(y-1)(B x)B -8t
=x1 +7(x—B-1) (23)
Then we have
(7 -B8" )
N = ( -8 laxz+ (v —1)887 (24)

where B = (81, B2, 83) T
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Explicit form

The explicit form of the inverse transformation

(/\7 /\V)\ gVP/\ o = (g/\g)y/\

(0 20 ) (20 mo e ) (0 0
—13x3 —B 13xsz+ (v —1)BB7T 0 —13x3

87
’Y 1343+ (v — 1)BBT ) (25)
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Poincare group (inhomogeneous Lorentz group)

The translation and Lorentz transformation (15) form Poincare group or
inhomogeneous group

X" =NEXP + at = NE (N, X + &) + ¥

:/\”‘pN’Vx” + /\”‘pap + a# (26)
One can check that A*)\), satisfies (16)

gua (NNY) (NG AT) = (8raN",N) (M A)
=8N\ = 8up (27)

! . .
So A",A%, is also a Lorentz transformation.
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Poincare group (inhomogeneous Lorentz group)

Then two consecutive transformation (26) can be put into a compact form
UN,aYU(N a) = UNNNa+d) (28)
The inverse of the transformation (15) is

= (N N = (N (- o)
= (A1) = (A, (29)

which can be represented by U (/\_1, —/\_13). We can check it is really the
inverse of (15)

UN,a)U (AL, —A"ta) =U (A1 —A"ta) U(A, a)
=U(1,0) (30)
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Proper orthochronous Lorentz group

Form (18), we have detA = +1. The transformation with detA = +1 form
a subgroup of Lorentz group. From (16) we obtain for p =0 =0

2 i\2
(AD)" =1+ (Ng) > 1 (31)
which lead to the inequalities for A%:

A >1, A%< -1 (32)

Qun Wang (USTC/AUST) Spin and rotation effects in HIC CCNU QCD School 25 / 84



Proper orthochronous Lorentz group

The conditions
detA =41 and A% >1 (33)

define the proper orthochronous Lorentz group, a subgroup of Poincare
group.

It is impossible to jump from detA = +1 to detA = —1 or from A% > 1 to
A% < —1 by a continuous change of parameters. Any Lorentz
transformation that can be obtained from the identity by a continuous
change of parameters must have detA = +1 and A% > 1, the same sign as
the identity, and hence belong to the proper orthochronous Lorentz group.

Qun Wang (USTC/AUST) Spin and rotation effects in HIC CCNU QCD School 26 / 84



Proper orthochronous Lorentz group

Any Lorentz transformation is either proper and orthochronous, or may be

written as the product of an element of the proper orthochronous Lorentz

group with one of the discrete transformations & or 7 or #.7, where &
is the space inversion, whose non-zero elements are

@8:1, @11:@22:@33:—1 (34)
and 7 is the time-reversal matrix, whose non-zero elements are
T =L F= 7= T =1 (3)

Thus the study of the whole Lorentz group reduces to the study of its
proper orthochronous subgroup, plus space inversion and time-reversal.
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Poincare algebra

Much of the information about any Lie symmetry group is contained in
properties of the group elements near the identity, so we want to study
those transformations with

/\!f/ = glli + wlzlﬂ al' = ¢ (36)
where both w’, and €* are taken infinitesimal. Eq. (16) becomes

8po =8uv (gl; + w‘;) (glzjr + wz;)
=8op T Wop + Wpo + O(wz)
—Wop + Wpo =0, at O(w?) (37)

We have 10 independent components: w,, (6) and € (4).
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Poincare algebra

For an infinitesimal Lorentz transformation (36), we have
1. .
Ul+w,e)=1- ElwpaJp(’ +ie,PP 4 - (38)

Here JP? and P? are w- and e-independent operators, and the dots denote
terms of higher order in w and/or €. In order for U(1 + w, €) to be unitary,
the operators J?? and PP must be Hermitian

Ul(1+w,e) =UH (1 +w,e)
!
Jrot =ypo, Pt = pr (39)

