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The QCD Mass Generation Problem

Pure SU(N) Yang-Mills theory lacks an analytical first-principles description in the
infrared because standard perturbation theory breaks down below the QCD scale.

Lattice simulations have provided crucial insights:
® Dynamical gluon mass generation in the Landau gauge
e A deconfinement phase transition at finite temperature

However, lattice data is confined to E uclidean space — no direct Minkowski-space
information is available.

Continuous methods (FRG, DSE) require numerical solutions of
integral equations.

Effective models often modify the Lagrangian, losing first-principles rigor.

proposal: A simple variational Gaussian Effective P otential (GEP) in a linear
covariant gauge — without modifying the original Lagramgiad.e Votivation Scalar Toy Model: The GEP Framew
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Lagrangian Splitting

Original massless scalar Lagrangian,analogous to scale-free Yang-Mills:

_1 2 2 Ay
£—§¢(—8 —mB)Cb—I

Split into trial free theory £ (with tunable trial mass m) and interaction L;:
1
Ly = §¢(—32 - m2)¢)
A 1
Lint = —I¢4 — Q(mQB —m?)¢?

: The total Lagrangian is strictly unchanged. Setting mp = 0, L;,; contains:

® Four-point vertex interaction

2

® m~ mass counterterm (crossed counterterm vertex in vacuum diagrams)
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Vacuum Graphs Contributing to the GEP

Scalar theory (first row):

® First one-loop graph: standard one-loop
effective potential

® Second one-loop graph: crossed graph
with counterterm insertion

® Two-loop graph: seagull four-vertex (first
order in \)

SU(V) Yang-Mills (second row):
® Gluon zeroth-order loop + ghost loop

e Counterterm insertions

® Two-loop seagull self-energy

OF Q + (X0 SCALAR
+§2§ +§”% 36”‘% SU(N)

Fig.1: Vacuum graphs for scalar (top)
and YM (bottom)
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Massive Expansion & Counterterm Resummation

The exact sum of all one-loop graphs with n
counterterm insertions gives the standard
vacuum energy of a massless particle
(Coleman-Weinberg):

SReN Il T
i

Vi =—
1L 9y,

Trlog(A,! 4+ m?)
Expanding the log yields a massive expansion:
1 Fig.2: Massive expansion as crossed
VloL = K(m)— §m2J(m) 4o one-loop graphs
: The GEP only keeps the first two terms, as
higher orders would spoil the variational bound.
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Vacuum Loop Summation
Define two fundamental dlvergent vacuum integrals (used throughout):
7

K(m) = ﬁTrlogA J(m) = V—4TrAm
with trial propagator A,,(p) = -t Key identity:
OK(m) 1
om? QJ(m)

_A 2
8

e Single-loop vacuum graphs (with counterterm insertions): Vi = K — —m?2J
¢ Two-loop seagull four-vertex (first order in \): Vaor, = <[J(m)]

tivation Scalar Toy Model: The GEP Framewc
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Self-Consistent Gap Equation

Differentiate Vi w.r.t. m? and set to zero:

Ve _10J (M 2\ _
om?2  20m? \ 2 N
Since 8.J/Om? # 0, the nontrivial solution satisfies:

A
m? = §J(m)

Physical meaning;:

® |f a finite solution mg # 0 exists, the massless theory dynamically generates
mass spontaneously

® This is the core physical conclusion of the entire paper
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Minkowski Integrals VERKE
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Two fundamental divergent vacuum integrals at 7' = 0:

[ d! 1 1 [ d
Jom) = _Z/ (27:)94 Frm KM= 22/ (2754 log(—2" + )

Standard procedure:
® Wick rotation to Euclidean momentum: p% = —pﬁ/j, eliminating imaginary units
® Integrals become purely real d-dimensional Euclidean integrals
©® Dimensional regularization: extend d =4 — ¢ with e — 0
@ Laurent expansion separates UV pole 1/e
O Key shortcut: 0K /0m? = %J =- compute J once, integrate to get K
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d-Dimensional Euclidean Integrals FaNTRRY
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After Wick rotation, the integrals become:

dopp 1 dipg
— - K= — 1
J /(2ﬂ>dp%+m2, 2/(2 ) og(pE—l—m)

Radial decomposition in d-dimensional spherical coordinates:

dt 27rd/2
PE d 2 9 ) d P(d/2)7 PE

where €4 is the d-dimensional solid angle.

