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Combined study of the η and η′ mesons: phenomenology, chiral
extrapolation of lattice QCD and effective field theory *
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Abstract: We first carry out a comprehensive phenomenological study of the decay processes with the η or η′ in the

initial/final states within the effective field theory approach. Two primary types of processes are analyzed: the ones

only with light-flavor hadrons and those involving the J/ψ. The couplings from the effective Lagrangian, together

with the η-η′ mixing parameters from the two-mixing-angle scheme, are fitted to a large number of experimental

data, including the various decay widths and the form factors. With the phenomenological mixing parameters and

the lattice simulation data of the masses and decay constants of the light pseudoscalar mesons as inputs, we perform

a next-to-next-to-leading order study of the η-η′ mixing system in U(3) chiral perturbation theory. Updated values

of the relevant low energy constants are obtained.
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摘摘摘要要要：：： 我们首先在有效场论框架下对η和η′唯象学进行了全面的研究，主要包括两种类型的衰变过程：一种是只
含有轻味强子的过程，另一种是有J/ψ 参与的反应过程。通过拟合大量相关的衰变宽度和形状因子的实验数据，
我们确定了有效拉氏量中自由参数的取值，同时也给出了双混合角机制下的η-η′ 混合参数。结合通过实验数据定出
的混合参数以及格点量子色动力学数值模拟给出的轻赝标介子质量和衰变常数，我们在U(3)手征微扰理论框架下
对η-η′ 混合进行了次次领头阶的分析，并给出了更新的低能耦合常数的数值。
关关关键键键词词词：：： 手征有效场论、η-η′混合

1 Introduction

The light-flavor η and η′ mesons provide a valuable
window to study many important nonperturbative prop-
erties of Quantum Chromodynamics (QCD), including
the spontaneously chiral symmetry breaking, the mech-
anism of explicit breaking of SU(3)-flavor symmetry and
the U(1)A anomaly of strong interactions.

There are many experimental collaborations that
have measured or planned to measure the physical pro-
cesses with the η or η′ mesons with high precision and
high statistics, such as BESIII [1], Jefferson Lab [2], K-
LOE [3], CELSIUS/WASA [4], CBELSA/TAPS [5] and
CMD-2 [6]. On the other hand, lattice QCD simulations
have been greatly progressed on the η and η′ mesons and

many precise simulation data are released [7–11].
We have performed a thorough analysis on the ra-

diative decay processes involving the η or η′ and light-
flavor vector resonances within the framework of reso-
nance chiral theory (RχT) in Ref. [12]. In a later work,
we extend the discussions to study the decay processes
of J/ψ→V P,Pγ(∗), being V the light-flavor vectors and
P the light pseudoscalar mesons [13]. The two-mixing-
angle scheme for the η-η′ system is used in these phe-
nomenological discussions, and precise values of the four
mixing parameters are extracted from the experimental
data. Together with the phenomenological determina-
tions of mixing parameters and the lattice simulation
data as inputs, we have then carried out the next-to-
next-to-leading order (NNLO) study of the η-η′ mixing
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within the U(3) chiral perturbation theory (χPT). The
phenomenological inputs and lattice simulations are suc-
cessfully reproduced, with reasonable values of low ener-
gy constants (LECs) [14]. In this paper, we briefly review
the works in Refs. [12–14].

2 Theoretical formalism for the decay
processes

2.1 Radiative processes with light-flavor
hadrons

To describe the dynamics between the light psue-
doscalar mesons and the light-flavor vector resonances,
we use the relevant chiral Lagrangian from RχT to cal-
culate the decay widths and form factors. We simply
elaborate the pertinent chiral Lagrangians in the follow-
ing. The kinetic terms for the light vector resonances
read

Lkin(V )=−1

2
⟨∇λVλµ∇νV

νµ−M2
V

2
VµνV

µν⟩ , (1)

being Vµν the vector octet plus singlet described in the
anti-symmetric tensor formalism [15]. The transitions
between the vectors and the photon are governed by the
operator [15]

L2(V )=
FV

2
√
2
⟨Vµν f̃µν+ ⟩ , (2)

where f̃µν+ contain the external source fields. We are
only interested in the photon field in this work. The
V JP operators with one vector field, one external source
and one light pseudoscalar, including the singlet η0 state,
read [12, 16]

LV JP =
c̃1
MV

εµνρσ⟨{V µν , f̃ρα+ }∇αũ
σ⟩

+
c̃2
MV

εµνρσ⟨{V µα, f̃ρσ+ }∇αũ
ν⟩+ ic̃3

MV
εµνρσ⟨{V µν , f̃ρσ+ }χ̃−⟩

+
ic̃4
MV

εµνρσ⟨V µν [f̃ρσ− , χ̃+]⟩+
c̃5
MV

εµνρσ⟨{∇αV
µν , f̃ρα+ }ũσ⟩

+
c̃6
MV

εµνρσ⟨{∇αV
µα, f̃ρσ+ }ũν⟩

+
c̃7
MV

εµνρσ⟨{∇σV µν , f̃ρα+ }ũα⟩

−ic̃8MV

√
2

3
εµνρσ⟨V µν f̃ρσ+ ⟩ ln(det ũ) , (3)

where the light pseudoscalar multiplet is incorporated
in the ũµ, ũ and χ± fields. The V V P types of effective
Lagrangian involving η0 read [12, 16]