Since wy, is antisymmetric, we can take its coefficient J*7 to be
antisymmetric also

7= —Jor (40)
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Poincare algebra

We now examine the Lorentz transformation properties of J?° and P?. We
consider the product

U(A, a)U(1 + w, e)U™H(A, a) (41)
Here the inverse transformation is
Ut (N a)=U (N1, -A1a) (42)
Inserting (38) into (41) we obtain
U(A, a)U(1 + w,e)U™L(A, a)

1
~1 = Siwpe U(A, ) )7 UTH (A, ) + ie,U(A, @) PPUTH(A, 2) - (43)
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Poincare algebra

On the other hand, we can work out three transformation by the rule (28)

U(A, a)U(1 +w,e)UTL(A, a)

(M1 +w),Ae+a) U (A1, —A"1a)

(ML 4+ w)A =A(L+w)Ata + Ae + a)
(1—|—AwA ,Ne — AwA\™ a)

U
U
U

Q

1- Ei(l\w/\_l)pgﬂ’” +i (e —Awh"ta) PP (44)
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Poincare algebra

To first order in w and ¢, equating coefficients of w,, and €, on both sides
of Egs. (43) and (44), we obtain

U(A, 2)J77 U1 (A, 2) =AZAT (7 + PYa — Prab)
U(N, a)PPUTL(A, a) =N/ P" (45)
In (45), we can also express
—1\P
NJPH = (/\ ) f PH
[ea v —1\P —1\O v
NN I = (A1), (A1), (46)

Now the Lorentz transformation A, in Eq. (45) should be understood as
an independent and different from (38).
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Homework

From Eq. (43) and (44), prove Eq. (45).
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Poincare algebra

In (45) we consider infinitesimal transformation A", = g, +w", and a# = €*
and keep only terms of first order in W, and €/, Eq. (45) now becomes

1
i [2wwﬂ“’ —euP", J’”’] =W I W] I — P P74 PP

1

j {2WWJW — e, PH, PP] —wfPH (47)

Equating coefficients of w,,, and ¢, on both sides of these equations, we
find the commutation rules for the Lie algebra of Poincare group (or
Poincare algebra)

[P, P*] =0
[P, 4] = — i (g"7P" — g"P7)
[, J0%) = — (g0 + g7 10— ghT I — g ) (48)
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Homework: Poincare algebra

Apply infinitesimal transformation A/, = g/, + ', and a# = €" in (45), try
to prove (47).
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Homework: Poincare algebra

The differential operator forms for J*¥ and P* are

Pt =idt = (i0, —iV)
I =xtPY — xVPH = | (xI0" — x¥O") (49)

With the commutation rule [x*, P¥] = —ig"” and [x,, P,| = —igu.,, we can
prove the Poincare algebra (48).
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Lorentz boost and rotation

We can define two groups of algebra

J =(J31, oz, J10) = (S, 23, J12)
K =(J%, )% J%) = —(Jo1, Jo2, Jo3) (50)

which corresponds to rotation (J) and Lorentz boost (K). According to
(48), they satisfy

[Ji, Ji] =i€jjnIi
[Ji, Ki] =ieijKi
[K,-, KJ] = — ie,-jk./k (51)
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Rotation and Lorentz boost

We can define two sets of operators
1 .
A; :E(Ji + IK,')
1
B; :E(Ji — iK;) (52)
They satisfy

[Ai, Aj] =ieipAx
[B,‘, Bj] :ie,'J'kBk

The two groups of operators are connected by A:[ = B; (for unitary
representation) and by parity operation ZA; 2! = B;.
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Homework: rotation and Lorentz boost

Prove Egs. (51) and (53) using Eq. (48).
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SL(2,C) group

@ The SL(2,C) group is the special linear group of 2x2 complex
matrices with determinant 1. It is a 6-dimensional Lie group (since
2x2 complex matrices have 4 complex parameters, and det=1
imposes one constraint, leaving 6 real parameters). It serves as the
universal cover of the proper orthochronous Lorentz group SO (1, 3).

