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How do Disturbances Relax?

= Microscopic Input: The thermal bath fixes occupations and screening; microscopic
amplitudes then determine relaxation.

Scattering Collision Transport
Amplitudes Operator and Spectra

= Momentum Anisotropy — Shear Relaxation.

= Charge Imbalance — Diffusion.
= Spin Polarization — Density-Matrix Evolution.

Key Point

Streaming supplies the drive; microscopic collisions set relaxation.
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Variables and Conventions

h:c:kB =1, B=1/T, g = diag(—, +,+,+)
(Ep,p), K= (Exk), Q=(waq), v,=p/E,
d3p

=2 np = -
/ /27r3’ i = Goseg, 9P Edpz

= Momentum Variables: P, K, (Q): four-momenta; p, k, q: three-momenta; p, k, ¢: their
magnitudes.

= Fourier Modes: e~ “!*ikX; transform: opposite phase; Im wpole < 0.
= Collision Convention: D,f = —C|f]; positive relaxation operator L.
= Statistics Sign: s, = +1 (bosons), s, = —1 (fermions).

= Reference Plasma: i, = 0; chemical-potential shifts are response sources.

Hot QCD: Transport and Spin | Transport and Relaxation 3/197



Thermal Plasma and Dilute Massive Probes

AMY and HT: Light Thermal Species

= Thermal Regime: g < 1, p ~ T, bare masses < g7

Thermal masses retained in screening and collinear formation energies.

Li—Yee: Dilute Massive Quarks

= Dilute Probe: m > ¢T', occupation < 1.
Unpolarized equilibrium bath of light quarks and gluons.

= Mass Hierarchy: m > ¢T allows relativistic motion; m > T is not required.
= Diluteness: an independent assumption.
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Thermal Medium and Static Response

How does a Weak Color Field Change an Equilibrium Plasma?
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The Distribution Function

Occupation: f,(t,x,p): occupation per internal state of species a.

&z d3p . d3p
o =VeleTpma T Ve [ o

=2(N? - 1), vg =vg = 2N, per flavor

= Momentum: diagonal after coarse graining.

= Internal States: averaged for unpolarized, color-singlet matter.

Density and Occupation: Number density n"™; equilibrium occupation fy,(E).
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Observables as Weighted Moments

Observable Moments

d3p g d3p 8
nQ = za:Va/WQafm Jo = ;Va/wqavpfa

Shear Stress: Momentum Flux

= Momentum Flux: Velocity through a y-normal surface: v,. Momentum carried: p,.

The single-particle weight is p,vy = pzpy/Ep.

= Bulk Channel: Temperature-dependent masses add mean-field terms in the bulk channel.
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Equilibrium and Quantum Statistics

= Reference State: Reference equilibrium and its deviation; time and position arguments
suppressed:

Bosons Fermions

= Bose Enhancement: equilibrium factor = Pauli Blocking: equilibrium factor
1+ an- = an-

_an(E)[l + Saan(E)]
T

= Statistics: s, = +1 for bosons and s, = —1 for fermions.

E—FE+6E = if,= 0E (fixed T, puq; first order)
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QCD Vertices and Color Factors

= Color Multiplicities: SU(N,): N, quark colors, d4 = N2 — 1 gluon colors; N, = 3 in QCD.

A AyBY _ 15AB
Quark—Gluon Vertex o gy*t”, Te(t%t7) = 56
NZ -1
> A = Cpl, Cp=—¢_", C4 = N,
2N,
A
g

Cqy=0Cp, Cy=Ca, o

T in
= QCD Vertex: g: coupling; t*: color matrix; v*: Dirac matrix.
= Gluon Self-Interactions: carry the adjoint color factor C4.

= Color Charge: These generators fix the color charge carried by each thermal species.
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How a Weak Color Potential Changes the Bath

= Color Response: Color matrix f,; averaged occupation f, = Trf,/d, (d,: colors); g < 1,
fta = 0. A weak color potential shifts the energy through the generator T} (T = t*).

0E, = gq)ATIglaa f, = an(p)]- + 5fa7 of, = féa(p>6Ea = _%f0a<p)[1 + Saf0a<p)]q)AT£a

= Occupation Shift: Positive energy shifts reduce occupation; opposite color projections are

favored.
Unperturbed: fo,1 Perturbed: foa1 + 0f,
Weak ST e
e @ ®
.‘ .‘. .. .. o4 ..,. @® ) \‘..
e ® o — > ) @ e ® @
©e e © o \® i e /
\ ext
e o o®© ® e® . e ..~ © ®
+: Color Projection; Zero Mean Charge Induced Excess of Opposite Color Projection

= Induced Charge: comes from redistributing the existing hard thermal particles.
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Summing the Induced Color Charge

= Color Trace: Trace the color response; d, counts colors and v, counts all internal states.

1 Ca
o TR, TR,) = 72677, ofa = 9fou ()P TR,

ha=gy &’p Te(Th 5f.) = —mHd* 2—_izuc dgpf’()>o
Pind = 9 da (271_)3 Ro0ta) = —Mp ) mp = dA ala (27T)3 0a\P

&Ep oo 1 [T, o [ @ folp)
[t = 5 [ s =2 [ G

{ Color Susceptibility

3 2 E ®p foa(p)
b= 2l Gy

= Boundary Term: p? fo(p) vanishes. The occupation response determines m?.
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Evaluating the Thermal Radial Integrals

= Radial Variable: Set x = p/T'; the massless phase-space measure leaves one radial power of

p.
/ &Ep folp)  T? [ wxdx
(2m)3 p  2m2 ), erF1
1 o 1 > . > 1
— —nx —nx Ty = ——
1 B 7.(.2 (71)7171 B 7.[.2
26’ n2 12
n>1 n>1

" Thermal Radial Weights p
/ dgp ng _ T2 / d3p qu o T2 3
(2n)2 p 127 (2m)33 p 24

= Thermal Weights: Both have dimension energy squared; fermions contribute half the radial
weight per internal state.

pmmm—————
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The Debye Mass from Thermal Color Charges

= Debye Mass: Spin, color and thermal occupation weights determine the Debye mass of this

bath.
da
vy =2ds, C, =N  vgrg=A4NNy, Cp= 2
2N,
2 2 2 2
m2 = |2d,N,— + AN.N;Cp—
da 12 24
. Debye Screening Scale h
i N N |
3 m2D292T2<?C+?f)7 mp ~gT"

= Gluons: two physical polarizations and d 4 colors.
= Quarks: two spins, quark/antiquark, N, colors and Ny light flavors.
= Soft Exchange: At momenta g ~ mp, the induced charge changes the exchanged field.
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From Amplitudes to Collisions

How do Quantum Transition Probabilities Determine the Collision Term?
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Streaming along a Trajectory

= Moving Cell: Follow a small phase-space cell carried by a quasiparticle:

dx d£_

E = Vp, dt —Fa,ext
df.(t,x(t),p(t
w :atfa+vp'vxfa+Fa,ext'foaEtha
A3z d3p
VQ:'VP+Vp'Fa,ext:07 dNa:VafaW

No Collisions: Dif, =0

= Liouville Evolution: particle number and cell volume are preserved.
= External Force: F, .: smooth external force; scattering will change the cell's occupation.

= Phase-Space Flow: Fixed-mass free motion and the Lorentz force satisfy the displayed
divergence condition.
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From Quantum Evolution to a Distribution

= Operators: Occupation: n,. Inter-mode interaction: Hj.

fa = (Ma), Ot falcon = K[Hr, Mal)
(Ma(p)nn(k)) = fo(p)fo(k) for distinct incoming modes
Tovent K At K Tiac
= On-Shell Quasiparticles: width < E,,; slow space-time variation.
= Molecular Chaos: neglect incoming connected correlations.
= Markov Approximation: local rates; no event memory.

= Radiation Event: the full coherent formation interval.
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Collisions Change Occupation by Gain Minus Loss

= Entry and Exit: Along the moving cell, suppress x, p; I'y in/out are entry/exit rates.

Gain Loss
Other Modes H>——————( (a,p) )----------~ > Other Modes

(]- +Safa)ra,in faFa,out

falt + A1) = fu(t) = At[(1+ $afa)Tain — fala.ou] + O(AL?)
Ca [f] = fara,out - (]- + Safa)ra,in

= Collision Sign: Positive C,: net depletion of the selected momentum state.
= Entry Rate: I' ;, excludes its final-state factor 1 + sq f5.

= Rates and Statistics: interactions fix rates; quantum statistics fixes occupation factors.
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A Collision Changes a Many-Particle Occupation

= Tracked Mode: Track mode (a,p) in a(P)b(K) — ¢(P")d(K"); the four modes are distinct.

p) =Y P(N)N,
N
A(Na paNchaNcp 7Nd,k’) = (71, 71,+1,+1)
[(N’|Sar — 1|N) P2

W = Al s Tevent K Al <K Tac
8tfa coll Z P N’N p - Na,p)
N,N/

= Mode Occupations: N: integer mode occupations; P(IN): their joint probability.
= Forward Event: one particle lost from (a, p); reverse event: one gained.
= Transition Probability: We need the transition probability in these populated modes.
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One Matrix Element Supplies Both Factors

= Binary Amplitude: Binary collisions: unit-pair amplitude S29* in normalized box modes.

box 5
(Sat = Dabosea = SEal Ay .y kla,p

”aa,p|Na,p>”2 = Na,p, H/a\j;.,pl a,p>||2 =14 s4Nap

|(N'|Sar — 1N)[? = |S52 NapNi o (1 + $eNe ) (1 + 54N x)

Coefficient: interaction. Ladder operators: occupation factors.

= Occupation Factors: Incoming annihilation gives IN; outgoing creation gives 1 + sN.

Squared Amplitude: fermion reordering phases cancel.
= Ensemble Average: One quantum transition; ensemble averaging comes next.
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Compute the Unit-Pair Rate from M

= Normalization: QCD amplitude M — box coefficient S;’fx.

|P)
\/2E,V
(P'K'|S —1|PK) = i(2n)*s*(P+ K — P' — K'Y M%,
S?Qx _ iM?Z 6p+k,p'+k’ /At dt eiAEt
V\/(2E,)(2Er)(2E, ) (2Ey) Jo

2
At iAEt
f o dte

At

(P|K) =2E,(21)°6°(p — k), |P)pox =

—>271'5(AE), AE:EPI +Ek/ —Ep—Ek

Gbox |2 abj2 g N
Wab—sea = |57 SN |MEdl” Op ik, pr 1 2T (AE)
At V2(2E,)(2Ek)(2E, )(2E)

= Transition Weight: W,;_..q4: no occupations. M: all interfering diagrams.
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Averaging the Event Gives the Kinetic Factors

= Ensemble Average: f,(p) =Y P(N)N,,p.
Z P(N)Wn'N = Wabsea (NapNo k(1 + seNe ) (L + saNgwr))
N

(NapNoi (14 $eNep ) (14 8aNar)) = fa(0) fo(k) (1 + sefe(P))(1 + safa(k'))

= Molecular Chaos: factorized modes; connected occupation correlations neglected.

Otfa(P)apesea = Weasabfe(p') fa(K ) (1 + safa(p)) (1 + s fo(k))
— Wabscafa(®) oK) (1 + scfe(P)) (1 + safa(k))

= Occupation Change: Forward event: one particle lost. Reverse event: one gained.
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Summing the Same Events Gives the Collision Integral

= One Statistical Factor: for a(p)b(k) <+ ¢(p’)d(k’), use loss minus gain.

5 i Bk 3y Bk
o EREe / 7(25)9 (2m)°6*(p+k —p' — k)

Statistical Factor and Elastic Collision Term

B2z = fu(p )fb(k)[1+8cfc( N+ safa(k)] = fe(P') fa(K)[1 + safa(P)][1 + s6.f5(k)]

Z/dﬂkdﬂ (Il M x (27)* 6 (P 4+ K — P' — K') Bas.

Ca,2<—>2(p) 4E L

i
1
1
1
1
1
1
1
1
1
1
1
\

= Time Reversal: same summed |./\/l|2 for loss and gain; D;f, = —Ca.
= Internal States: amplitude squared summed; 1/v, averages the tracked state.
= Counting: 1/(4E,) =1/(2E,) x 1/2 for ordered final states.
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Elastic Momentum Exchange

P P’
Q = Exchange: Q) = P — P’ (off shell).
= Probability: |M|?.
P+K=P +K'
K K’
Time
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The Loss Term Also Equals Density Times Cross Section

= Classical Final States: For one channel with ¢ # d, set final-state occupation factors to one.

Ipk
_ — 2 _

IPK = (P K) mamb, UM EpE)c

doabsed = w(zw)‘*a‘*w + K — P — K')dIL, dIl;
4l pg Ve P
ab—cd d3k
atfa|loss = 7fa]~—‘a,0ut7 Fa out (P) =l (271')3 fb(k) UM Oab—scd
3

VpUM d°k . 1 dIl,

4Ipgvavs (27)3 o 2LV,

= Loss Rate: partner density x scattering probability. vyr: Mgller flux factor. |M|?:
internal-state sum.
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Lorentz Transformations Preserve the Occupation

= Observer Change: Change the observer; retain the same physical phase-space population.