Substituting into J:

Qg % ¢35l
= dt
J 2(2m)d /0 t +m?2
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Euler Integral for J(m)

Use the standard Euler integral formula:
1 2\1—¢/2 ( 5)
= r{—-1+-=
J (i) =/2 (m=) t3

Substituting and simplifying, then set d = 4 — € and expand for e — 0™:
Using Gamma function and sine function expansions to separate the UV pole 1/¢ and

(m2)—e/2 = ue <%22)*6/2:

m? [2 T

Tlm) = —{52 | +los

m%—l—l—(’)(e)

where i = 2y/7pe~7/? is the MS renormalization scale and y is an arbitrary mass
scale introduced to fix dimensions in d # 4.

The 2/6 term iS the UV divergence pole Introduction & Motivation Scalar Toy Model: The GEP Framewc
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Differential Identity Shortcut for K (m)

The paper’s core identity :

oK 1
=yl = K(m)—/J(s)ds—i—C

The constant C' is m-independent and can be dropped.

Substitute the J(s) expansion and integrate s:

m4

6472

=2

K(m) = E +log % + g + O(e)]

: No need to re-evaluate the logarithmic integral from scratch. The differential identity
provides K directly from J.
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Define a composite scale A, that packages all divergent terms:
2
logA? =log® + =41
€
This gives the replacement relation:

2
- :logA? —logfi® -1
€

Substitute into J(m):

2 2

. m 2 ) H
J(m) = ~ 1672 [(logA6 —logp® —1) + logm + 1}
m? A? m? m?

0 oo e — Y oo
1672 5 m2 ~ 1672 5 A2

The 1/e pole completely disappears!
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M*W &/5

Finite K (m) after Renormalization (R b st

Similarly substitute into K (m):

m* m2 1
K(m) = 51 [log A 2}

Summary of finite renormalized integrals :

m? m?

= Tom2 8 32

m? m2 1
Km) =51 <1°gAg - 2>

All UV divergences are absorbed into the single scale A.. The expressions are now
completely finite and ready for the GEP calculation.
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d > 4 Scheme

For the precarious scheme chosen in the paper (d > 4, i.e., e < 0):
*e—0: 25 —00=>A 0
® Rename the infinitesimal IR scale: §, = A,

Use the gap self-consistency equation m? = %J(m) to replace the regularization

scale . with the RG-invariant physical mass my:

1 mo A
— =log —, o0=—7
« O

All regularization parameters are eliminated. The final GEP depends only on physical
parameters m and mg:

m m?\ > m?
Va(m) = Tos-2 | <logmz) +2log— —1
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Running Coupling & Landau Pole
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Define renormalized running coupling a,:

Properties:

¢ Landau pole at ;1 = my
® Non-monotonic coupling:
® UV: asymptotic freedom
® [R: triviality
® Matches lattice Landau-gauge data

Both schemes predict dynamical mass my
and non-monotonic running coupling.

HGev)
Fig.3: Running coupling o, vs p (solid)

compared with lattice data (dots)
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Renormalized GEP Shape
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The renormalized GEP of Eq.(1) in units of

my.
features:

®* m = myg: global minimum (stable
vacuum)
® m = (: unstable stationary point
4
_ Mo
12872
® Same energy in both schemes!

® Vacuum energy: Vg(mo) =

Physical interpretation:
® Massless vacuum is unstable
® Massive vacuum is globally stable

® Dynamical mass generation without
svmmetrv breakino

‘s
£
B
o
>
k
@
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mzlmo2

Fig.4: Renormalized GEP for different a
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Full Yang-Mills Lagrangian & Degrees of Freedom

Complete Lagrangian has three parts:

L=Lyy +ﬁfix + Lpp

® Field strength: FW = 6M/AL, — 8,,121# — ig[flﬂ, Ay]
® SU(N) gluon physical degrees of freedom: Ny = N2 — 1

® Linear covariant gauge fixing + Faddeev-Popov ghosts

Total action: S;,; = So + 51
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Gauge-Theory
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Only transverse gluons receive a trial mass m; longitudinal gluons and ghosts remain

massless:
my = 0, M=0
Propagators:
. 1
* Transverse massive gluon: AT — —5 5
—pe+m

® Longitudinal gluon & ghost: original massless propagators

Introduce transverse mass counterterm JT*” = —m?2t*”(p) into interaction Sy; total
action is strictly invariant.