e The SL(2,C) group applies to spinor fields. It is crucial for formulating
relativistic quantum mechanics and quantum field theory for spin-1/2
particles, as it correctly describes how their spin states transform
under Lorentz boosts and rotations.
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SL(2,C) group: unitary representation of infinite dim

The group elements are written as

U(/\) :efiJ-OfiK-n _ efiA-BAfiB-BB
1 1
=exp [_i2(J +iK) 04— i§(J - iK)- BB]
1 1
—exp [—/2J'(0A+03)+ 2K'(0A_OB):| (54)

where
Op=0—in, 0g=0+in (55)

One can verify UT(A) = U7Y(A), i.e. U(A) is unitary but has inifinite
dimension (both J and K are Hermitian).
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SL(2,C) group: non-unitary representation in finite dim

For the irreducible (S,0) and (0, S) representations (S is the particle’s spin
quantum number) which are non-unitary in finite dimension, we have

J;r = J; (Hermitian) and KI.T = —K; (anti-Hermitian) or equivalently

A)f = A; and B}L = B;. These representations are

DISH(A) =e~ A0 — exp[(~if — ) - A
D®(A) =e B9 — exp[(—if + n) - B] (56)
They are related to each other
DO (A1) = D (n) (57)

Note that D(3)(A) and D(3)T(A=1) are two inequivalent finite-dimensional
non-unitary representations of the Lorentz group corresponding to (S,0)
and (0, S) respectively.
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Pauli-Lubanski pseudo-vector

As usual we shall look for a maximal set of commuting observables. The
four energy-momentum operators P* commute. Let p* be an “eigenvalue”
of P#. Let us now look for Lorentz transformations which leave p*
invariant, and write

U(N) = exp (—;w,wj“"> (58)

where JH* are 4x4 matrices as a particular representation for the
generators J*Y

(T )ap =1 (géégg - gﬁga)
(7)) = (g’;;g VP — gwgé)
(T")% = <g““g”g -g' ﬁg”“) (59)

One can check that the above satisfies the commutation rules in (48)
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Pauli-Lubanski pseudo-vector

The invariance of p implies w,,,p” which is solved according to

Wy = —€uvopP’S” = €puoP’ s’ where €,,,,5 is the totally antisymmetric
tensor €g123 = —€%1?3 = —1, and s* a four-vector whose component along
p* is irrelevant. One can check

W (T™ )3 P’ = iy (8P — 84P") =0 (60)

Thus the Lorentz transformations which leave p* invariant are represented
as

UA(p)) = exp <2Jp> (61)
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Pauli-Lubanski pseudo-vector

Here we defined Pauli-Lubanski pseudo-vector
1 uv po 1 %
W, = _iep"ng P = _56”’“’”[3 J (62)

Due to €0 [P7, J#] = 0 from (48), the position of two operators J*
and P? does not matter. We have the identity

W(P)-P =0 (63)
One easily finds from (48)

[WH, P,] =0, [W#, W, = —l€uvpo Wwe p°
(Wo, Jw] = — i (8o Wy — 8o Wo) (64)

The latter indicating that W, behaves as a four-vector under Lorentz
transformations.
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Homework: Pauli-Lubanski operator

Prove Eq. (64) using Eq. (48).
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Pauli-Lubanski pseudo-vector

Let then |p, o) be a vector of representation space such that
P*|p,o) = pH, so we have

U(A(p)) Ip, o) = exp (iW,(P)s”) |p, o)
= exp (IW,(p)s”) |p, o) (65)
It can be shown that
P exp (iW,(P)s”) |p, o) =exp (iW,(P)s”) P*|p, o)
=p" exp (iW,(p)s”) |p, o) (66)
because [W,,, P,] = 0.
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Pauli-Lubanski pseudo-vector

From these commutation rules one observes that P,P* = P2 and
W, WH = W2 commnute with all P# and J*, so P2 = m? and W? are
two commutable invariant operators. The proof is simple