" = (t,x), P = (E,,p), P =-m? P°>0
fo(@', P') = fo(z, P)

d*p

(2m)?

» Lorentz Scalars: Scalar f,; frame-dependent energy E, and three-volume d*p.

_&p
(2n)? 2E,

dIl, = O(P°)S(P? +m2) =

= Invariant Ingredients: dlI,, the conservation delta function and the summed amplitude
square are invariant.

= Mass Approximation: Quasiparticle mass held fixed here; medium corrections are treated at
their stated order.
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The Covariant Equation and Its Collision Normalization

= Coordinate-Time Rate: C, in (1) is measured per coordinate time.

Puay = E,(0r +vp - Va), Cf] = EpCalf]

P O, fa = —C3™[f] (No External Force) (2)

Y 2 = Z / ATl dIL, dIT, M x (27)*6*(P + K — P' — K') Bas.
bed

[Ca] = energy,  [Ci™] = energy®

= Same Statistical Factor: B>; is defined on p. 22.

= Three-Dimensional Form: divide by P = E,.
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External Forces on the Mass Shell

= External Field: An external electromagnetic field is F""; q, is the particle charge.

Az apH d(P?)
= _ pw = g, F"'P,,
ax : o B ax

]-—Oi = Ez' ]:ij = EijkBk, Fa,ext = qa<E + Vp X B)

=2¢,P,F" P, =0

; 0
o Fiv _ __(cov
P 6u qa P, 8pi fa Ca [f]

qa‘FiDPV 8fa
E, Op

= Fa,ext . vpfa

= On-Shell Variables: Only the three p’ are independent; P’ = E,, lies on the mass shell.
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Local Equilibrium is Set by the Fluid Rest Frame

= Local Energy: selected by the fluid velocity u*.

ufu, = —1, Erest = —u, P!
1
exp{()[—uu(z) PH — pa(z)]} — 54
f loc +6fa7 6fa _ loc( +safloc)¢
”:(1,U)+O(u ) - Erest:Ep*p'u‘FO(UQ)

loc (LL‘ P)

= Drive and Relaxation: 7', u,, u gradients: driving. Collisions: relaxation of § f,.
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Detailed Balance

= Local Balance: compare the same event and its reverse at equilibrium.

:/ Recall Equilibrium Occupation; p. 8 |
L foa(B) = [FET —sa] T

Forward and Reverse Balance

f0a<Ep)fOb(Ek)[1 + SCfOC(Ep’>][1 + Sdde(Ek')] — BAE-Ap) _ g
foe(Epr) foa(Ex)[1 + sa.foa(Ep)][1 + b fos(Er)]

PN
.

AE =Ey, + Epy — E, — E, =0, A= pre + pa — pra — ptp =0

Detailed balance gives Baa[fo] = 0 and hence C[fy] = 0.
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Why a Collision Invariant has a Vanishing Moment

= Invariant: x,(P) + xs(K) = xc(P') + xa(K’) in each event.
= First Interchange: exchange the incoming legs, keeping the same By from p.22.

1
> va / dIly Xo (P)CE%erz = 5 3 / dIT,dIT,dIT,, dIT,, [M25]?

abcd
x (2m)*'6* (P + K — P' — K') Baaxa(P).

Average over the Two Incoming Legs

CcoVv 1 a
> v / dIl, Xa(P)CB02 = 5 D / dIT,dTTxdIT, dIT [ Mg

abed

x (2m)'6"(P + K — P' — K') Baa[xa(P) + xo(K)].
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Reversing the Event Completes the Conservation Proof

= Event Reversal: exchange (a, P), (b, K') with (¢, P’), (d, K").
Statistical Sign: the same loss-minus-gain factor obeys By — —Bas.

(, Vanishing Invariant Moment

: cov 1 a

Zva/dﬂp Xa(P)Ci%o2 = 15 ;j/dﬂpdﬂkdﬂp/dﬂk/ M2

L x (@m0 (P+ K — P’ — K') Bx X [xa(P) + x(K) — xe(P') — xa(K")] = 0.

= Reason for Zero: the last line vanishes event by event for an invariant.

= Normalization: incoming average 1/4 — 1/8; reversal average 1/8 — 1/16.
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Conservation Laws are Moments of the Collision Term

= Collision Invariant: obeys x4 (P) + xo(K) = xc(P') + xa(K').

d3p

Conservation from Collision Moments

ZVa/de Xa(P)CZOV[ﬂ =0, Xa = Ga Or P¥

=Y [, g =2y [an, e,

ang =0, 9,T"" =0 (No External Force) (3)

= Conserved Moments: Relabeling the legs gives Ax = 0. The factor 2 compensates 1/(2E,) in dIL,.
Only conserved charges survive number-changing reactions.
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Which Momenta Control a Collision?

= Incoming and OQutgoing Momenta: The two incoming particles carry P, K; the outgoing
particles carry P', K.

P Pr=P-Q
P = (Epap)7 K = (Ekak)
=lpl~T, k=[kl~T
Q=P-P =K -K = (v,q) lQ
w=E,—Ey, q=p-p
g=la < T, ~lael
K K =K+Q
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From a Gluon Exchange to a Collision Rate

= Hard Kinematics: For massless particles with generic incoming directions, |P - K| ~ T?.

P P =P-Q

(P-P)Y=¢-w?>0

2 22

g°|P - K| g°T

|M| (P_P/)Q q2_w2 l Q
do (M]? g*
d[(P— P2 [(P+EK)?P (¢* —w?)?

K K =K+Q

= Generic Transfer: For generic transfer directions, ¢ — w? ~ ¢*; hence

| Differential Collision Rate
1
1
1
1
1

d d 3
do ~ g4q—§7 dI' ~ npagnomdo ~ 94T3q—g (bath ~ T2, vm ~ 1) |

= Soft Screening: For ¢ ~ mp, the previously derived medium response must dress this
exchange.
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Medium Corrections to Soft Exchange

How does the Plasma Response Enter a Scattering Amplitude?
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Thermal Loops Give the Medium Self-Energy

= Gluon Self-Energy: hard internal lines; thermal average with Hp.

Tr(e~Ho/T©) 1 1
Te(e=Ho/T) Jog(k) = ST foq(k) = T

(@'a)r = foa(k),  (aa")r =1+ safoa(k),  Ex=k pa=0
= HTL Scales: Hard thermal loops (HTL): internal k ~ T'; external |w|,q < T.

=] e et e s Sa.

Quark Gluon Ghost Tadpole Leading
Thermal

(O)r =

= Thermal Weights: Energy integral — fo,, fo, Weights — static m7):
d®k Nefog(k) + Ny foq(k)
T (0, ) = m2 = 44¢° 9 a
1(0,9) =mp g /(27r)3 %

o) = LorN Esafoal®] 20t (= 0)
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From Self-Energy Insertions to a Screened Propagator

= Electric Propagator: 11, is the self-energy insertion; DZ is the full electric propagator.

1
?7 Hel(07q) = m2D

1_.[01 Hcl Hcl
e = e — WQWW\ + W -

D (Full) D o (Bare)

Dé%O,O (Oa q) =

Resummed Electric Propagator
R _ PR R R
Dqy = D0070 - Doo,OHeIDoo
1 1

DR 07q = = i
009 = pr Gt a0 £ mh |

HIO,q m2
D00 _ ™5 o1 (gegm)

= Soft Power Counting: At the soft scale, every number of self-energy insertions contributes
at the same order.
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Gauss Law Gives the Same Static Propagator

I

I

1 A 2 A
4 Pina = —mpP

" Screened Field

oA 1

(@ +mb)eMa) =phi@),  DE0Q)=—=5—F |
1 i o % Poy  ©+mj !
: A :
P00 = QA = ()= FEeer p =mp!
v T )

= Screened Potential: Outside the source, (r®)” = m% (r®); decay selects e=™2" and Gauss
flux fixes its coefficient.
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Energy Transfer Requires the Dynamic Self-Energy

= Energy Transfer: w: collisionless HTL response.

:, Recall Collisionless Streaming and Isotropy; p. 15, p. 8
: th:(), Dt :8t+v'vz+Fa,ext’pr vpan :f(l)a(p)f)
(at+vv33)5fa = _gf(/)a(p)v EAT};L?(N V:ﬁ

=
Q
€
2
3
|

A Zﬁ d’p mTr(Th 6F,) *=(1,v)
Jind — 9 . (271_)3’0 'L Rr,0%a), v =LV

= Retarded Prescription: +i0".
= Isotropy: gives (v x B) -V foa = 0.
= Static Limit: At w =0, E* = —iq®" recovers 6f, = gf, 2T .
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The Angular Integral Gives the Electric Response

= Coulomb Gauge: E;, = —iq®.

: 2 3
mh=—L % dp .
i mp = dA Vaca/(2ﬂ_)3 an(p)

qp w oA
ind = — 1o P, —— = — —1, =v-
Pind ! w—qu+i0t  w—qu+i0t p=v-q
1 [ du _ 1 wtatiot
2 _1w—q,u+10+_2q gu)—q—i—iO+
! Electric HTL Response )
i w w4 q+i0" R 1 |
LTI =mp [1— —1 O = !
: el(wa q) mp |: 2q w—gq+ 0+ | 00 q2 T+, |

w=20: Il = m2D
= Radial and Angular Integrals: Radial integral: m%. Angular integral: frequency dependence.
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The Same Particles Respond to Transverse Fields

= Transverse Projection: Choose q || Z and E || X. The azimuthal average gives
(v = (1—p?)/2.

| Transverse HTL Self-Energy !
:mQDW/l (1— p?)dy :m_%[w2+i<1_tu_2)logw+q+%o+}

_ R __
HT(OaQ) - 07 DT - (w—l—iO+)2 _q2 _HT

= Magnetic Response: HTL: no static transverse mass. Nonperturbative magnetic scale ¢27T":
beyond HTL.
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The Angular Pole Explains Landau Damping

Hard K = (Ey,k), k~T

= Resonant Particles: exchange energy with the field: |w| < ¢ for |v| = 1.
= Landau Damping: This produces Landau damping in both electric and transverse channels.
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Response Also Determines Spontaneous Thermal Fluctuations

= Thermal Fluctuations: Even with zero mean color field, (A(¢)A(0)) is nonzero.

G” (w) = / dte“"(A(t)A(0)), G~(w)= / dt e (A(0)A(t))

" Thermal Fluctuation Relation

pAA _ G> _ G< — —92Tm DR, G< — ng(UJ)pAA7 G> _ [1 4 ng(W)]pAA

= Thermal Correlator: Here fy, is the Bose function at signed frequency, and
DE(t) = —i0(t)([A(t), A(0)]). These bath fluctuations supply momentum kicks during
radiation.
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Screening and Hard Thermal Loops

= Medium Response: modifies test fields and thermal-particle exchanges.

1
D (0, -, 5=
00(0,q) 2+ sz
Hard Thermal Loop (HTL)
= Hard Particles: £ ~ T
= Soft Exchange: |w|,q ~ ¢T.

= Resummation: II ~ ¢272 ~ ¢°.

= Longitudinal Static Fields: Debye screening.
= Static Transverse Fields: no HTL mass.

= Landau Damping (LO): both HTL sectors. Ovals: HTL-Resummed Propagators
+: Color Projection (Fixed Basis)
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Return the Response to the Collision Amplitude

= Interparticle Exchange: propagation dressed by the bath response.

do |M|2 i

’ Screened Scattering Amplitude |
| Msoft x g2J”DHTL( ,q)Jy (Color Indices Suppressed) !

= Current Vertlces: J1, Jo: particle current vertices; no artificial source.

= Thermal and Hard Collisions: Thermal collisions; early hard collisions produce jets and
heavy probes.

= Static Limit: Debye screening. Dynamic exchange: both HTL sectors.
= Collision Input: Rates enter the collision operator and soft-radiation kernel.
= Transport Scales: Next: resolved soft kicks and cumulative angular relaxation.
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Why a Collision is Not a Transport Relaxation

= Longitudinal Loss: Longitudinal momentum loss per kick: p(1 — cos9).

2
1—cosf ~ — 0 ~
cos 5

e ~

(O%)~N#*~1 =— N~O?

= Accumulated Deflection: ¢ ~ gT: O(g) per kick; O(1/g?) independent kicks for an O(1)
deflection.
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Collision Rate versus Transport Rate

| Collision and Transport Rates

T 43 ]
d T 1 1 !
Fsoft ~ g4T3/ —q = 9 <— = _2) ~ ng :

mp q3 2

= Soft-Collision Rate: I'y.s: resolved ¢ > mp kicks; waiting time ~ 1/(¢°T).
= Broadening: § ~ T°T, ~ ¢*T?%log(1/g); equal weight per log interval.
= Screening Region: ¢ ~ mp: full HTL required. Sharp cutoff: scaling estimate only.
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Separated Time Scales

® 9o N o
® e I,eseo )
® .... Q?xtl\\.; ® .:e,. \/ n
RN = (0 > 8
/\dB "“ T © O e
) 0o 8%°
e 0@
]
@®
® o0 ~ ei;.e:'}/gg ®e\ 00
O Dy O Sutr .. LPM; Curves: Alternative Histories  4: Color Projection.
_ -1 27 —1 4 -
7! (¢T) (4°T) [9"T log(1/9)] "
} } } } t
Tmicro Tsoft, F;C}t ~ tform Ttr = Ft_rl
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A Screened Transport Integral

= Screened Model: logarithm plus a kernel-dependent constant.