LV V P = d̃1εµνρσ⟨{V µν ,V ρα}∇αũ
σ⟩

+id̃2εµνρσ⟨{V µν ,V ρσ}χ̃−⟩+ d̃3εµνρσ⟨{∇αV
µν ,V ρα}ũσ⟩

+d̃4εµνρσ⟨{∇σV µν ,V ρα}ũα⟩

−id̃5M2
V

√
2

3
εµνρσ⟨V µνV ρσ⟩ ln(det ũ) . (4)

In addition, the relevant part of the Wess-Zumino-
Witten Lagrangian is

LWZW =−
√
2NC

8π2F
εµνρσ⟨Φ∂µvν∂ρvσ⟩ . (5)

We refer to Refs. [12, 15, 16] for further details about the
previous Lagrangians. We then calculate the transition
amplitudes, depicted by the Feynman diagrams shown
in Figs. 1 and 2. With these transition amplitudes, it is
straightforward to get the experimentally observed form
factors and decay widths [12].

Before ending this section, we elaborate one more de-
tail about the two-mixing-angle scheme to treat the η
and η′ mesons. The light pseudoscalar octet plus singlet
mesons are incorporated in the ũ field in the previous
Lagrangians and we take the following two-mixing-angle
formalism when calculating the amplitudes with η or η′

states(
η

η′

)
=

1

F

(
F8 cosθ8 −F0 sinθ0

F8 sinθ8 F0 cosθ0

)(
η8

η0

)
, (6)

where η0 and η8 stand for the SU(3)-flavor singlet and
octet states, respectively, and η,η′ denote the physical
states. The four mixing parameters F0,F8,θ0 and θ8 will
be fitted to experimental data.

q
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+

V V
′

(b)

P

Fig. 1. Feynman diagrams for the V Pγ(∗) types of
processes.
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V
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Fig. 2. Feynman diagrams for the Pγγ(∗) types of
processes.

PhiPsi15-2



10th International Workshop on e+e− collisions from ϕ to ψ (PhiPsi15)

2.2 Calculation of the J/ψ → V P,Pγ(∗) ampli-
tudes

In this part, we introduce the effective Lagrangian
describing the dynamics of the J/ψ→V P and Pγ(∗) de-
cays. Both the strong and the electromagnetic (EM)
interactions will enter into these decays. We include
three terms to describe the strong interactions in the
J/ψ→V P decays

LψV P =Mψh1εµνρσψ
µ⟨ũνV ρσ⟩

+
1

Mψ

h2εµνρσψ
µ⟨{ũν ,V ρσ}χ̃+⟩

+Mψh3εµνρσψ
µ⟨ũν⟩⟨V ρσ⟩ . (7)

Notice that properMψ factors are introduced in the pre-
vious equation in order to make the couplings hi=1,2,3

dimensionless.
Two effective operators are constructed to describe

the J/ψPγ(∗) interaction

LψPγ = g1εµνρσψ
µ⟨ũν f̃ρσ+ ⟩

+
1

M2
ψ

g2εµνρσψ
µ⟨{ũν , f̃ρσ+ }χ̃+⟩ . (8)

The transition strength between the J/ψ and the
photon field reads

L ψ
2 =

−1

2
√
2

fψ
Mψ

⟨ψ̂µν f̃µν+ ⟩ , (9)

with ψ̂µν = ∂µψ
ν−∂νψµ.

Together with these effective Lagrangians and al-
so the ones given in Sect. 2.1, we can calculate the
J/ψ→ Pγ(∗) and V P amplitudes. The pertinent Feyn-
man diagrams are depicted in Figs. 3 and 4. In order
to reasonably reproduce the experimental results of the
J/ψ→ η(

′)γ decay widths, it is necessary to include the
mechanism depicted by the diagram (c) in Fig. 3, i.e.
to consider the contribution from the charmonium ηc
and also the mixing between ηc and η(

′) [17]. The de-
cay widths and form factors can be easily obtained with
the transition amplitudes corresponding to Figs. 3 and
4. We refer to Ref. [13] for further details.

γ∗

P (π0, η, η
′

)

J/ψ

(a)

q
k

+
J/ψ

(b)

V

P (π0, η, η
′

)

γ∗

+
J/ψ η

c

γ∗

P (η, η
′

)

(c)

Fig. 3. Relevant Feynman diagrams for the J/ψ→
Pγ∗ decays.
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Fig. 4. Relevant Feynman diagrams for the J/ψ→
V P decays.