[, 877 W W5 | =ig"” (8up Wy — 8upWo) Wo + ig”” W, (80 Wy — o Wo)
=i (W, W, — W,W,)) +i (W, W, — W,W,) =0
[Jpl/angPpPO'] :igpa (ngP,u - g,upPV) PO‘ + I-gpa Wp (gI/O'Pp, - g,uUPV)
=i (PP, — P,P,)+i(P,P,— P,P,)=0 (67)

So P? = m? and W?/m? = S(S + 1) (spin quantum number) can be
regarded as two intrinsic constants to characterize a particle.
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Homework: Pauli-Lubanski operator

Prove Eq. (67) using Eqs. (48) and (64).
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Pauli-Lubanski pseudo-vector

One can attach to each p three space-like vectors n()#(p) (i = 1,2,3)

O(p ) Wip) =
n(p) =0
&ijny, (p)”(J)(p) =8uv
ehvpo La)n(y )ngv)nj) — BYs (68)

where we assume n(9#(p) = p#/m. We can expand W*(p) as

3

WH(p) = > Wi(p)n(p) (69)

i=1
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Here we can extract W;(p) as

Wi(p) = — W(p) - n)(p)
1

== §6uVJpJuVPU”(i)p(P) (70)

So one can define three spin operators

1 1 v, o (i
Si(p) = - Wh(p) = —5 ~ uuop 571 p) (71)
One can verify the commutators
[Si(p), Si(P)] = iciucSi(p) (72)
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Here S;(p) are generators of SU(2) subgroup of proper orthochronous
Lorentz group which leaves p invariant. Thus we have

S SHP) = 5 S WEP) = —— WA(p) (73)

m2

which has possible eigenvalues S(S + 1) with S being integer or
half-integer. So P2 = m? and 52 = S(S + 1) can characterize a particle.

Qun Wang (USTC/AUST) Spin and rotation effects in HIC CCNU QCD School 52 / 84



Homework: spin operators

Prove Eqgs. (72,73) using Egs. (48) and (73). Note that p in S;(p) and
W*H(p) is not operator.
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One particle spin-momentum state

A particle is defined as a spin-momentum quantum state in its rest frame

|m, o) (74)

where o is the spin quantum number along the spin quantization direction
(magnetic quantum number)

0=-5,-S+1,-5S+2,---,5-1,5 (75)

Here S is the spin quantum number which is defined through

70> =0 |m7 U) (76)

where we choose the z-axis as the spin quantization direction.
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One particle spin-momentum state

Here m is the particle's mass defined through

Pt |m,o) =p/|m, o) = (m,0)|m, o)

P?|m,o) =p?|m,o) = m*|m, o) (77)

where p# = (m,0) is the four-momentum of the particle at rest.

Qun Wang (USTC/AUST) Spin and rotation effects in HIC CCNU QCD School 55 / 84



One particle spin-momentum state

When the particle is not at rest but has an on-shell four-momentum
p" = (Ep, p), its spin-momemtum state can be represented by U (L(p)) as

;o) = |p,0) = U(L(p)) Im, ) (78)

where L(p) = L, (p) denotes the Lorentz transformation that transforms a
particle at rest pl. = (m,0) to p* = (Ep, p) and is given by

LH — Y 75i o ) 79
0= (b 5,0 00, (79)
where v = E,/m, v3 = p/m (B = p/Ep). The state can be normalized as

(¢, 0'|p, o) = 2E,(27)*6®) (p' = p) 6010 (80)
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Lorentz transformation of one particle state

The Lorentz transformation of a spin-momentum state is

UN)Ip,o) = U U(L(p)) !m70>
= U(L(/\p)) (L7 (Ap) AL(p)) |m. °)
= L(Ap))|m,o") (m,o'| U (L™ L (Ap) AL(p)) |m, o)
= Y, |/\p, o') <m o' | U [L7Y (Ap) AL(p)] |m, o)
= %o [Ap.o’) DE) L7 (Ap) AL(p)] (81)
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Lorentz transformation of one particle state

Here we defined D-matrix element for the Wigner rotation R (depending on
p)

DEXR(p)) = (m,o'| U(R(p)) Im. o), R(p)=L""(Ap)AL(p)  (82)

The representation of the little group (Wigner rotation) must be unitary, so
we have

DB)(R) = DBITY(R) = DB)(RT) (83)

We note that U (A) is infinite-dimension unitary representation of Lorentz
group, since the number of particle states |p, o) is infinite.
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Particles and fields

@ An elementary particle is an irreducible unitary representation of the
Poincare group. Since the Poincare group is non-compact, these
representations are infinite-dimensional.

