
Discovering Hybrid Mesons

Eric Swanson

291 June, 2026







4

B. Ketzer, B. Grube, D. Ryabchikov 
Progress in Particle and Nuclear Physics 113 (2020) 103755 





hybrid hadrons and gluodynamics

C. Meyer & E.S. Swanson, arXiv:1502.07276



Past ideas for hybrid mesons



Lattice Hybrid Computations



Juge, Kuti, and Morningstar arXiv:hep-ph/9902336 

Lattice Hybrid Computations



arXiv:1902.04006

Lattice Hybrid Computations



The ‘gluelump’ spectrum (static octet source + glue)

[only mass differences are well-defined]

M. Foster and C. Michael [UKQCD Collaboration], Phys. Rev. D 59, 094509 (1999).  

G. S. Bali and A. Pineda, Phys. Rev. D 69, 094001 (2004)  

K. Marsh and R. Lewis, Phys. Rev. D 89, 014502  (2014)

Lattice Hybrid Computations



Lattice Hybrid Computations

N Cardoso and P. Bicudo, arXiv:1209.1532



cc̄

Cheung et al. [HadSpec], JHEP 1612, 089 (2016).

Lattice Hybrid Computations



Effective Field Theory

M. Berwein, N. Brambilla, J. Castella, A. Vairo, arXiv:1510.04299 

Obtain Schrödinger-type equations for heavy quark hybrids with pNRQCD.

R. Oncala and J. Soto, arXiv: 1702.03900

N. Brambilla, W.-K. Lai, J. Segovia, J. Castella, A. Vairo, arXiv:1805.07713



R. Oncala and J. Soto, arXix: 1702.03900

Effective Field Theory
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J. Dudek, arXiv:1106.5515 
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Born-Oppenheimer Approximation all other models fail to 
reproduce this pattern



modelling hybrids
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Hamiltonian QCD

Work in Coulomb gauge

⊗

⊗

HQCD = ∫ d3x [ψ† (−iα ⋅ ∇ + βm) ψ +
1
2 (𝒥−1/2Π𝒥 ⋅ Π𝒥−1/2 + B ⋅ B) − gψ†α ⋅ Aψ] + HC

HC =
1
2 ∫ d3x d3y 𝒥−1/2ρA(x) 𝒥1/2 ⟨x, A |

g
∇ ⋅ D

( − ∇2)
g

∇ ⋅ D
|y, B⟩ 𝒥1/2ρB(y)𝒥−1/2

Swanson and Szczepaniak, Phys. Rev. D 59, 014035 (1998).
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12
3 Nc − 1

3Nc − 2
3Nf

Hamiltonian QCD

Ψ0[A] = ⟨A|ω⟩ = exp
[
−1

2

∫
dk

(2π)3
Aa(k)ω(k)Aa(−k)

]

Ac(x) =
∫

d3k

(2π)3
1√

2ω(k)

[
ϵ(k, λ)α(k, λ, c) + ϵ∗(k, λ)α†(−k, λ, c)

]
e−ik·x

δ

δω
⟨ω|H |ω⟩ = 0

Ψ0[A] = ⟨A|ω⟩ = exp
[
−1

2

∫
dk

(2π)3
Aa(k)ω(k)Aa(−k)

]

Ac(x) =
∫

d3k

(2π)3
1√

2ω(k)

[
ϵ(k, λ)α(k, λ, c) + ϵ∗(k, λ)α†(−k, λ, c)

]
e−ik·x

δ

δω
⟨ω|H |ω⟩ = 0

+ ...= + + ++

running coupling

gluonic gap equation

δ
δω

= 0

vacuum Ansatz

nonperturbative potential
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exotic states - glueballs

+ ...

Hggg K(1)V4g

Swanson & Szczepaniak, arXiv:hep-ph/0308268 

https://arxiv.org/abs/hep-ph/0308268
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A. Szczepaniak and P. Krupinski, Phys. Rev. D 
73, 116002 (2006).C.  Farina et al, arXiv:2005.10850 P. Guo, et al, arXiv:0707.3156

adiabatic potentials gluelump spectrum

exotic states - hybrids

+ ...

 spectrumcc̄g
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hybrid decays

spin selection rule

S+P selection rule

C. Farina & E. Swanson, arXiv:2512.00459 

C. Farina & E. Swanson, arXiv:2312.05370 

C. Farina et al, arXiv:2005.10850 

P. Page, E.S. Swanson, A. Szczepaniak, arXiv:hep-ph/9808346 

E.S. Swanson & A. Szczepaniak, arXiv:hep-ph/9704434 

<model variation

<"SU(3)"calculation
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Ψ ψ

ΨΨ

hybrid flavour mixing

ℓ = 0; S = 1; H1 only

Huds =

m + Ann Ann Ans 𝒜(0)
n

Ann m + Ann Ans 𝒜(0)
n

Ans Ass m + Δm + Ass 𝒜(0)
s

𝒜(0)
n 𝒜(0)

n 𝒜(0)
s Mgb

.