R _
i DOO(qu) - q2_|_m2D T2
T q3
I—/ q . u=¢+m}, ¢dg=3(u—m})du
0 (q* +mp)? °
1 [T+mb 1 2
m% u u

! Logarithm and Model Constant

i 1 T? + m? m?2 T 1
n IT=2 |1 D D 1| =log— — = + O(m%/T?
| 2 [og m2, * T2 + m% } mp 2 +0(mp/T7)

= Leading Logarithm: LL: universal logarithm. Constant —1/2: this model, not QCD.
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Logarithmic Accuracy and Coupling Order

= LO Operators: A: logarithmic coefficient; B: finite LO operator.
= LL: retain the logarithm; relative error O[1/log(1/g)].
= Complete LO: include the constant at the same power of g.

= NLL: next order in the inverse-log expansion.
= NLO: higher order in g.

Inverting the complete LO operator retains all inverse-log orders.
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Y

Effective Kinetic Theory and Radiation

Which Elastic and Radiative Processes Contribute at Leading Order?
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Two Collision Sectors at Leading Order

= Elastic and Collinear Sectors: Hard elastic events use the rate derived above; collinear
formation requires coherent resummation.

’ Leading-Order Kinetic Equation

 (Gi+D- Voo = —Cagoalfl —Conoalf] (@) |

2 <> 2: Scattering and Conversion

= Elastic Processes: Elastic, annihilation and Compton processes; HTL treatment of soft
exchange.

Effective 1 <» 2: Collinear Splitting

= Collinear Processes: q < qg, ¢ <> qg, g < g9, g <> qq.

The bath supplies soft momentum during formation.
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Light-Quark Conversion at Leading Log

a(P) g(F") = Soft-Quark Exchange: A soft exchanged

quark turns a hard quark into a hard gluon,
or the reverse.

Soft Quark = Species Change: small deflection.
= LL Conversion: LL quark—gluon conversion.

- ) = Massive Quarks: A quark mass m > gT
a(K) 9(K") removes this soft-fermion logarithm in LY.
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From the Propagator Pole to a Thermal Energy Shift

m2 z(1 — x2) CC+1+10+
Iy = -2 |22 1
N R 8 —1ti0+

&p fo, _ T2 &p_fo, _ T2
(2m3 p 12’ @2r)3 p 24

= Quasiparticle Energy: Particle energy: pole of the retarded propagator.

Eg—pQ—ReHT(Ep,p):O, lim Ip(w,p) = —= = m ==
w—pt 2

On-Shell One-Loop Quark Mass and Hard-Particle Energy
d? 7°  T? Crg°T?
2 ZZQQCF/( p_Jog(®) + fou®) _ 2, < LT\ _ Crg

27)3 p 12 " 24
2
E, =+/p? +moo—p+2—+0(moo/p)

= Matching and Formation: Gluon matching region: g7" < p < T'. Collinear cancellation retains the
O(g°T) shift.
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A Momentum Kick and an Emitted Gluon are Different Events

= Final State: For a tagged quark, first specify the final particles.

Elastic Kick Radiation during Scattering

q q q(p") M 9(k)

Momentum Transfer versus Particle Production
Kick: ApiL=qi, q.~gT, 60~qi/p~g
Radiation: ¢(p') — q(p) + g(k), p'=p+k, pp k~T

= Exchange and Radiation: Green: internal soft exchange. Purple: an outgoing radiated
mode.
One kick does not require the production of one gluon.

’
1

1

1

1

1

1

1

1
\

<
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Collinear Formation Time

= Transverse CM: p' = p+k; p, = —k, (daughter ¢, g).

h=kp, —pk, =p'pL =k,

2 2
pl+m
E~p,+ L2p =, 5E:Eq(p)+Eg(k)_Eq(p/)
z
"“Formation Energy and Time
2 m2 2 h2

| ok 2 2 2pkp

= Formation Criterion: The emission becomes resolved when its relative phase reaches order
one.
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Collision-Induced Radiation

qa(p) = Soft Exchange: with the bath.
= Daughters: hard, nearly collinear.
= Interference: sum amplitudes.

= Amplitude: one contributing graph.

Thermal Scatterer
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One Soft Exchange Contributes Several Radiation Amplitudes

= Common External States: Fix the same incoming and outgoing momenta, colors and
medium recoil.

Single-Exchange Exchange on Exchange on Exchange on
the Parent the Daughter ¢ the Daughter g

;;“M_ P il
X

M(l) Mparent Mq Mg

" Add the Allowed Attachments before Squaring \“
|
|
i

MD = Myarens + Mg+ Mg, PO oc [MOD)?

1
1
1
1
1

= Single-Exchange Amplitude: Purple blob: the single-exchange amplitude; LPM includes all
exchange orders.
Each term has one final hard gluon; the last term uses a three-gluon vertex.
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Early and Late Emission can Reach the Same Final State

= Interfering Alternatives: Both panels describe alternatives for the same measured ¢(p)g(k).

M Early Emission Ms: Late Emission

t1 to

| 1 — _ i
i MFI:MI,FI+M2,FI+"'7 Po(zge /BE1|MFI|2 3

« Medium Average: I, F: initial/final medium states; Z = >, e #Fr.
Add amplitudes at fixed I, F'; sum probabilities over unobserved F'.
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Formation Time Comes from the Relative Phase

= Two Histories: During 7 = to — t1, one history contains gg and the other still contains q.

———————————————————————————————————————

\

e—i[Eq(p)+Eg(k)]T - A to 5
e 1Eq(p)T ’ ¢ & (*)
! The Time Window for Coherent Emission -
i =i |
! torm ~ oE )

|Ag| < 1: Retain the Interference,

~

= Phase Averaging: Large relative phases oscillate away under the emission-time integrals.
Formation is the loss of sensitivity to widely separated emission times, not a second gluon

emission.

IV. Effective Kinetic Theory and Radiation 60/197
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Interference during Formation

: 1 . 1 i
ST
Emission Amplitude ~  ,-------------ieo -

.
Interference during Formation

2 l
DM =Z|Mi|2+§MiM; |
i i i#j )

k

= Coherent Formation: An additional
resolved soft collision has order-one
probability during formation; emission
probabilities cannot be added
Formation Time tform ~ 1/0E - independently.

A
4

= LPM Resummation: Landau—Pomeranchuk—Migdal (LPM) resummation sums all such amplitudes.
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Two Opposite Kicks Give Opposite Radiation Currents

= Abelian Example: two kicks return a charged particle to its initial momentum.

—q.L
P2 = po
1 = Soft Photon: momentum K, polarization €. The charge

Do couples with e:
. p-e . .
J(p):ep.K, a=j(p1) = j(po)

+q.1 . .

p2=po: Jjp2) —j(p)=—a
to —t1

= Interference: combine the two currents with their relative phase.

Hot QCD: Transport and Spin | IV. Effective Kinetic Theory and Radiation 62/197



How Interference Suppresses Independent Radiation

= Input: opposite currents from p. 62.

= Coherent Limit: a small phase difference between the two kicks.

i The Two Kicks Radiate Coherently

i 2

' M =a-— "%, _ AR
i 2

i 2|al

L}

Independent Kicks

= Phase Average: restores the independent result.
= QCD: adds color rotation and gluon rescattering.

= Scope: LPM example; arbitrary histories need not interfere destructively.
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Why Arbitrarily Many Soft Exchanges Enter at Leading Order

= Expansion Parameter: The relevant expansion parameter is a collision rate times the
available time.

' 1
1 1
1 1
1 1
1 1

= Ordered Times: Ordered time volume, with phase/color factors suppressed only for power
counting:

N

_ (Fsofttform)N
/(; H (Fsoft dt]) - T

<t1<---<tn<lform j=1

Soft Collisions and Hard Radiation have Different Counts

<Nsoft> ~ Lsofttform = O(].), Psplit (tform) ~ay <1

-
'

1

1

1

1

\

= All Exchange Orders: Every fixed N can contribute at the same power of g; the calculation
sums all V.
Five drawn exchanges are a schematic choice, not five emissions or a predicted collision count.
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Splitting Contributes at Leading Order

= Emission Probability: Probability per formation time: o, ~ g°.

(, Recall Formation Time and Hard Elastic Transfers; p. 56, p. 34 \
; |
i i
i i
i i
1 I

T
_ d
torm ~ (G*T) ™", Tyur ~ ¢'T? / Lng'T (0<c<)
cT

= Radiation Enhancement: collinear phase space; nearly on-shell propagators.
= Both Rates: the same power of g.
= Elastic Leading Log: Soft elastic transport adds the LL enhancement log(1/g).
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A Symbolic View of the Coherent Formation Region

Coherent Formation
A(;S’:(;E(tth) 51
Three-Line Color Interference
T,+Tyg+Ts5=0
Momentum Exchange
P+k=p + Quea
Transverse Separation

/
r, =Xq—Xy=pb
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Color Pairs Fix the Transverse Momentum Shifts

= Interference: daughter ¢, daughter g, conjugate parent q.
Ty +Tg+Ts=0, cij=3Ci+C;—Co), {i,j,0} ={a,9,0}

pxq + kxy = p'xq, b= ¥7 F(h) = /deeiih'bﬁ(b)

Pair  Separation  Shift Coefficient r  Weight ¢,

a,q kb k Cr—Ca/2
9,4 —p'b —p' Ca/2
4,9 pb p Ca/2

= Fourier Translation: ¢"9L PF +— F(h—rq.).

= Vertex: F carries transverse radiation amplitude; [h] = E?, [b] = E~2.
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Soft Fields Sampled along a Fast Trajectory

Recall Thermal Fluctuations; p.43

T
Gi}/ = []- + ng(w)]puu = ;p;_w, Puv = Gi,, — G:u = —2Im ny

G(Q) = / dla T (AL A0, GS(Q) = / dtz (4, (0) Ay (2))r

= Eikonal Coupling: gv"A,; v* = (1,0,0,1); v- A = —A° + A%
= Trajectory: x(t) ~ 2t; phase (w — ¢.)t.

1 / dt elea)e
0

2

lim — =270(w — qz)

T—00 T

{ Thermal Input for a Transverse Exchange

| dwdg, ) 3
; Ai(qr) :/ (‘;T)qz 216 (w — ¢z) v"'v" G, (Q) |

= Spacelike Exchange: Q* = ¢3 > 0; soft w versus emitted energy k.

Hot QCD: Transport and Spin | IV. Effective Kinetic Theory and Radiation 68/197



Evaluating the Trajectory Integral with HTL

= Fixed ¢1: ¢. = w; v = w/q; M = (1 — 2*)11a.

2
2 q1 dw 2 dx
- o= —1 1
¢ =1 L (L—27)=—, <z<
1 1
v DR = (1 - 2? -
b =0T | F @)~ @ @)

A2 [ldo 1 1

= m —
T ), [qurHT(m) tﬁ+HL(l’)]

= Causality: subtracted dispersion relation; no upper-half-plane poles.

;/ The Spectral Integral Reduces to HTL Endpoints
2 [fde 1 _ 1 1
T ), = ¢ +1a(z) ¢2 +1.(0) ¢% +1a(co)’

Q
I
s
=

= HTL Limits: p. 40, p.41; co in complex z.
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From the HTL Integral to Color-Pair Weights

VYR I SR S U R R U
T ¢ +m%/3 ¢ +md @ ¢ +my)/3

Longitudinal Transverse

3 9. g1 tmp T(af +mp)
i g2ecr
] WT(ql) = (271')2 AL(QL), S {kv -p 7p}

= Pair Weights: ¢, from p.67; W, enters C| on the next page.
= Single Line a = ¢, g: replace ¢, by C, to obtain a positive probability.

2
dP, = ( " > Ai(qr)dg.dgydt,  d’qu = dg.dg,
= Interference: ¢, = —1/(2N.) < 0; individual W, are not probabilities.
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One Formation Step: Phase and Transverse Exchange

= Fixed Kinematics: (p’,p, k).
= Soft Exchange: h - h+rq,.
= Formation Phase: e 9F°%t,

= Local Step: typical ¢ ~ gT.

Thath ™~ (gT)71 < ot < tform

= Virtual Subtraction: preserves a constant
transverse amplitude.

C (constant) =0

Exchange and Virtual Subtraction

©FM) =Y [ Eau W) P - Flh - ra)
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From the Relative Phase to Interference Evolution

= Interference: qg in the amplitude, ¢ in its conjugate; fixed (p',p, k).

" Recall Free Phase and Transverse Exchange; p. 60, p. 71
e WE®T oy 4, >0, (AEF)(h) =dE(h)F(h)

= Operator Action: §E multiplies; C. mixes transverse momenta.
= AMY Matching: self-energies and exchange ladders give this C, .

