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Gauge Symmetry



The Plan of my Lectures

e]. Gauge Symmetry: QED, g-2, Yang-Mills, Asymptotics.

2. Electroweak Unification 1; breaking the Symmetry; the Higgs-Brout-Englert
boson 3.

3. Interactions and symmetries of subnuclear particles; Quarks: spectroscopy and
fundamental interactions.

*4. Quarks and Partons, Color and Gluons, Hadrons 1n the Constituent Quark
model.

5. Electroweak Unification 2: GIM Mechanism, Charm, Beauty and CP violation.

6. The Higgs Boson search. The Standard Model: What’s missing? What’s next ?
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1. Spinor Electro Dynamics

e Originally a theory of electrons and photons;
e 1 and t-particles behave the same;
e ¢, uand T numbers separately conserved;

* ¢T e- annihilation gives access to muons, T,
Intermediate Vector Bosons and the Higgs
particle.

e Spinor QED 1s determined by few general
principles:
1.Lorentz invariance
2.Gauge mvariance

e matter particles are fermions with spin 1/2
(Dirac particles)

e is renormalizable

e The prototype of a fundamental field theory

and an extraordinary success.
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1. Spinor Electro Dynamics

Originally a theory of electrons and photons;
1 and t-particles behave the same;
¢, L and T numbers separately conserved;

e e- annihilation gives access to muons, T,
Intermediate Vector Bosons and the Higgs
particle.

Spinor QED 1s determined by few general
principles:

1.Lorentz invariance

2.Gauge mvariance

matter particles are fermions with spin 1/2
(Dirac particles)

1s renormalizable

e The prototype of a fundamental field theory
and an extraordinary success.
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QED and local gauge invariance (abelian)

® Electric charge conservation follows from invariance of the lagrangian under global
phase transformations: ¢($) — @D/(CC) = thb(l‘)
® We want to promote global to local phase (gauge) transformations

p(x) — ') = e y(x); Ax) > ALX) = A () + 0,h(X)

e The minimal substitution produces a derivative field which trasforms exactly like y:

o D= (0, — 1A,

Dllﬁbl(x) = (au E iA;L)W B (au — i, - iau(b)@wlb — ew(ﬁu - iAu)w : eingMD

e A, transforms in a complicated way, but the Maxwell’s tensor 1s invariant:

! /el
Fo=0,A,—0,A,; Fl, =F,
e Conclusion (W. Pauli): if L,(,0 M1];) 1s invariant under global phase transtormations,

the Lagrangian: Loep = Lo(¥, D) — EFWFW
e

1s invariant under local transformations;

rescaling A— - €A, we see that “e” gives the strength of the interaction;
Symmetry determines the form of the photon-electron interaction (ex. g=2!!)
No photon mass is allowed!




QED histories

eUsing the Dirac’s Lagrangian, we get:

Lo (% DMD) o ?756 (ia,ufyu — m)% — € &eA,u’Yuwe_F
+ (Ve = Yu) + (Ve = ¥r).

ethat 1s:

L; = —eAx[Yey e+ Yu + ey r]
*QED hystories:

- amplitudes representing the propagation of
photons and electrons/mu/tau —

- vertices % Y

- lepton mass allowed by gauge invariance
(because vector current!)

C

® The total amplitude 1s the sum of the amplitudes of
the different stories with the same 1nitial and final
configurations.
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Gauge 1invariance and the photon propagator

 Gauge invariance means that not all components of A, are dynamical

variables

e Thus we have to require a supplementary condition (gauge condition)
to be obeyed by the field configurations over which we do the path
integral.

e We can enforce the gauge condition by adding to the Lagrangian a
Lagrange multiplier, to get:

1 A
L= FnF" = 5(aﬂAﬂ)Z; FIV = "A' — 9*AY;

1
5 = / d*x L= / dx S (AKA");
Ky = gw(a)z — (1 =2)9,0y
e after Fourier transforming and taking the inverse, we find:

1 1. 9uqv
== H
q2+i8( g]/t\’_l_( )\) qz )
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Gauge 1mnvariance and the photon propagator