Hiso =

m 0 0 0
0 m + 2Ann 2Ans 2𝒜(0)

n

0 2Ans m + Δm + Ass 𝒜(0)
s

0 2𝒜(0)
n 𝒜(0)

s Mgb

.

☞

|uū⟩ |dd̄⟩ |ss̄⟩ |gg⟩

[neglect mixing through the continuum ~ the "OZI puzzle"]
E.S. Swanson, arXiv: 2302.10372
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ℋ1S = − ig

84 MeV2/mq, ρ

190 MeV2/mc, J/ψ
225 MeV2/mb, Υ

≈ − i
210 MeV, ρ
60 MeV, J/ψ
20 MeV, Υ

.

ℋNRQCD ≈ 170 MeV (J/ψ)

ℋNRQCD ≈ 70 MeV (Υ) .

Hybrid configuration content of heavy S-wave mesons,  
[MILC] T. Burch & D. Toussaint, Phys. Rev. 68, 094504 (2003).

hybrid-vector mixing

E.S. Swanson, arXiv: 2302.10372
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δH =

m1 ℋ1S

m2 ℋ2S

m3 ℋ3S

m4 ℋ4S

m5 ℋ5S

m6 ℋ6S

ℋ1S ℋ2S ℋ3S ℋ4S ℋ5S ℋ6S MH

.

vector hybrid decay constant

fH =
1
MH

∑
n≠H

Mn f (n)
V Cn

Cn = ⟨nS |H1(1−−)⟩

fH1(1−−) ≈ 20 MeV .

f (n)
V =

3
Mn ∫

d3k
(2π)3

ψ (n)( ⃗k) 1 +
mq

Ek
1 +

mq̄

Ek̄ (1 +
k2

3(Ek + mq)(Ek̄ + mq̄) ) .

E.S. Swanson, arXiv: 2302.10372



hybrid phenomenology
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Toward the excited isoscalar meson spectrum from lattice QCD, 
[HadSpec] J.J. Dudek et al.	Phys.Rev.D 88 (2013) 9, 094505.

lattice light hybrid spectrum

https://inspirehep.net/literature/1253562
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lattice light hybrid spectrum

isovector isoscalars
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 M. Ablikim et al. [BESIII], Phys. Rev. Lett. 129, no.19, 192002 (2022) 

η1(1855)

π1(1600)

lattice light hybrid spectrum

isovector isoscalars
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both scenarios find support in LGT and QMs

  2100/2100/2200H1(1−−)

Phys.Rev. D76 (2007) 092005 [3]  



  2100/2100/2200H1(1−−)

γp → KSKLp

Second peak is consistent with FOCUS X(1750). Where is the first peak!?



  2100/2100/2200H1(1−−)

γp → φππp

Seek BaBar/Belle φ(2170)

arXiv:2512.04136

consistent with BESIII φ(2170) → φ(2240)new!
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 1800/1780/1860H1(0−+)

isoscalars

ratios of partial widths are a powerful discriminant

not a good agreement!

Γss̄g ∼ 10s MeV



!!??
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COMPASS 1802.05913; 2108.01744

A. Rodas et al. [JPAC], 
Determination of the pole position of the lightest hybrid meson candidate 
Phys. Rev. Lett. 122, 042002 (2019).

 1600/1680/1820H1(1−+)

JPAC reanalysis

COMPASS reanalysis
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BESIII, PRL  129, 192002 (2022).

η1(1855)

M = 1855 ± 9+6
−1 MeV

Γ = 188 ± 18+3
−8 MeV

 1600/1680/1820H1(1−+)

BESIII discover a possible partner state!
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With these observations one expects a light 
isoscalar exotic with mass near 1680 MeV with a 
total width of approximately 30 MeV and dominant 
decays to   and .a1π K1K̄

θI (rad)

ss̄g

nn̄g

Γ t
ot

M
eV

 1600/1680/1820H1(1−+)

Other partners



 1600/1680/1820H1(1−+)

GlueX search reports an upper limit 
(uses HadSpec decay calculation)
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 2250/2300/2400H1(2−+)

Γtot(H1(2−+); I = 1) ≈ 80 MeV θI ≈ 10(5) deg

Γtot(H1(2−+); I = 0) ≈ 75 MeV

Γtot(H1(2−+); I = 0) ≈ 60 MeV
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COMPASS:    π2(1670) → ( f2π)S

πs(1880) → ( f2π)D

→ 2S

→ 3S

perhaps  is the best diagnosticf2π/ρπ

 2250/2300/2400H1(2−+)



\

G?