= Propagator U/: evolves the averaged interference; acts on vertex functions of h.

Thath < 06 < tiorm,  UL) =1 — §t(10E 4+ C1) + O(6t7)

" Local Evolution after Medium Averaging

0.U(T) = —(6E +CU(T),  UO) =1 |

1
1
1
1
1

Validity: weak coupling; nearly collinear motion; bath stationary during formation.
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Integrating the Formation History Gives the LPM Equation

Medium oh

q(p")

Y
4
~

h=—pk, (Transvers; CM) ttorm ~ 1/0E

= Source Vertex: 2h in AMY normalization; U/ acts on this function of h.

= Effective Vertex: F. integrates the propagation from p.72 over 7 > 0.

F.= / dre “"U(T) 2h, e>0
0

T—r00

(e+i0E+C1)F. = — [e"U(7)] _ " 2h =2h

= Boundary Terms: ¢ damps the upper endpoint; I/(0) = 1 supplies 2h.

" The Source is the Zero-Time Boundary Term \“
1
1

F= lim F., (i6E+C.)F=2h
e—0t

[
1
1
1
1
|
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The Same Equation Sums Every Collision Insertion

" Recall Integrated Formation Equation; p.73
(e+i0E + C1)Fc = 2h, e— 0"

F PRy R = [(e +i6E) ™ — (e +i6E) T Cu(e +i6E)
n=0

4 (e +16E) " CL(e + 16E)"*CL(e +16E) " — - ~-]2h.

= Each Insertion: exchange plus virtual subtraction; operators act from right to left.
= All Orders: Tsofttiorm ~ 1; no extra power of g suppresses another insertion.

= Computation: solve the full equation; no assumed series convergence.
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The Explicit Equation for the Splitting Vertex

3 2 2 2 h2 3
; 0F = = d = k ]
\ 2% 2 o T opkp P TPT ;

" The Three Color Pairs in One Integral Equation

 o—uBRW e [ A @){(Cr — SONIP®) ~ B~ bau)

(2m)2

= Inputs: thermal masses, A, fixed (p',p, k).
= Unknown: F(h); coherent transverse radiation vertex.
= Three Pairs: the same Wy, W_,/, W, from p.70.

= Negative Weight: positivity belongs to the complete color sum.

Hot QCD: Transport and Spin | IV. Effective Kinetic Theory and Radiation
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The Complete Color Sum is Nonnegative

= Color State: (clc) =1; ), T
= Pair Weight: ¢;; = —(c|T; - T, | )— Cr.

>0

POV

= Norm Expansion: diagonal charges cancel the constant pair sum.
= Position Space: multiplication by C; (b) > 0.

= Momentum Space: Fourier transformation preserves the quadratic form.
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The LPM Solution Gives a Nonnegative Radiation Weight

= Radiation Weight: interference of bare vertex 2h with dressed vertex F.

Nonnegative Interference Integral

3 d2h d2h
| S8 g oh= [ L Fr . F>
| Re/(27r)2 / mp b =20

= Phase Term: purely imaginary in this quadratic form.
= No Kicks, 6E > 0: F =2h/(i0E); zero induced rate.
= Next: spin/color prefactors; then statistical occupations.
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From the LPM Vertex to the Splitting Kernel

= Channel a = ¢, g: solve F, at fixed (p/, p, k).

" Channel Splitting Kernels

3 d,Coas [ d?h i
i / ALy W i
- Faltopi k) = 2(2m)3 /(27r)2 2h-ReFo(bip',p. k)
3 . p/2 +p2 g p/4 +p4 + k4 3
i a9 = s’ O Vg = P g |
1 2 2 :
i p°+ k ;
V30’50, k) = Wﬂ(kv —p,p') ;

= F,: transverse vertex; F,: its integrated interference weight.
= . spin/color-summed kernel, [y] = E?; probability on p. 80.
= Crossing: F,(k,—p,p’) reuses the quark vertex with crossed momenta.
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Splitting Gain and Loss

Splitting: Parent Loss

Bi.(v'sp, k) = fa(p/)[l + 50 fo(PL + sefe(k)] = [1 + safa(P)] fo(p) fe(k)

Ca,102(P)| = Z/ dpdk 8(p — p — k) X 76 (0's 2, k) Bic (05 1, k).

parent 2p/2]/

= Collinear Momenta: p’, p, k share the same direction; the superscript labels the parent.
= Parent Depletion: positive B;, gives D, f, = —Cq < 0.
= Detailed Balance: p' = p+ k and pi, = s + e give By.[fo] = 0.
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From the Splitting Kernel to a Quark Probability

g9(k)
q(p) = Parent: fixed p’; p=p' — k.
@ = Resolved Daughters: p, k > ¢7T.
= Quark Average: v, = 2N,.
a(p) = Counting: two gg orderings cancel 1/2.

Medium Interactions Included

dPy—sqg = Ry—qq(k;p') dk dt
(2m)°

= 2
pyg

Ve 050" — K, k)1 — fog(p' — k)I[1 + fog(k)]

Fsplit(p,) = / dk Rq%qg(kﬂp,% ] = E2a Rl=1, [[oput]=F
resolved
= Inclusive ~: all formation exchanges already included.
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The Same Splitting Also Feeds Its Daughters

= Tracked Daughter: a(p) in c¢(p’) <> a(p)b(k); p' = p + k.

Splittin Inverse Mergin
P & a(p): Gain %—ga(p): Loss

c(p'): L — c(p’): Gain < - .
3 . b(k): Gain 8 ’ {D:\~ b(k): Loss

. Daughter Gain and Inverse Merging

Ca,162(P)|danghter = — (py Z/ dkdp 5(p+k — p') X e (02, K) B (0 9, )|

Ca,1<—>2 - Ca,parent + Ca,daughter

= Same Factor: B, is defined on p.79; c is the parent and a, b are the daughters.
= Daughter Gain: the overall minus sign makes splitting a gain under D, f = —C.
= Counting: either daughter can be tracked; no additional 1/2.
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The Full Splitting Term Conserves Energy

= Energy Moment: add the parent and both daughter contributions.
= Collinear Accuracy: use E,, = p in this splitting term.

(, Splitting Conserves Energy
3 > v L —12 o md’ddké(/— —k)
3 a (27_‘_)317 a,1<2 = 2 ; g p dp V4 p

X Yoo (s 2, k) Bie(p's . k) (0 —p — k) = 0.
\—v—/

= Same Factor: Bj. from p.79 includes splitting and inverse merging.
= Counting: parent coefficient 1/2; daughter terms averaged over the two orderings.

= Conservation: the same event argument applies to allowed flavor charges.

Particle Number: 1 —1 — 1 # 0; number need not be conserved.
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Quark Daughters with One Statistical Factor

Quark Daughter: ¢;(p); parents ¢;(p’) and g(p'), i =1,..., Ny.

Common Arguments: every v and B below is evaluated at (p’;p, k); B is defined on p. 79.

" Both Quark-Daughter Channels

- / dkdp"6(p+ k —p') |vaig
L 0

qu,1<—>2 (p) |daughter -

Statistics: s, = s = —1, s = +1 in the single definition of .

Inverse Processes: each B already contains inverse merging.

Hot QCD: Transport and Spin IV. Effective Kinetic Theory and Radiation
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Antiquark Daughters with One Statistical Factor

= Antiquark Daughter: ¢;(p); parents ¢;(p’) and g(p’); quark and antiquark occupations
remain independent.

= Common Arguments: every v and B below is evaluated at (p’;p, k); B is defined on p.79.

;/ Both Antiquark-Daughter Channels !
i 2r o % el )
1 quvlﬁz(p)ldaughter = _p2y— dkdp,(S(p—i-k —p/) ’Ygingig J’_’ygiqz'Bgiqz']' 1
! i Jo !

() < apgk),  g9@) < @(p)a(k)

= Daughter Order: v, (p';p, k) = 75,5 (0's k, ).
= Gain Sign: positive B feeds the daughter under D;f = —C.
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Gluon Daughters with One Statistical Factor

= Gluon Daughter: include ¢ — gg and radiation from every q;, q;.

= Common Arguments: every v and B below is evaluated at (p'; p, k); B is defined on p.79.

i All Gluon-Daughter Channels

2m)® [
Cg12 (p)‘daughter = (pgy) / dkdp’ 6(p + k —p/ {'Ygngg + Z ['qungzh
g Jo

1
1
1
1
1
1
1
1
1
1

= Daughter Order: i, (p';p, k) = vdiq(p'; k, p); likewise for ;.
= Counting: keep quarks and antiquarks separate; no extra 1/2.

IV. Effective Kinetic Theory and Radiation

Hot QCD: Transport and Spin

Qz B%

9‘11

949

\
1
1
1
1
1
1
1
1
I
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Quantum Formation Fits Inside a Local Kinetic Collision

= Kinetic Interval: resolve a completed splitting.
= Background Time: Tedium-

' Recall The Probability of Completing a Splitting; p. 64, p. 65
! =il 4 =il
! 1_‘split RI as/tform7 Tsplit = Fsplit ~ (g T)

(, A Time Interval that Resolves Completed Splittings i
i trorm K At < min(Tsplita 7—medium) 3
' Coherent Formation — Yag — Cis2[f] |

= Formation: coherent sum over emission and soft-scattering histories.
= Coarse Graining: completed splittings become gain/loss events.
= Successive Splittings: repeated kinetic events.
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Consistent Treatment of Overlapping Regions

= Overlap: nearly on-shell exchange and successive splittings.

:/ Recall Asymptotic Energy Shift; p. 54 \
i 2 2 22
| 2 mp 2 CrgT® |
 Bp=p+Eae., omi =T mi, =TT

AMY Prescription at LO

= External Kinematics: Massless external kinematics in 2 <> 2.
= Soft Propagators: HTL self-energies when P — P’ or P — K’ is soft.

= Formation Energies: Asymptotic masses in collinear formation energies.

= Other Prescriptions: explicit overlap subtraction required.

Hot QCD: Transport and Spin | IV. Effective Kinetic Theory and Radiation
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Domain of the Effective Kinetic Theory

= Weak Coupling: hard quasiparticles dominate.
= Smooth Momentum Distributions: slow variation during formation.
= Internal States: Color-singlet, spin-unpolarized occupations.

= Background Isotropy: Approximately isotropic backgrounds; generic large anisotropy can
cause soft instabilities.

= Controlled Application: near-equilibrium transport.
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Constructing the Collision Operator

Particle Content: species and equilibrium occupations.
Elastic Input: Screening masses and 2 <+ 2 amplitudes.
Radiation Input: Transverse LPM equation and splitting kernels ~;' .

Quantum Statistics: Quantum gain—loss factors for both sectors.

A

Transport Input: Source, conserved modes and measured moment.
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V

Transport Coefficients

How does the Collision Operator Determine Diffusion and Viscosity?
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Transport Coefficients

= Frame: local rest frame.

;/ Constitutive Relations !
Jh=0gE',  J)=-Dding
TV = —p£9 —(69V u, 9 = du; + dju; — 269V - u |

= Charge Transport: o¢: conductivity; D: conserved-charge diffusion.
= Viscous Transport: 7): shear viscosity; (: bulk viscosity.
= Complete LO: AMY-T computes 1, D, o¢ at complete LO.
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The Linearized Collision Operator

= Reference: C[fy] = 0; streaming of local equilibrium supplies the drive.

| Difo=—Calfl,  8fa(P) = fou(Ep)[L + 5a foa(Ep)]ga(p)

BT ool < e LB + efon B+ s E]on(91,)

Driven Linearized Kinetics
Dy f Oa (Ep)

(81: + Vp - vz)¢a + (E¢)a = ©Oa, Sa == an(Ep)[l + Saan(Ep)}

(L)a(p) (6)

e=0

.
0
1
1
1
1
1
\

= Linear Response: neglect products of gradients with ¢.
= Stationary Transport: Lo = S; collisions mix the species b.

Hot QCD: Transport and Spin | V. Transport Coefficients 92/197



Linearizing Gain and Loss

= One Statistical Factor: linearize Bay from p. 22; Bas[fo] = 0.

5 fa(P)

fa(p) 1 Sa _
foa(Ep)[1 + sa foa(Ep)]

1+ safa(P) - Joa(Ep) - 1+ sa foa(Ep)

" Linearize the Collision Statistical Factor

0B22 = foa(Ep) fon(Ex)[1 + scfoc(Bp)|[1 + safoa(Ew)] % [$a(P) + ¢ (k) — de(P') — pa(k)].

= ¢a(P).

= Cancellation: differentiate the two products in Bs2 and use detailed balance.
= Equilibrium Product: the positive coefficient is shown explicitly; Baz[fo] itself is zero.