Physical reasons:
® Ghost self-energy — 0 as p — 0: cannot dynamically acquire mass
® Gauge invariance forbids mass for longitudinal propagator
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Single-Loop Vacuum Energy Simplification FaNTRRY
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Gluon Lorentz degrees of freedom split into (d — 1) transverse components + 1
longitudinal component. Ghost negative statistics cancel longitudinal gluon divergent
constant terms.

Single-loop vacuum energy:
Vo(m) = Na[(d — 1)K (m) — K(0)]
After adding counterterm single-loop correction:

Vir(m)
Na

=(d—1) [K — ;mQJ] — K(0)
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Two-Loop Seagull Self-Energy & Gauge-Invariant GEP

@ Gluon single-loop seagull self-energy:

d—1)?Ng?
I, = —(;g,](m)
® Substitute into two-loop vacuum diagram, set d = 4, define gauge-effective
coupling:
_9Ng* 9N s
T 3o T g b 4

© Eliminate irrelevant constant K (0), obtain gauge-invariant Yang-Mills GEP:

Va(m) m?
3N. K(m) — TJ(m) + 2% [J(m))? (2)

Same structure as scalar GEP! Only normalization and coupling coefficients differ.
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Zero-Temperature Mass Generation Conclusion

Substitute Chapter 3 renormalized finite K, J (precarious scheme, d > 4) into Eq. (2):

Two stationary points:

® m = 0: unstable stationary point (massless Schwinger-Dyson solution, not
observed on lattice)

® m = myg: globally stable minimum (dynamical gluon mass)

For N = 3, phenomenological matching to lattice gives:

|mo = 0.73 GeV |

Conclusion: A variational proof of dynamical gluon mass generation in pure
Yang-Mills theory, without modifying the original Lagrangian.
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Finite- Temperature Integral Decomposition TafemRs

versity of Chinese Academy of Sciences

Four-dimensional vacuum integral replaced by discrete Matsubara frequency sum +
3D momentum integral:

K(T,m) = Ky(m)+ Kr(T,m), J(T,m) = Jy(m)+ Jp(T,m)

® Ky, Jy: zero-temperature vacuum integrals, already renormalized and finite
e K, Jp: pure thermal corrections, completely finite, no extra regularization needed

Explicitly containing Bose distribution n(e) = 1/(e5¢ — 1):

T d3p
—22/2w3log(p2+w,2z+m2)
J(T,m) TZ/ 3p +w2+m2
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1-Loop Thermal Correction

Zero-temperature vacuum free energy baseline:

Fa(0,m) 1 5
TE\L T K — =
3N, v gm v
Full finite-T 1-loop expression:

— =K Kr— — J; Jr)—K(T,0
3N 4 v+ K71 2m(v+ T) (T,0)

Massless ghost thermal constant K (T',0) evaluates to pure T term:

2
~K(T,0) = —T1*

270
Subtract vacuum baseline F(0,m) to eliminate divergent Ky, Jy:
=K —T* — —m*J
3N, T amgt Tamr

Use vacuum gap identity m? = am?log 5 rewrite cro8§ tefn Mor=ren S5 o Mot The GEF framews
0



 CR Ve

2-Loop Thermal Tensor Correction
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At T = 0, Lorentz invariance I{Y = I{} = Jy /4, fully absorbed into vacuum potential.
Finite-T two-loop thermal contribution:

4 2
J2 _ 2 { _ IOO
3 4
Substitute J = Jy + Jp, 190 = I‘O,O + I%O: All vacuum tensor parts Jy/, I‘O,0 cancel with
vacuum two-loop term in F(0,m). Only pure thermal quadratic terms remain:

AFQL 2 2 2 4 JT 00 2
-9 _(z 9
svy, e lro\g) (o

9Ng? 9N
3272 87

]:2L 2
)
3N, T

Effective coupling definition: o = Q.