= 1 1. g.q
1 =— H1V
K]w (Q) = qz—l—ie(_gﬂv+ (1 = X) qz )

ethe A dependence of the propagator disappears when computing physical
amplitudes, since photon propagator indices are always contracted with currents

which are conserved:

g, <J'>=0
ethe disappearence of the A dependence happens only after we add up all Feynman
diagrams related to each other by gauge invariance and 1t thus provides a

powerful check of your calculation!

e useful gauges:
— A =1: Feynman gauge
— A =c0; Landau gauge (the propagator is explicitly transverse,

¢'K, (q) =0
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Non minimal couplings ?

e Using the Dirac’s Lagrangian, we get:

Lo(% DM@ = 77;(28#7“ = m)¢ ol eA,u &7“% (@D N ¢e7 w,ua wT)

¢ From the Dirac Lagrangian one finds the electron magnetic moment

o =—"20="08="",8 2
— — — _— —_— -— —_
o’ T am 2" T 2m T 2m 65— 8=
e we could add a non- m1n1ma1 couplings formed with Fy,y (Pauli):
— P ”
4m WM ¥

e the magnetic moment would be anomalous: g = 2 + k, with respect to
electrons and muons, which have g-2 very close to 0 (next slide).

e The Pauli term makes the high-energy behaviour of scattering amplitudes
more singular, and it leads to a non-renormalizable theory;

e For particles which are not elementary, ¢.g proton and neutron, non-minimal
terms are indeed required by experiments.
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Precision Frontier: the muon g-2

Histories: photons and
electrons ... (or muons..or
hadrons)

2" order
(J. Schwinger, 1947)

a
g-2=— = 0.00116...

27
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Precision Frontier: the muon g-2

C
JL a1

l

il
i
l”]‘

\’ "

I
‘l“'
[

il

IIIII,, | }

i
|[||“\

I
i
lll

|
il

I
il

i
||‘\||I
L |

.[I

{11

i

Il
(i}

h!"i'. lii!'

il
AL
Il

t
r

|
l'l
|; I il I

it
\ \I

il
i
|H’ {f

l

{41 LN
Il
l‘lm
)

il
g

|

I




Precision Frontier: the muon g-2
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Precision Frontier: the muon g-2
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Precision Frontier: the muon g-2 anomaly (cont’d)

o
a,=—= 0.00116, J. Schwinger, 1947
27

eFermilab and BNL most recent experimental result (2020):
e g7 — 2 = g = 11659208.9 10"

Z Z
e define: Aa/fxl’t = (11659208.9 — 11659000.0) = 208.9 = 2.2

e in the same convention, QED corrections are: Aa2*P = — 528.2
eElectroWeak corrections: A" = 15.4 ST predictions:

: : T. Aoyama et al. Phys. Rept. 887 (2020
eHadronic corrections (HVP, HLbL): R R AP,

Hadron Vacuum Polarization- estimated from data on ete™ — hadrons
Subleading: Hadron Light-by Light scattering- resonance insertion in loop

e A" = 684.5, Aaf"" =92 HVP, from experim. data. T. Aoyama et al.
e In total: AajT = 181 £4.3: S0 discrepancy

® New evaluation of HVP in a recent Lattice QCD contribution,
by the BMW-DMZ Collaboration: A. Boccaletti ef al., arXiv:2407.10913

AaoMW-DMZ _ 501.9 + 3.8 (QED + EW + HVP lattice +subleading hadronic)
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An experimental way out??

®’To estimate the Hadronic Vacuum
Polarization contribution to g-2 —
measure the cross section of elastic
muon-electron scattering !!

~/ ~/
J

I had
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An experimental way out??

®To estimate the Hadronic Vacuum
Polarization contribution to g-2 —

measure the cross section of elastic
muon-electron scattering !!