 2250/2300/2400H1(2−+)



summary
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- vector hybrid near 2100 w/ decay constant ~ 20 MeV.   Likely too broad to be easily seen

- partner states at 2100-2250 and 2220-2350.

- with a  expect partner states at 1750-1780 and ~1900 (near the ).

- the  is a good hybrid candidate. The  should be nearby

- it is possible that the hybrid  has been observed!

-  think about strange hybrids! 

- perhaps the low lying hybrid spectrum is emerging (& consistent with expectations)

π1(1600) η1(1855)

π(1800) π(3S)

π2(2360)
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LGT I=1

LGT I=0

PDG I=1

PDG I=0

* agrees well w/ QMs

hollow box = unverified

A Speculative Summary

hybrids

*adjusted



discovering exotic particles



the traditional approach to "discovery"



i. fit two model amplitudes to data,  and  

ii. determine the P-value  ~ the probability of obtaining the observed effect (or greater) given that the null hypothesis is true.   

. (Wilks's theorem) 

iii. declare a discovery if    [ ]. The new physics is described by the fit parameters, .

M0(…) M1(…; mR, ΓR)

2 log
L1

L0
→ χ2

d1−d0
, L0 ⊂ L1

P < 3 ⋅ 10−7 → 5σ P < 0.0027 → 3σ mR, ΓR

Higgs digamma
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N. Hüsken, R.F. Lebed, R.E. Mitchell, E.S. Swanson, Y-Q Wang, 2404.03896

G(3900)
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Refit with additional information and coupled channels
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(*) model with node

(@) 4 models w/ 24-30 parameters

*

@



problems with the traditional approach



problems with the traditional approach 

i. fluctuations in the data set may be important 
ii. models M0 and M1 are wrong! 
iii. systematic errors are often underestimated 
iv. problematic overfitting  
v. we wish to extract model structure, not assume it
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unitary? 

correct analytic structure? 

crossing symmetric? 

non-perturbative?



problems with the traditional approach 

i. fluctuations in the data set may be important 
ii. models M0 and M1 are wrong! 
iii. systematic errors are often underestimated 
iv. problematic overfitting  
v. we wish to extract model structure, not assume it

unitary? 

correct analytic structure? 

crossing symmetric? 

non-perturbative?

✗



problems with the traditional approach 

i. fluctuations in the data set may be important 
ii. models M0 and M1 are wrong! 
iii. systematic errors are often underestimated 
iv. problematic overfitting  
v. we wish to extract model structure, not assume it

i.e. over-confidence in one's model. 

i.e. one acts as if the model generated the data.



problems with the traditional approach 

i. fluctuations in the data set may be important 
ii. models M0 and M1 are wrong! 
iii. systematic errors are often underestimated 
iv. problematic overfitting  
v. we wish to extract model structure, not assume it

"With four parameters I can fit an elephant, and 
with five I can make him wiggle his trunk."



Your fit heuristic is domain-dependent!
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h/t Randall Munroe



a. LASSO 
b. AIC  
c. BIC  
d. Bayesian Model Averaging : 

problems with the traditional approach 

i. fluctuations in the data set may be important 
ii. models M0 and M1 are wrong! 
iii. systematic errors are often underestimated 
iv. problematic overfitting  
v. we wish to extract model structure, not assume it

p(M |𝒟) = ∫ dθ p(𝒟 |θ; M) p(θ |M) p(M)

Priors are problematic! What is a uniform prior? Lack of reparametrization invariance. What is the totality of causative agents?

 Eg(2k − 2 log f(𝒟 | ̂θ)) → − 2Eg(log( f(𝒟 |θ))

p(M |𝒟) ≈ exp [−
1
2

(k ln n − 2 log L( ̂θ)) + O(1)] p(M)



additional concerns 

vi. model parameters are (approximately?) meaningless  
vii. we are not interested in the model, but rather the analytic structure of the model 

2 bare poles

1 bare pole

0 bare poles

sheet II sheet III

A

B

C



additional concerns 

vi. model parameters are (approximately?) meaningless  
vii. we are not interested in the model, but rather the analytic structure of the model (or, at least, should be!)



bigger problems 

viii. what does it mean to model? 
ix. what does it mean to minimize?

"Statisticians Physicists, like artists, have the bad habit of falling in love with their models." 



bigger problems 

viii. what does it mean to model? 
ix. what does it mean to minimize?

A 38 element Lennard-Jones system has ~ 1014 local minima (!!) 

C.J. Tsai and K.D. Jordan, J. Phys Chem, 97 227 (1993).



bigger problems 

viii what does it mean to model? 
ix. what does it mean to minimize?



a way forward 
(i) seat of the pants method



A simple example

a way forward: 

One way in which one can claim the discovery of a state is if that knowledge permits better, or predictive, statements to be 
made about future experiments.  