@ The infinite-dimensional nature of these representations is essential for
describing quantum fields, which have an infinite number of degrees of
freedom (one for each point in space).

o Fields (operators) transform under finite-dimensional non-unitary
representations of the Lorentz group.

@ The two are connected by the field-state correspondence: fields are
constructed from creation/annihilation operators that act on the
unitary state space.
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Angular momentum operators

The adjoint representation for angular momentum operators in terms of
SO(3) structure constants is defined as

(Si)jk = —ie€ijk, (84)

which can be explicitly expressed as

0 0 0 00 -1
SS=-ilo 0o 1]|,%=-il0oo0 0o |,
0 -1 0 10 0
0 10
S3=—i|l -1 00 (85)
0 00

One can check that S; (i = 1,2, 3) satisfy [S;, S;] = i€j Sk and that the
Casimir operator Z?:l S? is 2 which corresponds to spin-1 operators.
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Homework

Check the properties [S;, Sj] = i€y Sy for the adjoint representation (84) of
SO(3) rotational group.
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Basis vectors in particle’s rest frame

Consider the eigenvalue problem of n - § where n is a unit vector and

chosen as spin quantization direction. Its eigenvectors corresponding to
eigenvalues A = +1,0 are

1 .
eL =7F \ﬁ(nl +iny),
ep =n = ns, (86)

where (n1, n2, n3) form a right-hand Cardesian coordinate basis.
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Basis vectors in particle’s moving frame

We define (n(l)“, n(@k, n(3)“) as the Lorentz boost of three orthorgonal
basis directions (ny, ny, n3). With n(O% = pt'/m = (E,, p)/m,

(nOr pMe @k n(3)i) forms a tetrad and satisfy the relations
[Florescu:1968zz]

n(@n{P gt =gF,
nl(;)‘) (B)gaﬁ gl“’
euypanlﬁa) nyﬁ) (7) ( ) — _ 6&5757 (87)

where the indices in parenthesis should always be superscripts. The explicit
form of n(Dk with i =1,2,3 is

(i _ ni-p (ni : P)P
n <m ,ni + m(m+ Ey))° (88)
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Homework

Prove Eq. (87) using Eq. (88).
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Projection operator for spin-1/2 particles

The projection operator of a massive spin-1/2 particle with positive energy,

u(s,p)u(s, p) = %(p -y 4+ m) [1 + S5 - ”(3)} ) (89)
was generalized by Bouchiat and Michel [Bouchiat:1958yui] to
o5, P’ p) =5 (- + m) [Gs + 357 07
=2 [pos b5y nO@)a] (07 4 m), (90)
where p is the on-shell four-momentum and orthogonal to n() (i = 1,2, 3),

s, s’ = £1 denote the spin states of a spin-1/2 particle, and 7; are the Pauli
matrices in spin index space.
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Spin density matrices for spin-1/2 particles

To prove Egs. (89) and (90) one check both sides of equations in the
particle’s rest frame with p* = (m,0) and then make Lorentz boost for the

spinors and Dirac matrices. For the antiparticle, we have similar formula to
Eq. (90)

_ 1 i
v(s,p)U(s'p) =5 (p -7 — m) [des + 757 - 1) (7i)ss |
1 .
:E [555’ + Y57 n(l)(Ti)ss’:| (P Y m) (91)

the Pauli matrices in spin index space. Equations (90) and (91) are useful
in the derivation of spin density matrix elements of vector mesons
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Projection operator for spin-1 particles