= Invariant: an event-conserved perturbation makes the last bracket vanish.
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Deriving the Shear Source

= Shear Flow: u,(y) near u = 0; X, = dyu,.
= Reference: §f, = f, — fioc.

aE’an(E]) = _6f0a(E)[1 + Saan(E)]
b = foa(By—p ), 00y f5° = Boa(Bp)[L + s fou(Bp)| LY S,

EP
{ Shear Driving and Measurement B
| (L0)a(p) = ~B7 2 Ss, |
b P 1
i d " i
eT =Y, / PPy 0 Bp)[L + 50 foa(Bp)|$a(P) = NS0y |
: (27T) Ep 1

= Same Momentum Factor: p,p,/E, drives and measures shear stress.
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Conductivity and the Einstein Relation

= Electric Force: F, ot = g, E.
Vpfoa(Ep) = =B foa(Ep)[1 + safoa(Ep)|Vp, Sa = Bqavp - E

= _ﬂQan . v,Uva XQ = gzz 5 Z / an []- + Saan( )]q2

= Same Vector Sector: electric field and chemical-potential gradient.
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Detailed Balance and Positive Dissipation

= Detailed Balance: L is self-adjoint; the equilibrium product multiplies a nonnegative event square.

Positive Collision Quadratic Form

> / (;‘Tf)’ Foa(Ep)[L + Safoa(Ep) ¢4 (P)(L20526)a(P)

a

- _Z/dﬂ A, dIL,, dIT, (27)*6* (P + K — P’ — K')| M2
abed

X foa(Ep) foo(Ex)[1 + sefoe(Ep )L + safoa(Ew)] X |¢a(P) + ¢p(k) — ¢e(p') — ¢a(k)[* > 0.

= Splitting: the corresponding positive square is |¢o — ¢ — de|>.

3
3003 v [ o ool B+ s S Bl

=Y v [ oo B + s S BN ). <
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Conserved Modes and Matching

Recall Conserved Collision Moments; p. 32

d3
Zyﬂ/ﬁxaca[‘f] = 07 Xa = EP7 Pi;, qa

.

= Equilibrium Shifts: Temperature, velocity and conserved-charge shifts move equilibrium.
= Projection: Project conserved modes out before inversion.

= Stationary Solution: source orthogonal to every zero mode.

Transport Sectors

= Shear: traceless rank two.

= Charge Current at p = 0: charge-conjugation odd; orthogonal to momentum.
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Fix the Local Equilibrium before Inverting Collisions

= Matching: fix local T, u, uq by setting conserved deviations to zero.

ZVa/ my on(Bo) L+ 0 fou(By) By = 0
(5P Zl/a/ d P an [1 +8af0a( )]pl(ba =0

Zl/a/ an [1+saf0a( )]Qa¢a =0

" Source Solvability

Lo=8, Lza=0 = Z / 3f0a )L + Safoa(Ep

=
N
*
1%
I
o

. Reason: self-adjointness moves £ onto the conserved mode z,.
= Ambiguity: adding a conserved mode changes the equilibrium parameters.
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Project Conserved Modes Out of the Inverse

= Normalized Conserved Modes: choose z, with Lz, = 0.

: Explicit Orthogonal Projection

? &k .
- (PLa(p) = a(p) = 3 zualp) Zub / GBI+ sofon (Bl () 0.

= Inverse: £~! acts on this nonconserved subspace.

= Species and Momentum: both are summed inside the projection integral.
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Angular Sectors

= Isotropy: independent angular sectors /.

$a(P) =D Gatm (p)Yem (D)
m

Sector  Angular Structure Disturbance
/=0 Scalar Temperature, Density, Bulk
/=1 Di Current, Momentum

(=2 Dipj — 0ij/3 Shear Stress

= Perturbation Wave Number k: k = 0 gives radial equations.
= Streaming: finite k& couples adjacent /.
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The Shear Angular Factor

= Rotational Symmetry: rank-four angular average.

:/ Recall Single-Particle Shear Moment; p.94 |
| 2 i
: pzpy _ p_ A A I
: E, Eppwpy )

(PiDDrP1) o = a(0ij0r + Oirdji + Sidjn)

Z(ﬁ?ﬁi)ﬂ —1=a(94+3+3) = a=—
ik

Shear Angular Normalization

I
1
1
1
1
1
1
1
1
\

= Radial Reduction: shear angular factor 1/15.
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Viscosity as an Explicit Momentum Integral

= Inverse: restrict £~! to nonconserved modes; the source has components p,p,/E, for each
species.

D) = =35y | £ (pEp)] ®

. d®p Pap
5T Y= Zya Tan(Ep)[l + Saan(Ep)]iy(bshear,a(p) = _nzmy

a

Viscosity from the Full Stress Moment

1=pY / (;i%an(Ep)[l‘FSaan(Ep)]pz—z:/ I (p;—ff)}a(m (8)

’
1

1

1

1

1

1

1

1
\

= Species Mixing: brackets denote the a component after applying the inverse operator.

= Dimension: [n] = T3.
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Conductivity as an Explicit Momentum Integral

= Electric Response: invert the source 3¢,v), - E.

i d’p il j
Jo = BE; Z Va /Wan(Ep)[l + 8a.foa(Ep)]qavy {E I(vai)]a (p) = 0qFE;
Conductivity and Diffusion

3 3 g
oQ = gZZ”& /((;TI;?)foa(Ep)[l + safoa(Ep)laavh [ @d)], (), D=2

=1 a

= Operator Input: g,v}, is a function of input species b and momentum k.
= lIsotropy: average over three spatial directions; [og] =T, [D] =T
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Viscosity in a Relaxation-Time Model

= Model: massless gas; constant 7; shear operator £ =1/7.

T 3
n= % ; Va / ((2171_1))3172]0%(27)[1 + 5a.foa(p)]

f()a(p)[l + Saan(p)] = *Tapan(p)

= Scope: one relaxation time; AMY keeps the full collision operator.
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The Variational Principle

= Shear Example: real trial functions v, (p); conserved modes excluded.

Zya / b (B + 50 fou (By) {m( >“iy—§wa<p><z:w>a<p>]

Q=" v / (d T3 Joa(Ep)1L + safou (By)|6a(p) {I’EP - (Lzma(p)}

a

1 Complete the Square

Q161 = 5 e [ gafad Bl +0fi(® iz o (B |

*p
(2r)®

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
\

= Lower Bound: nested trial spaces improve the maximum monotonically.
= Current: replace pyp,/E, by qavg for a fixed component.
Hot QCD: Transport and Spin | V. Transport Coefficients 105/197



From a Functional to a Matrix

= K Real Basis Functions: ¢,(p) = Zﬁil a, Py o (P).

Zya/ d P an [1 + Saan( )]q)r,a(p)(ﬁq)s)a(p)

Z Vq / an [1 + Saan (EP)](I)T,(L (p) vapy

= Basis: choose the shear angular structure and appropriate radial behavior.
= Matrix Elements: elastic phase space and embedded LPM solutions.
= Convergence: refine quadrature and basis separately.
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A Two-Component Variational Example

2 -1 1
Mz(_l 2>, b:<0>, Q:al—a%—i—alag—a%

as =0: a1 =3, o =1
-1 2/3 2

= Mixing: collisions populate the component absent from the source.
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Expanding in the Inverse Logarithm

L=g'TIA+ B(uog)l, A =log(pog/mp), piog ~T
B(Nlog) =B+ AlOg(T/y,log)

£ A_IB(#log)A_l + A_llg(ﬂlog)A_lB(Hlog)A_l
A A2 A3

.
Inverse- Log Expansions

i - /Llog ~ T /Jlog i
3 4T Z log™ (,ulog/mD) K Z log™ Nlog/mD) i

= Operator Ordering: Preserve the order of noncommuting operator factors.

= Inverse-Log Expansion: Asymptotic inverse-log expansion; zero radius of convergence.
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AMY Next-to-Leading-Log Parameters

= Scale Choice: i, cancels the second inverse-log coefficient.

Group Ny Dy pup/T m o fan/T

SU(3) 0 16.060 2.699 27.126 2.765
SU(3) 2 12.999 2.887  86.47 2.954
SU(3) 3 11.869 2.949 106.66 2.957

= Ny = 0: quark probe in a gluon bath.
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The Constant Inside the Logarithm

30

¢*TD

10

Hot QCD: Transport and Spin | V. Transport Coefficients

20

| = NLL: ps/T = 2.949

—-- LLiueg/T =1 .
0.2 0.4 0.6
mD/T

Plasma: SU(3), N; = 3.

Leading Log: common asymptote.
Finite Coupling: separated curves.
Check: NLL against complete LO.
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Complete LO Flavor Diffusion

40 T T T T

35 1

30 - b

o5 = Vertical: ¢'TD,.
e~ i | = Horizontal: mp/T.
vg 20 t § = Flavors:
Q Ny =0,2,3,4,5,6.

15 1 = Collision Sectors:

Elastic + LPM.

07 ‘ - l = Validity: mp/T < 1

5| T | required.

0 1 1 1 1

0 0.5 1 1.5 2 2.5

mp/T
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AMY Results and Accuracy

= Complete LO: 1, D, o¢ from elastic and splitting sectors.
= Reported Basis Errors: < 10~ with four functions; about 1% with two.

Inverse-Log Series: asymptotic, with zero convergence radius.

= Uncertainties: Numerical convergence and omitted higher orders in g: separate uncertainties.
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VI

Retarded Response and Spectral Functions

How does Relaxation Determine the Response at Finite Frequency?
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Which Response are We Calculating?

= Different Observables: color response versus stress relaxation.

Perturbation Responding Quantity =~ Weak-Coupling Scale
Soft Color Field Induced Color Current g7
Shear Deformation ~ Stress T%Y g*Tlog(1/g)

Dfir, — Screened Scattering Rates — £ — G/ (w,k)

= HTL Input: screened rates inside L.
= Metric Source h;;: differentiate stress at h;; = 0.
= Response Probe: no physical gravitational field required.
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Retarded Response: Definition and Sign

= Finite-Frequency Drive: resolve relaxation times.
Hint(t) = - /de h(tv X)B(tv X)
t

S(A®) =1 / dt’ ([Hins ('), A(1)])

— 00

G (t,x) = —i0(t)([A(t, %), B(0)])
GAB(w, k) = /dt APy et -ikexGaB (1 x)
Response and Spectral Convention

§(A) = —GpPh,  pAM=—2ImGAt |

’
1
1
1
1
\

= Causality: analytic for Imw > 0.
= Decay at £ = 0: poles w = —i\, A > 0.
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Why Spectral Weight Describes Absorption

M) = [t A0, A0 = 5 (e — Pl AP0 — Bn + E). |

Ep—E,=w>0: ~ =——(1-e)>0
= Absorption: n — m absorbs w; reverse transitions subtract emission.
= Parity: exchange n,m to obtain p*4(—w) = —pA4(w).

= Channel: the actual matrix element selects the observable.
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Geodesic Motion in a Space-Time Metric

Free Motion: geodesics in g, ().

= Connection: FZB: gravitational momentum change.
Position-Dependent Mass: an additional mean-field force is required.

= Streaming: use this phase-space flow in the kinetic equation.
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From Geodesic Motion to Coordinate-Time Evolution

= Input: phase-space flow from p.117.

Recall Flat-Space Collision Normalization; p. 26
C:¥ = EpCa, P°=E, in the flat-space inertial frame

PNy

;/ Covariant Streaming and Coordinate Time

1 o P 3
‘ Pr— _T¢ PP | f,=—C5 ‘
i |: Okt ap 8pz:| f Ca [f] :
| dfa P, TiP*P? 91 _ cov i
: dt [at % - — o opi | ¢~ PO !

= Collisions: evaluate in the local orthonormal frame.

= Metric Perturbation: weak h;; supplies the streaming source.
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How the Metric Drives a Distribution

= Massless Limit: g;; = 6;; + hij, goo = —1, goi = 0; use p'.
dpPH I’ZBPO‘PB

En = \/gi;p'p3, =
n =/ 9ip'p T ,

Tty = 59" (0agus + Osgva — Ovgas),
dE P’
h _ pp athij7 aEan(E) — 7ﬂf0a(E)[1 + Saan(E)}

444444\\
o
(=g
=
)
£
S
o
=
5]
o
o
wn
(=]
=
ES
a
o
(=g
o
I
3
wn
-
o
3
a
)
2
%

= Reference: 6f, = fo — foa(ER).
= Shear: hey = hy. = h gives ffoa(Ep)[1 + Safoa(Ep)](pepy/Ep)Oih.
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A Metric Source for Shear Stress

= Stress Source: Hiy = —3 [ d3a T¥hj; hyy = hyy = h(t, 2).

8o = fou(Bp) L+ sa fou(Ep)lde
(8 +v:0:)3 fu + B fou(Bp) 1+ safou(Ep)| P 0ch = —fou(Ep)[L+ 50 fou (By)] (L6)e.

L —iw + ikv,)é = iwp PPy p
( ¢ -

P

d’p Pzp
Ty __ Y _ _ ryTy
ST = Ph+§ Va/(27r)3f0a(Ep)[1+saf0a(Ep)] E, ¢pa = —Ph — GZ'™"h

= Contact: Tei({ = Pg" gives —Ph; the integral is the dynamical part.
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The Retarded Kinetic Inverse

= Retarded Boundary: turn on the source from the remote past.