A /

Y
had
U ’ [
e | muon filter
12 . Spw—— o o R y chambe
.\I__.ufk'flm - // i | l u chamber
130 Gele 7 L
station #1 2 #3 7k N
ECAL
Target k Target k+1
1 ~ 100 cm
>

Bttt s
)

layer 3

1 module (2 sensors)

layer 2

layer 3

layer 1

MUonE

experiment .
approved at
CERN,

Data analysis
ongoing

12



3. The Yang - Mills Theory

e Motivated by the global Isospin symmetry of the strong interactions:
e (Can we have local (gauge) invariance under a non-abelian symmetry group?

e Consider local transformations of “matter fields” e.g. nucleons, under geG,
compact, simple group. We take SU(2) (1A= Pauli matrices, A=1, 2, 3):

U(z) = ¥ (z) = Ula)d(a); Ulr) = " @73

e Introduce the gauge fields: Z AT, T4 = ﬁ
2
AL(m) = U(2)Au(@)U(2)" + iU (2)3,U (z)!

e (Covariant derivative
e and.. .. Dyp(z) = (0 — iAu)Y
D' (z) = 0,(Uy) — i(UAUT +4iU8,UNUy =
— (0, U)¢ + U8,y —iUA,» + U (B, UNUY =
e A ) Ww=UD,¢Y
e 1f Lo(y, auy) 1s invariant for global trasformations (i1sospin), Lo(y, Duw) 1s gauge

invariant.
e We need the analog of the Mawxell term !!17?7?!!!!
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W

e Define the Y-M tensor: G,=0A,-0A,—iA,A)]

e One can prove (a good exercise) that G transforms like the regular
representation:

;o / / ‘T A/ /1 T
G, = 0,A, — 0,A! — i[A},A!] = UG, U

e Yang-Mills lagrangian: invariant, quadratic in the derivatives of A:

1 |74
LY_M — S—.QQTI(GMVGM )

e Minimal substitution: given Ly(, ) invariant under global
transformations, the new Lagrangian:

1
Ltot — LO (wa DMD) 892 Tr(G,uuG'uV)

Beijing University. 12/10/2026 L.MATIANI. Topics in Standard Theory
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1
Lot = Lo (wa Du¢) 892 TI(G,LWGW/)

¢¢_ 9%

e Rescaling A—gA, we see that “g” 1s the coupling constant (g=0, no

Interaction;
e There are as many g as there are simple components in G (es. SUR2)W®U(1)y

has 2 constants)

® No mass term for the gauge bosons is allowed.
o The form of the interaction matter-gauge fields is fixed by the symmetry

e Gauge fields are interacting, since they carry a non vanishing charge: unlike
QED, pure Yang-Mills 1s non-trivial
Y-M i1s a toy model for gravity
e Spin 1/2 matter fields: )
Lint = g0y " TH9) AY = g AR (J*Y)

JA are the means by which matter interacts and the currents associated to the

global symmetry.
e Scalar matter fields: besides the current mediated interaction (AA)M JAU have
a quadri-linear interaction (seagull): 2

4 T A mB P
Lsea wll — ¢ g“ 1 ,T ¢ = AV
e Write L( for scalar fields. = 2 ( { } )AL

15
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4. Large g* behaviour in field theory: QED

Asymptotic behaviour of deep inelastic processes, €.g.:

og(ete™ — hadrons)
olete” = ptp~)

R =

The cross section for muon pairs scales with s like 1/s

R = constant, above low-energy resonances, says that 1/s scaling is approximately
true for hadron production.

Naive scaling. How could 1t be different?
— For large s we can set to 0 all particle masses
— the dimension of the cross sections 1s determined by the only dimensional

variable at our disposal, s:

had
[s] = [lenght_z], o] = [lenghtz],R = cliadiees = constant.

o(utu-)

Beijing University. 12/10/2026 L.MATIANI. Topics in Standard Theory 16



Failure of naive scaling

e The argument 1s wrong!

field theory needs to be computed with an UltraViolet cut off, A

renormalized physical quantities (e.g. charges) have to be defined at
some value of gZ2.