The spin-1 particle wave vectors () can be written as

(£1,p) =F \2 <n(1)u + ,',,(2)u> 7
¢"(0, p) =n®", (92)
which satisfy
p- 6()\7 p) :07
6()‘7 p) : 6*()‘,a P) = 5)\)\’7
€0 p) - € (—Ap) =(—1)e(\p) - e\ p) = —bro,  (93)
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Projection operator for spin-1 particles

and also

D (A p)e (A p) =D (1) e (N) Z (ke

A A

” “p v
—g"+—5 =AY, (94)

where we used n() . nl) = —g; for i,j =1,2,3,
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Projection operator for spin-1 particles

Starting from an alternative form of Eq. (92)
1
(A p) = (1— |\t — 75 [n(l)“ + iAn(Z)H} : (95)

Then the projection operator can be obtained as

1 o o
e*(\, p)e”* (N, p) = 3 A“”I3 + ,23 T ngl)zl _ gn(l)ﬂn(l)l/zu]

MA
(96)
where i,j = 1,2,3, 53 is the 3 x 3 unit matrix, X' denote the standard
matrix representation of the spin-1 angular momentum operator.

Qun Wang (USTC/AUST) Spin and rotation effects in HIC CCNU QCD School 69 / 84



Explicit form for ¥’ and XU

The explicit form for ¥

1 010 1 0 —i 0 10 0
yl=— (101 ],2%2= i 0 —i |, 2*=[00 o0
V2 010 V2 0o /i 0 0 0 -1
(97)
In Eq. (96) AL is defined in the last equality of Eq. (93), and X% are
traceless and symmetric matrices defined as
S = (D9 4 5T T
(E ) = + —3ho5) - (98)
AN

Qun Wang (USTC/AUST) Spin and rotation effects in HIC CCNU QCD School 70 / 84



Explicit form for ¥’ and XU

The explicit forms of ¥ are

00 —i L [0 —i 0
y2=o00 0 |, ¥B=—|i 0 i
i 00 v2\o i o
L (0 1 0 -1 0 1
Pl=—1|1 0 -1/, == 0 2 o0
V2 o -1 o 1 0 -1
-1 0 1 2. 00
2= 0 2 o ¥3¥ =10 -% 0 (99)
-1 0 -3 o o0 2
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Explicit form for ¥’ and XU

These matrices are traceless and satisfy
Tr (') =Tr () =0,
Tr (TTX) =ie
Tr (F75) =265, T (T5) <o,

.. 2
Tr (Z’JZ"’) =2 <5,-/<5j/ + 010k — 35ij5k1> : (100)

ks

In the sense of trace, X' are orthogonal to ¥/%, X7 (i # j) are orthogonal
to X%k (no summation over k), {Zl, 22,23} and {212,223, 231} are two
orthogonal sets (any two elements in each set are orthogonal), but
{11,522 ¥33} is not an orthogonal set.
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Projection operator for spin-1 particles

In the diagonal case with A = X\, we obtain from Eq. (96)

1 A
(N, p)e”* (A, p) = 3A’”’ + /2 7 ponl3)

1 v v
* (3 - 2W> (a4 +3nPar) - (101)
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Spin density matrices for spin-1 particles

We consider an example for the spin density matrix in a production process
of the spin-1 particle with the amplitude

M(X) = T (A p). (102)

where the repetition of two indices implies a summartion. The spin density
matrix is defined as

:M(/\)M*(/\’) _ EZ(p,)\)T“T”*ey(p,)\’)
PV TS IMOE T S (e VT AT 60 (p, \)

Ee;(/\7p):0uy€1/()‘lap)7 (103)
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Spin density matrices for spin-1 particles

where p"¥ in turn is given by

THTV*
e (p, N)prve” (p, N')
S MO %:
1 v 1, Voo 1 v
=—§A’,3‘ +%,eu P ppPU_EQM . (104)

Here the vector polarization P, and tensor polarization Q,, (symmetric in
uv) are related to the spin density matrix as

Py =Tr (pZi) n((,"),
Qu =Tr (p=7) (DY), (105)

which can be obtained explicitly for a specific process.
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Spin density matrices for spin-1 particles