R(w, k) = [£ —i(w +i0T) + ikv,] "

3
CH™(w,k) = —iwB > va / éTI)gfo(L(Ep)[l + Safoa(Ep)]

o e ()]

= Static Limit: R(0,0) = £~! on nonconserved modes gives viscosity.
= Time and Space: —iw describes time dependence; ikv, describes streaming.

= Finite k: angular mixing and conservation constraints.
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Deriving the Transport Limit

= k = 0 Shear: no overlap with conserved modes; assume finite inverse moments.
(L—iw) ' =L +iwl™? + O(w?)

3
G (w,0) = —iwB Y v / (ngf;,fm(Epm+saf0a<Ep>1p;py [cl (%pﬂ +0(w”)

= —iwn + O(w?)
! Kubo Limits 3
1 VY (w,0) |
| TYTY — _21 Gzywy ﬁ = l~ p ) 1
& mER T T 2w ;
| L P(w,0) -
[ = lim ————= for the fl & o |
i 0oq = lim ==~ or the flavor current Jg |

= Dissipation: the viscosity in p. 102 is the spectral slope.

= Real Contact Terms: no spectral contribution.
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What Imaginary-Time Correlations Measure

= Connected, Relaxing Correlator: imaginary-time weights.

:/ Recall Thermal Weight and Spectral Parity; p. 43, p. 116
: p(w) :
:\ G”(w) = 1_ B’ p(—w) = —p(w) !

Gu(r) = (A= AO)) = 2 3 FE T E Bl alm) P Gip(r)

nm

Imaginary-Time Spectral Kernel

[T dw coshw(r — 8/2)] i
GE(T,k)—/O %P(W’k)m :

= Odd Spectrum: combine positive and negative frequencies.

= w < Tt kernel 27 /w averages over the transport peak.
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oo% 1—ebw
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Resolving the Relaxation Spectrum

= Nonconserved Modes: Le,, = \e,, A\, > 0at k=0.

S [ g ool Bo)l 4 S Bl @) =

0 o [ oo B+ s Bl ) 222

= Width and Weight: )\, sets the width; the full squared integral sets its contribution.
= Continuous Spectrum: replace the mode sum by an integral.

= Scope: viscosity alone cannot determine the full spectrum.
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A Single Relaxation Mode

q 11

5 — p/(2wn) it

g === ReGR/(wn) A=1/r, Gp=——"7"—

& 1 —iwr

E R NG = Width: ~ 1/7.

Tg“ S N T = Longer Lifetime: narrower peak.

2 ok | | ] | = Finite Frequency: phase delay.
0 1 2 3 4 = Example: one analytic mode.
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VII
Momentum Diffusion and QCD Spectra

What does the QCD Collision Operator Predict for Spectral Functions?
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Gain and Loss between Momentum States

= Probability Density: dP = W (p,q)d®qdt for p — p +q.

Gain: W(p — q,q) Loss: W(p,q)
-m /—\ i e-mTTTTTTTTS- == -m
S e __-=-- - \_/
Loss: W(p, —q) Gain: W(p+q,—q)

} 0s0) = [ @' W (o - a,@)f(p ~ @)~ W(p,) o)

= Gain: a populated source state enters the selected momentum state.

= Loss: a particle leaves the selected momentum state.
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From Small Momentum Transfers to Diffusion

= Expansion: second order in momentum transfer; start from p. 127.

WHP—a,q) = W[) =@y, (W[)+ 3¢iq;0p,0p; (W f) +

atf = _api (Alf) + %apiapj (Bljf)

Moments: first — drift; second — diffusion.

= Whole Plasma: perturbed partners supply the conserving bath response.

Hot QCD: Transport and Spin

VII. Momentum Diffusion and QCD Spectra
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From Elastic Scattering to Soft Gradients

= Pure Glue, Leading Log: expand the event perturbation for soft q.

pP=p-q, kK =k+gq
#g(P) + dg(k) — pg (Pl) - d)g(k/) = Gi[Op; 0¢(P) — Ok, g (k)] + O(‘ZQ)

s _ 0°Cam} @ T o _
e = L oyt pmp), [ E I+ ) = 5 T =% )

= Exchange Tensor: % is the soft-exchange integral weighted by ¢;q;.
= Coulomb Logarithm: screened exchange supplies f;‘:D dq/q.

= Event Square: local loss and correlated bath response come from the same square.
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Why Only Two Bath Moments Remain

= Isotropic Equilibrium: fy (k) depends only on k& = |k|.

3
/ S0 o @)1+ foo )][B:0, by — 5:5n:b6]

= _/ d’g {819] [fog(P)[L + fog(P)]Ds] — O, [foq(P)[L + ng(p)]ﬁj}} =0.

= Integration by Parts: surface terms vanish at the physical boundaries.

= Radial Weight: its derivatives are parallel to p; the antisymmetric part is zero.
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The Correlated Bath Response Leaves Two Integrals

= Contraction: use the vanishing antisymmetric moment from p. 130.

Scalar and Vector Bath Contributions

/d3pd3 s s n & |
2r)® fog®)[1 + fog(p)] fog(k)[1 + fog (k)] X [0p; dg(P)]"[Biks + kipj + (1 — B - k)Ji;]0k; g (k) 3

e e

= Scalar Integral: energy transferred to the bath.
= Vector Integral: momentum transferred to the bath.

= Conservation: both integrals are needed in the conserving collision operator.
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The Conserving Quadratic Functional

= Per Gluon State: local gradients and the two explicit bath integrals.

Conserving Collision Functional

drag 3
Tign) = 5 [ 5B oot + oIV

3udree | [ @ ) P 3udes| g3 ’
- / o @L+ fos (PP Vods| — T / Gy Jos L+ Joa )]V

57 = Re | 4P_54° 1 c
~ Re / 50 fog D)L+ foo P11,
01 fg = —fog(P)[1 + fog(p)| L1y

= Variation: integration by parts gives local diffusion and conserving gain.
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Soft Kicks as Momentum Diffusion

= Local Term: vary the first integral in p. 132.

;/ Fokker—Planck Equation
i (O +v-Vi)ify = Tugragvp {fog@)[1 + fog(P)]Vpog} + Gain,

6fg = fog(P)[1 + fog(P)]dg-

jp = _T.U(giragf()g (p)[l + ng (p)}qubg

- H sfane o drag . drag H H
Drag and Diffusion: 1™ is the drag scale; T'uy™® sets diffusion.
= Loss: -V, -j, redistributes particles in momentum space.

Positive Form: Tugragf 27) 3f0g )L+ fog(P)]|Vpig|* = 0.
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Restoring Energy and Momentum Conservation

= Bath Response: the two nonlocal terms follow by varying the last two squares in p. 132.

Conserving Gain with Explicit Statistical Factors
drag

3
Gain = — L0, oo )11+ fos 0]} [ G55 P O+ ok T (1)

drag 3
-G o @)L+ Fos @)} / LE o R+ foo ()] V iy ().

d3p o dBp .. d3p . dBp .
[rean=- [okpin [ can=- [k

= Cancellation: these moments cancel those of =V, - j,.

= Normalization: f%fog(p)[l + fog(p)] = T?/6 fixes the coefficient.
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Checking the Conserved Modes

= Temperature Mode: ¢, = p/T.

3 dragm3
p = drangg( ML+ fog(P)]Ds /(gﬂ)sf’ Jp = e 6 r
dra
Loss = Op{P* fog ()1 + fog(p)]},  Gain = p)[1+ fos(p)]}
¢g =p./T: Loss = dr *0p. { fog(P)[1 + ng(p)]}, Gain = —Loss

= Conserved Modes: loss and gain cancel for energy and momentum shifts.
= Gain Sectors: ¢ =0, 1; no gain for £ = 2 shear at k£ = 0.

= Streaming: preserves m and couples adjacent /.
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The Soft Boundary Condition

= Soft Gluons: fo,(p)[1 + fog(p)] =~ T?/p?; density per internal state.

Jpum T2
g9,<Ap _| A
vy  2m? %9(0)Ap

:’ Soft Boundary Condition
L p)— 0 (p—0)  (12)

= Soft Equilibrium: Fast emission and absorption pin the soft population to equilibrium.
= Gluon Number: not a conserved zero mode.
= Boundary Physics: Soft number-changing physics survives in this LL boundary condition.

Hot QCD: Transport and Spin | VII. Momentum Diffusion and QCD Spectra 136/197



Radial Equations and Angular Mixing

L] Angular Mode: ¢g<p) = ng (bg,fm(p)nm(f))

L mae
- ng(p)[l + ng(p)}

{ Radial Loss Operator

_ . Tuge >
- p2f0g(p)[1 ¥ ng(P)} ap{p fOQ(p)[l + ng(p)}aP} +

Tugree(e + 1)

/2 —m?2

cos O Y, = aé+1,mY£+1,m + almyvﬁfl,ma Apm = m

= Gain: allowed ¢ = 0, 1 sectors; ¢y — 0 at p = 0.
= Large p: no exponential growth; foq(p)[1 + fo4(p)]ds decays.
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Solving at Fixed Frequency and Momentum

Recall Shear Equation and Full Measured Moment; p. 120, p. 121
(£ — iw + ikvs)p = iwpBPEL R
E,

3
G = =13 ve | S foal B+ e foa( B E22% g ()

1. Source: choose the metric or flavor-current source.

2. Basis: represent £ — iw + ikv, in radial and angular bases.

3. Constraints: impose boundaries and conservation constraints.

4. Response: solve for ¢ and evaluate the full stress or current integral.

5. Convergence: refine radial spacing, momentum range and angular cutoff.

= Checks: zero modes, Kubo limits, hydrodynamic poles and free streaming.
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Stress Channels at Finite Momentum

= Wave Vector: k = kz.

Channel Probe Long-Wavelength Content

Shear T Transverse Momentum Diffusion
Sound  T%? Energy and Longitudinal Momentum
Tensor  T%Y Stress; No Conserved-Density Pole

Bulk 71",  Scale Breaking and Sound

= k = 0: rotationally equivalent stress components.

= Finite k: distinct channels.
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Taking Moments Gives Fluid Conservation

= Collision Moments: weights E,, p;; sum all species.

Z / Epp)Calfl=0 = 0T +09;,7°=0, 0,T" +0;77" =0
6T = Ge, T = (e + P)u;
6T = c25ed;; — 89 — (6;;V - u, 2 = 88—]:

= Hydrodynamic Closure: w, k < T'y,.
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Hydrodynamic Poles from Conservation

= Conserved Disturbances: transverse flow and longitudinal density.
« Attenuation Coefficients: D,), D, have dimension E~!.

(e + P)oyuy —nd2u, =0 = w=—iD,k* ~ D,=

Orde + (e + P)d,u, =0, (e + P)owu, + c20.0e — (%77 +<)

! Sound Attenuation and Poles

1 . 4n/3 4+ ¢
i w? — 2k? +iDk*w = 0, D, = =

i . oP

i ~ i 2 2

l @) = :tCSk — §D5k 9 Cg = %
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A Diffusion Pole and a Stress-Spectrum Dip

(—iw(e + P) + nk*)u, = nkwh.,, 0T ign = —inkuy + inwh.,

Diffusion Pole in the Stress Response

3 Gz:vzz . 77W2 pza:zz w2 i
CUR T T Dk %  w?+ (Dk2)? |
= Stress Response: Eliminate u, and use 5T§yxn = —GH*hsy.

= Diffusion Dip: The diffusion denominator and stress numerator give a finite-k dip.
« Kubo Limit: first £ = 0, then w — 0.
= Tensor Channel, First Order: G3"Y = —inw.
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The Free-Streaming Limit

= Streaming Limit: neglect collisions for w, k > T'y,, within kinetic accuracy.

3
G = —iwB Y v / éTg’g,fMEp)u + safou (By) | P {R(w, k) <I’E”)]

1 1
R(w, k) w— kv, +i0+° T w0 (x)
 Resonant Streaming Spectrum T -
o &’p papy ) 5 :
| = a =g Joa(Ep)|l afoa(E z — kv, )
2w W,BZV /(2#)3f0 (Ep)[1 + safoa(Ep)] ( E, ) (w — kvs) :

= Resonance: particle velocity v. = w/k.

= Massless Particles: support within |w| < k.
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Angular Structure of Free Streaming

" Recall Massless Shear Weight; p. 94, p. 8
DPzp
= phaby  (Ep =p)

Tensor: (1 —x2)2

- == Shear: 422(1 — z2)

3
£ 29" - (1-2%)%01 -
% Toor (L —27)70(1 — )
AT

| s ool + oot = 7

Normalized Angular Weight

= Tensor: (1 —2?)%

= Shear: 42%(1 — 2?).
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From Hydrodynamics to Streaming

1.4 . ‘

1.2 ': @)
N, Boltz
~08 v e Free -
= ' =0
306 .

., 0.4
0.2

0.0

?DE(DT/IJA

Hot QCD: Transport and Spin | VII. Momentum Diffusion and QCD Spectra

0.0 05101520 25 3.0 3.5 4.0 45

i 2 2
! ra, g CAm
- pge = LEATD pog(7/mp)

ZTZT B wT _ kT
p2w w = drag’ k= drag
n Hg g

Solid: kinetic solution.
Dotted: free streaming.
Dashed Black: k£ = 0.
Finite k: diffusion dip.