If we renormalize the physical quantities (e.g. charge) at q2=0, we
cannot send all masses to 0, because of mass singularities (i.e. log(q2/
m2));

Alternatively, we can renormalize at a mass scale q2= u2 <0, and let

masses — 0 to examine the limit q2—o0 or s—o0;

however, even in the massless theory, I can now have large logs of the
type [log(q2/u2 )14 or [log(s/ u2)]1d which spoil the naive scaling
laws !

Scaling Laws in the asymptotic behaviour are non-trivial dynamical
properties: why do we see approximate naive scaling to hold???

Beijing University. 12/10/2026 L.MATIANI. Topics in Standard Theory
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The P function of QED

+ - A== (1+el(¢g%)

1 QQ, 2 2 2
9 In F’ (—q°, —pu~ >> m*)

I1(¢°) — II(p*) = finite = II.(¢%, p°) =

e vertex and fermion propagator corrections carry a factor Z,/Z1=1
(Ward dentity). After subtraction

d = ¢°A = *(W[1 + *(w[I(g*) — TI(k>).
e d(qg?, e%(n), u?) 1s a physical quantity, which we call e(u), and it
cannot depend from p, which is arbitrary. A change of u must be
compensated by a change 1n e(u):

0=/Jtﬁ=ﬂad a62+//tﬂl zﬂaiz— S
du de? ou o =0 ou  6x?

de? — = e

= ﬂa = p(e) = =

Beijing University. 12/10/2026 L.MATIANI. Topics in Standard Theory
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QED, the Gell-Mann and Low equation for the

running coupling

de? e’ , 5= 2du e’
e Wefound: > y—— =+ ——. Defining: t = In(q°/u°), dt = —, o = —,
ou 672 U 41
we obtain the Gell-Mann Low equation
do da o’
— //l_ —_ —

dt 2du  3nm
e The solution with the initial condition a(u) at t=0 is:

a(u)
a(u) , q?
I — > In y

a(q) =

e BAD and GOOD NEWS:
[ have resummed all large logs: “improved perturbation theory”

* all terms of order (a(0) t) (Ieading logs) are included

* neglected terms of order (a(0) t)n-1 (next- to- leading)
e 1n QED, the running coupling INCREASES !
e QED atthe Z scale (E=100 GeV) 1s described by a(100 GeV)=1/128.
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Dependence on —t = Q? of the ratio between the elastic scattering cross

section for eT—e~ (Bhabha scattering) measured at LEP and the results of

- theoretical calculations. The horizontal line corresponds to the case in which
the value of a is kept constant as Q¢ varies
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Bare vs. running coupling

At the ultraviolet cut-off, A2, I get the “bare coupling”

a(u)

a(A\) = 1—Ml (Az)

e BAD NEWS:
- a(A) becomes negative above the Landau pole: for fixed physical constant
a(u), we cannot send A—>oo:

- the continuum theory is recovered only for a(u) =

- a similar phenomenon happens for the ¢4 theory (where we have much
better control)
oIf f(a) < 0, a(A)—0: “asymptotic freedom”.
e A reasonable conjecture: the limit A—oo exists only for asymptotically free

theories
e GOOD NEWS:

— Yang-Mills theory with not too many fermions has f < 0 and is
asymptotically free (Gross, Wilczeck, Politzer 1973). Asymptotic freedom
provides the basis of scaling in deep inlastic scattering (see Lecture 4). =
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Ultraviolet behaviour of the gauge couplings of the

Electroweak gauge group, SUQR)w ® U(1)y

Ngen—3

1/aS(MpI)=53-

| [5/3a'(n)]" =60
60

oty (Mpl)=48
[5/3a'(Mpl)] =35

“Tlay (n)=28

20 -

-1/as(n)=9.9
0 20 40 60 80
Log(q"2/n"2)

Running of the Standard Model couplings for 3 generations. 5/3 a’is the coupling of
the abelian component, and 1t does increase towards the Landau pole.

Around Log(g*/n*) = 56, g ~ 10'* ~ M, , the three lines cross. In

SU(S5) GUT, the symmetry group is non abelian and, from this point on, the
couplings all would converge toward 0 (asymptotic freedom).
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