Introduction & Motivation Scalar Toy Model: The GEP Framewc
o] 00000



Combine All Thermal Terms

Sum 1-loop thermal correction 4 2-loop thermal tensor correction:

AFa(T, m) 4 m?
AFG(lom) g T 0
3N 370 + oy m2

2\* [ Jr 2

Term-by-term physical interpretation:

e Kr: Single-loop thermal gluon fluctuation
e 727%/270: Massless ghost zero-mode constant contribution
° O‘TWJT log ;”Tg: Counterterm cross thermal correction
e 272a]...]: Two-loop seagull self-energy thermal tensor correction
All UV divergent vacuum integrals Ky, Jy, I‘O/O fully eliminated, expression purely finite.
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Total Free Energy F (T, m) Derivation

Total free energy = single-loop gluon + ghost Fi;, + finite-temperature two-loop
seagull For:
Fa = FiL + For

@ Single-loop terms: directly replace zero-temperature K, .J with finite-temperature
K(T,m),J(T,m)

® Two-loop terms: Lorentz invariance is broken at finite 7', distinguish time
component 1% and space components I”. Introduce thermal integral h,, to
describe time-direction thermal correction, yielding

Separate zero-temperature vacuum potential from pure thermal correction:

[FalT,m) = Fa(0.m) + AFa(T,m)]

Thermal correction AFg (T, m) is completely UV-finite.
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Temperature-Dependent Optimal Mass m(7") & Weak First-Order

Transition

Low-T" stable minimum (confined
phase):
® m(T) ~ my, slowly decreases as T’
rises

® Massive gluons dominate

High-T" unstable point (deconfined):
® m rises linearly with T°

® Thermal boson behavior

Critical temperature T,:

m(T) / mg
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Critical Temperature & Numerical Results YRR
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Numeric result:
T. = 0.349mgy ~ 255 MeV

Lattice: T, ~ 270 MeV.

Optimal coupling ag = 0.9 from minimal OO;Z I ‘ ‘ ‘ ‘ ] s

sensitivity principle. | ; LRI ol
Sensitivity check: _ oaurt ¥ | s <
¢ Changing a, by £20% changes T, by £ oasl g
less than £1% T ooamsl  # |2 ¥

e The GEP is remarkably robust near the o3aar 1 251

physical minimum 03431 -

0.342

0.4 0.6 0.8 1 1.2
. L. Intrgfuctlcn@ﬁotlvat\c(ergca\gegysﬁa The GEP Framewc
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Thermodynamic Equation of State VEIRR
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From basic thermodynamic relations, define pressure and entropy density:

p=— [Fg(T,m(T)) — fg(O,mo)], 5= —;ffg(T,m(T))

Results:

@ Pressure p/T4 agrees well with lattice simulation data for T < 27T,

@® Finite entropy jump at transition: As/TS = 2.7, corresponding to latent heat of
phase transition
© Theoretical defect: Negative entropy appears at low T, arising from first-order

GEP truncation + Landau gauge choice; higher-loop corrections can eliminate this
artifact
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Equation of State: Pressure & Entropy vs. Lattice Data |

University of Chinese Academy of Sciences
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Fig.7: Pressure p/T vs T/T. Fig.8: Entropy density s/T vs T /T

No free parameters! The agreement for T' < 2T, is remarkable.
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Summary

Main Results

® Build GEP variational framework for SU(/V) Yang-Mills, no change to original
Lagrangian.

® d > 4 dimensional regularization yields gauge-invariant GEP; zero temp generates
dynamical gluon mass mg = 0.73 GeV.

® Finite-temperature calculation predicts weak lst-order deconfinement transition
T. ~ 250 MeV (N = 3), EOS consistent with lattice data.

® Non-perturbative effects are captured by mg, supporting massive perturbative
expansion.

Limitations
® Restricted to 1st-order GEP; mispredicts SU(2) phase transition order.
® | andau gauge causes unphysical negative entropy at low T, valid only for
T < mg.
® mg is a phenomenological input without self-consistent thegretical dgari%g’ggjg:.m CEP Framens
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Thank You

¥BEH - Variational Study of Mass Generation and Deconfinement in Yang-Mills
Theory
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