Larger k: approach to streaming.
drag

= Published Axes: 14 = pg™;

pure-glue LL.
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A Second Inverse Moment

= k = 0: expand the retarded inverse on the nonconserved shear sector.

R(w,0) = L' +iwL™? + O(w?)
G (@,0) = =inw + 1z 4

" Second Inverse Moment with the Full Measure

Tr

’

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

= Meaning: a weighted inverse moment of the relaxation spectrum.
= Curvature Response: x adds —r(w? + k?)/2.
= HT Order: s = 0 at enhanced kinetic order; static O(7?) terms may remain.
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Two Modes and an Effective Relaxation Time

= Two Modes: \; = \g, Ao = 4\q; equal nonzero squared overlaps:

2

d3p * PPy
‘Zua [ e B+ oo (Bl ()2

2

£0.

_ d’p * PaPy
= ‘Z VG/WfOG(EP)[]‘ +Saf0a(Ep)]€2,a(P) E,

Cancel the Equal Overlap Integrals
CATHAT 141716 1 17

TN AT I41/4 % 20% |
T T 1
:\ slow — )\0, Tr Tslow /‘\
e—i—LP = g (Massless Gas, Constant Relaxation Time)
= One Mode: 7. =7 and 7 /[n/(e + P)] = 5.

= Full Spectrum: changes the ratio between gradient coefficients and the slowest time.
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Hong—Teaney Numerical Results

= Published Results: SU(3), leading-log accuracy.

Ny 0 2 3

m/In/(sT)] 632 6.65 6.46
77/D 3.776 3.756 3.748

n T
=0.4613 —— P Gl P =sT =0
P Mgrag (Pure Glue), e+ s (1 )

= Notation: entropy density s; current relaxation coefficient 7; (p. 153).
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Scale Breaking Drives the Bulk Response

= Scale Breaking: running g(T); fixed m /T preserves scaling.

g =+ H),  Tav/=goo =T, Ty =T(1—H/2)+O(H?)

Ca d92
2 2 2
ms. = —qg° (1T =
om?
2 _ 2 [}
oms, = —T 72

Scale-Breaking Mass Combination

Qam?,o _CAT2

.

mi=mi —T

= Source: gravitational redshift plus thermal-mass variation.
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Deriving the Bulk Driving Term

= Canonical Momentum: x; = P, = (1+ H)p'; k =p at H = 0.
= Reference Energy: E? = k? + m? (T).

Hm?

2 _ 2
\/K (1+H)m (TH)_EK—FTEK +O(H")
H 1
= — Dy =0;+VH -Vie—V.H- Ve
Jos exp(H/T) -1’ =0 H H
ng(l ng) m’

DuM = 0:H, D foy = — OH = —fog(Ep)[1 + fog(Ep

Bulk Driving Term to First Order
H
fg = ng + 6fg

1
1
1
1
1
1
1
1
1
1
1
\

(815 +v- V:c)(sfg - ng(Ep)[l + ng(Ep)]_atH = _fOQ(E )[1 + ng( )]ELL¢9

= Fixed Coupling: m? = 0: the bulk drive vanishes.
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Measuring the Bulk Response

________________________________________

" Recall Retarded and Spectral Convention; p. 115
8(A) = —G25h, p* = —2ImGa?

d3p m?
5T”l‘|kinetic = _VQ/(27T)3 fpéfg

Scale Breaking: Same scale-breaking factor in source and measured moment.

Energy Projection: Subtract the conserved-energy contribution in the Kubo limit.
Finite Momentum: trace response also contains sound.

= Streaming Limit: Naive free streaming can violate the soft boundary and diverge.
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Quarks, Gluons and Flavor Conservation

2C 2 i
pdrae — g “aMp S“mD log(T'/mp)
7r 1

Soft Gluon Exchange: species-dependent momentum diffusion.

Energy/Momentum Gain: sum currents of all species.
= Soft Quark Exchange: additional LL conversion terms.
= Flavor Source: 6 f, — 0 f;.

Flavor Difference: bath momentum gain cancels; flavor-conserving conversion gain remains.
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Flavor-Current Response

= One Massless Dirac Flavor: unit charge; xo = N.12/3, 0o = xoD.

S / - Soa(EDL + s fou(Elaavs [£7(awi)], (P)

Zua [ oo Bo) + s B e (€ @], 0)

" Current Response through Second Order

2 . 3
oQw” +10QTIW .
CF == o pm — OF =—ioqu+oomu’ — sk’

T770:Jg +Jo = —DVng + ogE

1
1
1
1
1
1
1
1
1
1
\

= Operator Input: ¢,v; carries input species b and momentum k.
= Static Coefficient: kg = 0 at retained order.

= Relaxation Equation: a low-frequency match; an extra pole requires a model assumption.
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What Finite Frequency and Momentum Reveal

Low Frequency: transport coefficients and hydrodynamic poles.
= Finite Frequency: microscopic relaxation spectrum.

Finite Momentum: collective motion to resonant streaming.

= LL Closure: Conserving gain terms and the soft boundary complete the LL problem.

Perturbative Accuracy

= AMY Transport: complete LO.
= Hong—Teaney Spectra: leading log.
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VIl

Microscopic Spin Dynamics

How do QCD Collisions Act on a Spin Density Matrix?
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A Spin Density Matrix at Each Momentum

= Spin Coherence: matrix occupation in a fixed Pauli basis.

:’ Spin Density Matrix b
1 . ftr(p) — 1 . 3
2 r
P-2 (>0, Lisz0 = i<

2

Massive Species (): unpolarized fi. = 2fg per color.
= Spin Observables: S: spin density; P: polarization per particle.

Integrated Densities: n, = fp firr Stot = fp S; both per color.
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Spin Coherence Carries Transverse Polarization

w11 C fu (10
Q+$_2 1 1) lex—2 0 1

_ ftr A
= —X,
2

= Diagonal Populations: Identical diagonal populations in the o, basis.

S+w Smix =0

= Off-Diagonal Entries: distinguish polarization from a mixture.
= Spin Coherence: Degenerate spin states retain their relative phase under free evolution.
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Helicity and the Fixed Pauli Basis

Helicity Spinors: (p - )&, = r&,, r = £1.

=Y & (p)or (P)E (P)

rr!

gr - eiargm Orr’ — eii(ariaﬂ)grvﬂ’

Basis Phases: Phase factors cancel in the physical matrix o.
= Momentum Derivatives: must include the changing spinor basis.

Observable Choice: Other relativistic spin observables require an explicit basis map.
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Li—Yee Assumptions

= Mass Hierarchy: m > mp ~ ¢T) retain the full dependence on m/T.

= Dilute Tracked Quarks: negligible Pauli blocking and mutual collisions.

= Bath Symmetries: Isotropic, unpolarized, parity-even equilibrium bath.

= Homogeneous Kernel: zero vorticity and magnetic field.
| Recall Light-Bath Screening; p. 13

1 . N
! m% = 92T2 (N? 4 ?f) , Ny =2 in LY's setup

= Ny: light bath flavors.
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Reduced Evolution on a Time Contour

= Reduced State: thermal average of unitary evolution.

olt) = (Th (1, 0)o(O)UL(£,0)) . U = Texp [—i / dt Hf(t)}

= Branch 1: ket; branch 2: bra.
= Zero Mean Field: (A,) = 0: first nonzero correction is quadratic in H;.
= Coarse Graining: 7y, < At < Trelax-

= Secular Term oc At: local evolution with spin coherence.
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Why There is One Gain and Two Losses

= Second Order: expand ket and bra evolution.

U=1+UD4U0® ... U(l):—i/dtHI(t)

Ap? = < Uyt + UPp4 Ut >
| —

One Vertex on Each Branch ~ Two Vertices on One Branch’ 4
Uiv=1 = U® 4+yu®t=_yHig®
TrAp® =0 after summing all final momentum and spin states

= Cross Term: probability gain.

= Same-Branch Terms: anticommutator loss on ket and bra.

Hot QCD: Transport and Spin | VIII. Microscopic Spin Dynamics 161/197



Cross and Self-Energy Contractions

II]II]Q
H1QH2 QHQHQ
1 > > 1 1 >
2 < . 2 <« 2 W
Cross Self on 1 Self on 2

= Cross: one vertex on each branch; gain from other momentum states.
= Self-Energies: probability loss on the ket and bra.
= Probability Conservation: Their sum conserves total quark probability.
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Matrix Gain and Loss

= Jump Vertex Jpp »: spin transfer p’ — p; bath channel .

Gain: Jpp/,,\
N
Loss: Jp/p,

Matrlx Gain and Loss

Ot _/ Z pp/ ACp' pp’>\ %{J;’p,AJP'P’*’QP}] i

/ Tr(Jpp’Qp/Jgp/) = / Tr(Jg/pJp’pr)
p,p’ p,p’

’ )

= Trace Conservation: cyclicity and p <> p’.
= Matrix Gain: transfers and rotates a full spin matrix.
= Microscopic Coefficients: QCD coefficients follow from spin vertices and HTL correlators.
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Momentum-State Gain and Bath Backreaction

Momentum-State Gain: Retained

= Inflow: p’ — p; number conservation and detailed balance.

Bath Backreaction: Neglected

= Fixed Reservoir: absorbed spin/momentum; no evolved backreaction.

= HT: perturb the whole plasma; conserve total energy and momentum.
= LY: follow a dilute subsystem; conserve its quark number.
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Thermal Correlations and Detailed Balance

= Bath Bose Factor: signed frequency w = E, — E,.

00 = foql, foq >~ zge™ 7P, Jor = 2f0q, So=10

= Fugacity: quark number fixes zg; LY convention z1y = 2z¢.
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Keeping the Spin Information in a QCD Vertex

) p, T = Open Spin Indices: retain incoming and
P—q, outgoing polarization.
pP=p-q,  w=E-Ey
gyt Vi(p,p) = Slp, Ty, )
Thermal A71(Q) = External States: 1/v/2F each.
= Color Vertex: gt*.

= Spin Transfer: two vertices contracted with (A5 AJ).
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The Microscopic Spin Vertex

Conventions: metric (—, +,+, +); @ = —ufy°; r = 1.

0_ 0 i1 i 0 io; v Ep—rpér
Y i1 0) T T \-ier 0)° “\VE, &

&el=11+rp-o)

u(p,r)y"u(p’,r’)
= Bath Contraction: Contract two vertices with the bath correlator.
= Spin Matrix: Reconstruct the fixed-basis spin matrix.

= Pauli Traces: Take scalar and vector Pauli traces.
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Writing the Vertex as a Two-Spin Matrix

= Pauli Reduction: spinor square roots.

E +
VE Tpo=—2 L P2
2(Ep +m)
E,+m
dPP' - \/(EP + m)(EP’ + m)v Tpp' = E:/ T

’ Pauli-Basis Vertices ‘
i Vo — dppl+(p-o)(P' - 0)/dpy Vi— Tppr 03 (P - o) + T;pl/(P - o)0;

| 2v/EpEpy 2\/E,Ey

= Forward Limit: p’ = p gives V' =1, V' = vl 1.
= Unresolved Kick: spin independent.
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Evaluating a Spin Transfer Explicitly

= Real Polarization: V = al +ic- o; real a,c.

Il
=
TR
=
+
n

Q
2
I

—
Q)
fc\

%

_________________________________________

’
1
1
1
1
\

~

= Transverse Modes: V) =¢,;V%; €, - q = 0.
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Combining the Vertex with the Thermal Bath

= Coulomb Components: A\ =L, T;,T»; V, = V0.
= Pauli Vertex: V), = a1 +ic) - o.

puv = 8u00v0pL + 000 (8 — Gudy)pr,  pr=—2ImDgy, pr = —2Im D7t

. Microscopic Spin Evqution

Orop = QQCF/ ZPA w,q) ng w)Vaop- qV):r -1 +f09(w))(a§ +C§)Qp]

w=Ey—FEp_q,  Oifu="T(00o),  3Si=3Tr(0id0)

= Vertex Normalization: The normalized vertices already contain 1//4E,E,,.
= Pauli Decomposition: scalar and vector kernels before the soft expansion.
= Unresolved Kicks: fy, ~ T/w, q — 0: identical gain and loss cancel.
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Expanding in Soft Momentum Transfer

= Soft Transfer: p’ =p —q.

o(p—a) =0—¢;0p,0+ £4iq;0p,0p, 0+ - -
T 1

fOQ(W):;—§+'“

Consistent Expansion: spinor vertices, occupations and the energy constraint.

= Gain-Loss Cancellation: Leading unresolved kicks cancel between gain and self-energies.
= Transport Logarithm: Retained transport terms sample mp < ¢ < T qu/q.

Hot QCD: Transport and Spin | VIII. Microscopic Spin Dynamics 171/197



Mass Shifts the Energy-Transfer Endpoints

= On-Shell Energy Transfer: w =FE, — E,_q.