              "How well does my model fit the data?" ➔ "How well can I predict the outcomes of future experiments?" 

We can use cross-validation to avoid overfitting.  

Combine these ideas by splitting the data set into training (ante) and validation (post) sets. 



Predictiveness 

 abandon the idea that we "know" the model -- work in "super-model space" (which, of course, is a model; but now we seek a 
degree of agnosticism). 

 stochastically explore model space. [One could model average by averaging over the trajectory. This is not our primary goal 
here.] 

 explore the continuous portion of model space with Markov chain Monte Carlo. Metropolis-Hastings update according to  

p(θ → θ′￼) = min (1,
p(θ′￼|𝒟)
p(θ |𝒟)

fθ,θ′￼

fθ′￼,θ ) 1000 MCMC steps starting at (0.5,0.5); uniform step 
of size ∈ [−0.1,0.1]

scan of the posterior

b

𝒟(1 + 2x + ̂η(0.2))

b

a a

p(θ |𝒟) =
p(𝒟 |θ) p(θ)

p(𝒟)

Every point in this space is a model, some 
are just better than others.



Predictivity - Algorithm

focus on predictiveness 

de-emphasize fitting and fit quality 

explore a large model space to enhance the 
reliability of the conclusions 

use data realizations to enhance the reliability of 
the conclusions 

be as agnostic wrt priors and models as possible 

model parameters are not physical

analyze complete set of observables

select in discrete model space

minimize in continuous space

perturb from the minimum

MCMC explore the continuous model space

track observables and predictivity

select data set realization

split ante/post

tune 

tune 

concurrency

tune 

tune 



sigma=2.0

colour = "reliability":= post(ante)*post(post) = exp(-1/2 LP(a)-1.2LP(p)). This is log(1/2LP(a)+1/2LP(p))

Pole Positions

sigma=1.0 sigma=0.5

Model space excludes the generating model.

closed=1 pole; open=2 poles



a way forward 
(ii) Bayesian inference



posterior predictive

Bayes theoremmodel evidence

evidence

 p(t |D) = ∑
M

∫ dθM p(t |θM, M, D) p(θM |M, D) ⋅ ∫ dθ′￼p(D |θ′￼M, M) p(θ′￼M |M) p(M)/p(D)

marginalize, implements Occam's razor

likelihood

→ p(D | ̂θM, M) p( ̂θM |M) (2π)d/2 det Σ p(M)/p(D)
Laplace approximation (steepest descent)

No need to bootstrap data 

No need to explicitly penalize model complexity 

Occam factor

Bayesian Inference



compare Bayes and AIC weighting for 1000 models 

Single Channel K-matrix



ModAvg/MAK5.cpp   1000 models

Single Channel K-matrix



 Bayes pole count probabilities  
0 0% 
1 99.2358% 
2 0.59453% 
3 0% 
4 0% 

 Bayes pole count probabilities (no sheet I poles)  
0 0% 
1 96.1141% 
2 0% 
3 0% 
4 0% 
 <pole>(1) = (3.778,-0.007) +/- (delR, delI, delRI) 0 0 4.5139e-36 
 <res>(1) = (-14.6995,6.29522) +/-  (delR, delI, delRI) 1.09651 0.277913 0.0706413 

 AIC pole count probabilities  
0 0% 
1 94.3365% 
2 2.60253% 
3 0.100984% 
4 0% 

 AIC pole count probabilities (no sheet I poles)  
0 0% 
1 77.6579% 
2 0.935699% 
3 0.0287494% 
4 0% 
 <pole>(1) = (3.77798,-0.00700587) +/- (delR, delI, delRI) 1.36091e-05 -1.7134e-07 6.92959e-06 
 <res>(1) = (-15.3122,6.24651) +/-  (delR, delI, delRI) 70.7888 -1.24645 7.54011 

 generating-model poles:  
 pole = (3.778,-0.007) residue = (-15.4954,6.44069)Single Channel K-matrix

pole residue



81 models x 6 bootstrapsG(3900)



problems:  

fitting is extraordinarily difficult  

LASSO is little help 

pole identification can be tricky 

Laplace approximation is often not good; the Hessian condition number is very large (indicating a nonGaussian minimum) 

attempts at Monte Carlo methods are bedeviled by very peaky multimodal space (a random step raises chi-2 by many orders of 
magnitude) 

G(3900)



summary



focus on predictiveness 

de-emphasize fitting and fit quality 

explore a large model space to enhance the reliability of the conclusions (we need to 
admit model uncertainty!) 

use data realizations to enhance the reliability of the conclusions 

be as agnostic wrt priors and models as possible 

model parameters are not physical 

problems wrt model optimization and  finding global minima  are reduced. 

make models completely agnostic with NNs? Cf, use a VAE to model the posterior...

application to unbinned data?



✛ ÆRIC MEC HEHT GEWYRCAN