Then inserting Eq. (96) into Eq. (103), one obtains

pav =Y e(p, X)er(p, \)p

8%
Lo o i L () i
- §I3— EP n,,. Z + Zn nJ MQMVZJ 5 (106)

AN

where we used AJQ,,, =0, 5,-J-ZU =0 and
T e e = —2 (6705 — 0507). We can rewrite Eq. (106) as

1 1
p=zh+

1 ;
3 EP,'ZI + ZQUZU7 (107)
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Spin density matrices for spin-1 particles

where the 3D polarization vector and tensor are defined as
Pi=—(P- n(i)) =Tr (pZi) ,
Q; =nrplilQ,, = Tr (px¥). (108)

These 3D vector and tensors are Lorentz invariant: they can actually be
evaluated in the particle’s rest frame in which n()# (i = 1,2, 3) become
(n1, n2, n3). Equation (106) with (108) is a general expression for the spin
density matrix of spin-1 particles and widely used in literature.
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Prof. Ji's problem about transverse polarization

Suppose a spin-1/2 particle is in the spin state

1P, =1) = u(p, 7 =1) (109)
and moves with

p" = (Ep,0,0, p?%) (110)
Calculate the expectation value

<P, Ox :T‘ Sx ‘P, Ox :T>
S5) =
) = e =11 prox =)

(111)

where S, = 57 is given by Eq.(71) and three basis vectors in the particle's
rest frame are chosen to be (e, e2, e3) = (ex, ey, e;).
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Spin operator along x-direction

The non-unitary representation of generators of Lorentz group for Dirac
fields is

i
JH = 2 v, 7"] (112)

Then we have
1 4 1 14
Sx - - 2rn6/u/01-]'u pOn(l)p(p) - 2m6uu31JH p3”(1)p(p)
_1 23 0 () 1 02 3 (1)
=P (p) + S p ' (p)

E . 1 i
=P P02 g ABK, = ST+ Sy (113)
m m 2 2
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Spin operator along x-direction

Here n(D?(p) is given by Eq. (88) as

(D ex-p (ex : P)P _ _
n < o e+ m(m n Ep) (0, eX) (0, 1,0, 0) (114)

and we used

i ] 1
Je=JB=- [72,73] = ——apa3 = X4

4 2 2
i i i 0 o
K==t =gm=5 (0 T) )

according to Eq. (50).
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Spin-momentum state

The Dirac spinor for the spin state is

u(p,ox =1) =v/Ep + m ( X+ )

E:rmX-i-
X+
= E +m v4
P ( EormO3X+ )
p?
UT(p’ Ox :T) :«/Ep—i—m <XI’E—{—[7‘]XIO-3> (116)
p

where o, x4+ = x4+ with x4y = %(1, nr.
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Expectation value (S)

Then we can evaluate

_ UT(pv ox =1) (VEx + ivBaz) u(p, ox =1)

S,) =
< > 2uT(p, Ox :T)U(Pv Ox :T)
=k, + Ik,
1 p? . X+
= (E T r Y. 2
4Eb( ptm) <X+’Eb+—nfx+a3)(7 -+176a2)< 355503X+ >
(117)
1
1 11
: (118)

Qun Wang (USTC/AUST) Spin and rotation effects in HIC CCNU QCD School 82 / 84



Expectation value

Here we used

1 p* X+
ls. =——~(E [ To3 ) & :
T 4EP’Y( p¥ m) <X+ Ep + mX+U3> . < EpermO—3XJr )

1 p? 1 E,—m
= ~(E 1-—Pr =~ (E,+m)|1-
R e IRl L]
1
2
1 p? T 0 o2 X+
/ —ivB(Ep +m , o z
Ky 4E ’76( )<X+ Ep+mX+ 3> ( oy 0 %0—3»(-}-
=0
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Homework

Using Eq. (71) to calculate (S;) for the longitudinal polarization for the

spin-momentum state (109) moving along the z-direction with momentum
(110).

Qun Wang (USTC/AUST) Spin and rotation effects in HIC CCNU QCD School 84 / 84