2 2
N qg — W
P
p

{ Shifted Transfer Endpoints 3
i m2q> P ]
i wmax/min = Ep Y (p + CI)2 + m? = j:vq - 3 + O(q3)7 U= (14) ]
' 2Ep Ep 1

= Endpoint Shift: Both endpoints shift downward by the same amount.
= Odd Integrands: acquire nonzero contributions at the retained LL order.
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The Angular Average and lts Jacobian

Longitudinal Transfer: ¢q;, = p - q; azimuth around p.

(9i)p = qrDis (0:45) = appiDj + 3(¢° — a1.)(6i5 — Piby)

A g [a N L [l ey, i
- dcosOp, By’ (2r)® 4E,E,  4pE, o op e

Wmin

Integrand: N: unnormalized vertex contractions, occupations and spectral density.

Longitudinal Transfer: Replace q;, using the energy constraint on the preceding slide.
L/T
Jn

Spectral Moments: The remaining energy integrals are the spectral moments
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The Landau Cut Fixes the Imaginary Self-Energies

= LL Window: mp < ¢ < T; z =w/q, |z| Sv < 1.

:/ Recall Full HTL Self-Energies before Expansion; p.40, p.41

: . z4+14i0" o z !

E L(.’L‘) = lOg m, Hel = Mp [1 — EL(JZ):I i

! 2 1 2 1

=T ), s—wgg
! Imaginary Parts on the Landau Cut h
% log%:lo w—i_q’—m, lw] < g %
1 2 2 1
} TMpw TMpHw 2 ;
i Im Il = , ImIly = — 1 — |
‘\ m [l % m IIr 1 ( z7) |
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Obtaining the Bath Spectra from HTL

= Input: Landau-cut imaginary parts from p. 174.

= Expansion: momentum transfer above screening; fixed subluminal velocity.

3 1 R 2ImIl, 7mdw !
‘ iy = — = —2Im Dy = = !
: 00 @ + Iy PL m Uog P P :
: 1 —2ImII 2 :
: D? _ : — ore mlly _ mmpw :

A-o) 31—

= Fixed v < 1: spectra odd in w; positive for w > 0.

= Spectral Moments: integrate over the allowed energy-transfer interval.
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Spectral Moments and the Shifted Interval

“max gy ™2 w
JLIT _ dw  on—1 ~ ™D
o o (W)™ “pr/rs pL s
2 vq 2,3
m m2v
JE ~ —[5) dw (w)? = D2
2¢° J_uq 3q
" Odd Moment from Shifted Endpoints h
| m2q? L m5 ) ) m2m2v |
0=%p Ty e v =S

= Endpoint Shift: essential for nonzero half-integer moments.
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Where the Rapidity Dependence Comes from

= Dimensionless Moments: factor out mp,q, F,.

JE/T — mha*" g n integer,
o mDm E ? 2n 3]L/T, n half integer
mihw
pr = Wﬁx?)’ r=w/q, yp=arctanhv
.Til v dax 7yl ~T71 vl'2d1‘7yp_v
.70_4 71}1—;32_27 ]1—4 71)1_1,2_ 5
szl v x4dx:yp—vii 5T :7L:7PEP
2 4 71)1_952 2 G’ 1/2 4(1—1)2) o

= LL Window: mp < g < T; shifted endpoints for half-integer moments.
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Leading-Log Bath Moments

= Dimensionless Coefficients: y, = arctanh v = arsinh(p/m).

no gk n

0 v Yp/2

TG (yp —v)/2

2 v°/5 (yp—v)/Q—v?’/G
1/2 —v/2 —pE,/(4m?)
3/2 —v3/2 —p3/(4m2E,)
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IX

Spin Relaxation

How do Microscopic Spin Transitions Become Polarization Decay?
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Organizing the Scalar and Spin Operators

= Radial Exchange Integral: fTZ:D dg/q ~log(1/g).

_ Crgmd log(1/g)
8mpE, ’

Gr =co+caVy + D, + 1Dy, Ot for = KGy for
WilS] = piVp S —=0p,(p-8S)

K(p) Dy,=p-Vp

e
[

! Spin Collision Operator )
I
I
I

(gSS)l = (gf + cspin)Si -+ Csz[S] —+ Cppi(p ° S), 8tS = KQSS

= Coefficient Matching: collect derivative structures in the Pauli traces.
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From Bath Moments to Momentum Diffusion

= Azimuthal Average: collect 9,,0,, .

i _ v .T:y_p T_Y—V T _Yp—v U
: Jo v, 3 Jo R N 5 J2 D) 6 !
| v =p/Ep, yp = arctanh v i

E? TE}
ca =TE; (jé - p;”ﬁ) +Tp%jo — 2TEpji + —5%j2

TE? [ 3E2 ATE? 3TE4
= (Jé‘ p2p31L> - Tjs + p]lT prhT

Df) = pipjapiapj +Dp
= Cancellation: j§ —3E2jf/p> =v —v =0.
= Transverse Moments: Next: insert j! and E2 — p® = m?.

= Shared Diffusion: ldentical second derivatives for scalar and spin occupations.
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Momentum Diffusion and Drift

= Kinematics: £, = \/;m: yp = arsinh(p/m).

Tszp i yme4
2p 2p?

co = 2p, ca = TpE, —

| Tm? 3E2\ 3E

‘ _tm” 1-22p ) L S5

| 2= o |V ( P2 ) "

| 1 3Tm2E T 3TE?

Do = — |pE2 - 22T TR 2 (_p, — = P

3 c1 7 pL, 2% + ypm ( P 5 + 2° )

= Diffusion: ca, cs; drift fixed by probability balance and equilibrium.
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Recovering Drift from a Conserved Probability Flux

i i
I 1
: L v A pEp T p L 'U_ A .T v :
h ]
1 1

" Conserved Probability Flux

| 1 D i
i\ 8tftr = Fap |:p20'| (8p.ftr + mftr)] ‘:

2¢ 2a a 1 3a
K<A+p02+pcl)—a|+|+p”7 K00:28p<p |>
P P
2

E,T p
m? L L T T
co=4 —Efph/z"’Eph - E3 (P Jiya — Bpiase) + Ep(ii —Jd3)| = 2p

= Zero Boundary Flux: conserved ny,.

E,/T

= Equilibrium: fi, < e™ gives zero flux.
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From Pauli Rotation to Spin Coefficients

= Spin Transfer: local term plus gradient W,.

Recall Spin-Transfer Trace; p. 169
%’I‘r(chg/VT) =(a®* — )8 +2¢c(c-8') — 2ac x &’

.

'

1

1

1

1
\

E? 3E2 E?
cspm—T{ﬁpMH%(l pQ”)jH L j3

pTJQ
E L B2 r  E,(2E, —m) r E3 o
w = 2T | —2— i _=r P P
c [Ep+m (Jo p2J1 +Jo = Ji + Q(Ep+m)]2
Copin 20y, 1—3/07 1 (yp—v 28
For Example: ~ Spin — 2V ¥p 27OV (0 gy 4 -z
or Example T 3 + 2 + 5 (yp —v) + o2 3 5
" Local Spin Coefficient |
3 Cspin 1 1-— ’U2 1
LT T v a2 L

= Scalar/Spin Sectors: common diffusion; distinct spin-transfer terms.
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The Longitudinal Spin Contribution

= Longitudinal Projection: from 2c(c - S’).

T |E,-m (., Ej . .
Cp = pQ[Eerm(]o p2]1 +Jo

3E2 2F ) E? 4p?
<1+ 2 _ P >]1T+p§ 34—

! Longitudinal Spin Coefficient
T Ep(Ep+2m)  ypmE, 3L,
p(Ep +m) E, +m

= Reduction: insert jﬁ/T; collect y,,; use Eg =p? +m?.
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The Resulting Spin-Dependent Terms

Gs =co+caVa+c2Di+ 1D,
WilS] = piVp - S = 0y (p - S)

i TE, y,m?T T 2 5 |
o= TSm0 g, PO ME) —wm]
3\ (GsS)i = G¢Si + CspinSi + cwWi[S] + cppi(p - S) !

= Spin Coefficients: c,,: spin—-momentum gradients; c,: longitudinal spin projection.
= lIsotropic, Parity-Even Bath: scalar and spin sectors decouple.
= Small-Momentum Limit: combine terms before p — 0; singular factors cancel.
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Why Polarization Needs Two Radial Functions

= Small Polarization: fixed axial vector e.

= Bath Symmetry: isotropic and parity even.

:’ Two Radial Spin Functions ‘:
b= (g — ) — S=(at+b/Be+ b [bo-e) -] |
i pip; = 3 PiD; 3 = ~ PP 3 3
' 50 i
A 0ij
(Pibj)o = R (S)a = so(p)e

= Allowed Orbital Sectors: ¢ = 0, 2; mixed by collisions.
= Excluded: parity-odd p x e.
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Angular Structure of a Polarized State

= Parity-Even J = 1: orbital ¢{ =0, 2.

R e ~ i ﬁzﬁ
S =so(p)e +5(p) (D) ~ 5|, Dy =T
2 2 6 e
v2S — (s 1+ 24 o, 0 9 |:AA. 77:|
o <50 + p50 et | s+ p52 2 sy | [P(D-e) 3
e
D,S = psge + ps, [ﬁ(f) “e) — g} . Dise=p°s] +ps,

= Axis: e; traceless term: quadrupole distortion.
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Cartesian Identities for the Spin Gradients

= Longitudinal Projection: so + 2s2/3; coupled radial components.

 Recall Spin-Momentum Gradient Operator; p. 180
E W,[S} =piVp-S _8pi(p's)

__________________________________________

2 2
P-S=p(sot20/3)(p-e),  V,-S= (sa+ S5+ p) (B-e)
Vo(p-S) = (s0 + 2s2/3)e + p(sf + 252/3)(p - €)p

= Substitution: insert the divergence and gradient into the spin—-momentum operator.
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Reducing the Spin—-Momentum Gradients

= Input: Cartesian identities from p. 189.

********* olo-8) = o+ 200 ([olp-0) - S 43¢)

= Derivative Cancellation: only the two angular structures remain.

= Radial Closure: insert both structures into the coupled spin equations.

Hot QCD: Transport and Spin | IX. Spin Relaxation 190/197



Coupled Radial Spin Equations

| Crg®m? log(1
- K(p) = ZEmD og(1/9) By = /o L’

2 1
Oisg = K |:(’H() + Cspin — Cw)SO + %(80 I 282/3):| 3

= Measured Spin: sg; dynamical feedback: s5.
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Angular Feedback into Total Spin

= Initial State: s2(p,0) =0, so(p,0) # 0.
D52, = K(p)ep(p)pso(p,0) # 0 generically

‘v/ Angular Feedback

1

1

i at80|32 contribution — §

= Angular Feedback: zero-average ss still changes total spin.
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Checking the Scalar Equilibrium State

= Dilute Equilibrium: fj ¢ = QZQe*Ep/T_

: Recall Conserved Radial Flux; p.183 \:
: Kgfftr——é‘ [p a (8 —I-ET) ftr:|7 ay = K(ca +p°c2) |
Dpfoee P’ Vifour  p? 3 N P> D;fouw  pt 2 N p*
fo,tr o E,T’ fo,er - E2T? E,T  E}T’ fo,er - E2T? E,T ET
 Equilibrium Cancellation 3
! (2p+CAV12,+CZDz+01D )f()tr =0 ;

= Detailed Balance: drift, diffusion and rapidity terms cancel.
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A Formal Helicity Consistency Check

= Massless Vector Interaction: helicity conservation.

{ Helicity Decomposition

Cfe=fi+f,  S=L(f-fp

~ _

Elastic Kernel: identical scalar evolution for the helicity difference.
= LY Check: uses the unspecialized spectral-moment operator.
= Massless Theory: Physical massless theory also needs conversion and revised soft integrals.

Scope: algebraic check; no extension of the massive approximation to m = 0.

Sem—o o
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The Scale of Spin Relaxation

= Scaling Limit: fixed p/T,m/T; m > ¢T.

| CF!JQW% log(l/g) 2 N2 !
. K(p) = ————=>"1=2 ~ g7 E,~T |
“ (p) 8TpE, ) mp ~ g y Py, Lp |

= Operator Dependence: Mass, momentum and angular dependence remain in the operator.

Initial State: generally excites several modes.
= Late-Time Exponential: an isolated slow mode with nonzero overlap.

= Numerical Rate: requires a specified spectral problem for the LY kernel.
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Relaxation and Polarization Generation

= Computed Equilibrium: S = 0.

= Vorticity or Magnetic Field: match both source and collision kernel.

= Orbital-to-Spin Transfer: spatial gradients and angular momentum balance.
= Light-Quark/Gluon Spin: coupled distributions and conversion.

= LY Scope: relaxation of existing dilute massive-quark polarization.
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From Microscopic Collisions to Response

Work Evolving Object Main Construction
AMY-EKT Scalar f, Complete LO Elastic and LPM Dynamics
AMY-T 0fa Variational Collision-Operator Inverse
Hong—Teaney 0 fq(w,k) Conserving LL Spectral Response
Li-Yee Spin Matrix o(p) Dilute Massive-Quark LL Evolution

State and Source — Collision Operator — Observable Moment
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