3 Phenomenological discussions

We consider a large amount of experimental data
in our work, including the available decay widths of
P → V γ, V → Pγ, P → γγ, P → γl+l−, V → Pl+l−,
J/ψ → Pγ and J/ψ → V P [18], with P = π,K,η,η′

and V = ρ,K∗,ω,ϕ. In addition, the form factors of
J/ψ→ η′γ∗, η→ γγ∗,η′ → γγ∗,ϕ→ ηγ∗ will be also tak-
en into account. We will make a global fit by including
all of these data.

Before presenting our fit results, we point out that
with the theoretical formalism in Sect. 2 alone it is im-
possible for us to reasonably reproduce the J/ψ→ ωπ0

decay width. We simply include the excited vector ρ′ in
this channel to perform the fits [13].

A rather good reproduction of the experimental data
in our global fit is achieved, with the χ2/d.o.f close to
one. The final results for the form factors of J/ψ→ η′γ∗,
η→ γγ∗ and η′ → γγ∗ are given in Figs. 5, 6 and 7, re-
spectively. Due to the large experimental error bars, the
ϕ→ η′γ∗ form factor barely play any important role in
the fits and we do not explicitly show the result for this
channel [12, 13].

In Table 1, we give the fitted values for the four mix-
ing parameters defined in Eq. (6). In order to highlight
the influence of the J/ψ data on the determination of
the η-η′ mixing, we explicitly show two different fit re-
sults. In the global fit, we include all of the previously
mentioned experimental data, while in the partial fit sit-
uation only the data involving the light-flavor hadrons
are taken into account. Although the values of the mix-
ing parameters from the two fits are compatible, the er-
ror bars after including the J/ψ data are clearly smaller
than those with only the light-flavor data. Therefore one
can conclude that the J/ψ → V P,Pγ(∗) decays are im-
portant to constrain the η-η′ mixing. For the remaining
fitted parameters, we refer to Ref. [13] for details.

Next we analyze the different mechanisms that con-
tribute to the J/ψ → Pl+l− processes. According to
the Feynman diagrams in Fig. 3, there are three differ-
ent kinds of contributions: the contact interacting ver-
tex, the light-vector-resonance exchanges and the ηc-η

(′)

mixing. The effects from the intermediate vectors like
J/ψ→ ρ0P,ωP and ϕP , with ρ0,ω and ϕ decaying into
the lepton pairs, have been removed when doing experi-
mental analyses for the J/ψ→Pe+e− decays in Ref. [19].
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In order to be consistent with the experimental setups,
we also drop the diagram (b) in Fig. 3 when fitting to
the data. Nevertheless, we point out that it is a pri-
ori not justified to neglect the contributions from the
intermediate light vectors in the J/ψ → Pl+l− decays.
We have made a rough estimate that the light vectors
can contribute around 30% in the J/ψ → π0e+e− de-
cay [13], which qualitatively agrees with the findings in
Refs. [27–29]. In our case, large destructive interference
between the ρ0 exchange and other mechanisms in the
J/ψ → π0γ(∗) are observed. As a result, a larger value
of the branching ratio of the J/ψ→π0e+e− is predicted
after neglecting the contributions from the intermediate
ρ0 resonance. So it is meaningful and important to make
a revised experimental analyses on the J/ψ → π0e+e−

decays by keeping all of the contributions, instead of re-
moving parts of them. In contrast, the contributions
from the intermediate light vectors turn to be negligible
in the J/ψ → η(

′)γ(∗) decay processes. The branching
ratios for the J/ψ→Pl+l− are summarized in Table 2.

Another interesting subject is to analyze the roles
of the strong and EM interactions in the J/ψ → V P
decays. In our theoretical formalism, the strong inter-
action is depicted by the diagram (a) in Fig. 4, while
the other diagrams correspond to the EM interaction-
s. We confirm that the EM interactions play the dom-
inant roles in the isospin violated decay channels, such
as J/ψ → ρ0η(

′), and ωπ0, and the strong interaction-
s dominate in the isospin conserved channels, such as
J/ψ→ ρπ,ωη(

′),ϕη(
′),K∗+K− and K∗0K̄0.
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Fig. 5. The J/ψ → η′γ∗ form factors. The sol-
id (red) line denotes our central results and the
shaded areas represent the error bands at one-
sigma level. The data are taken from Ref. [19].
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Fig. 6. The η→ γγ∗ form factors. The solid (red)
line denotes our central values and the shaded ar-
eas represent the error bands at one-sigma level.
The experimental data are taken from Refs. [20–
25]. We clearly show the curve in the timelike
region of s> 0 in the framed figure.
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Fig. 7. The η′ → γγ∗ form factors. The solid (red)
line denotes our central results and the shaded ar-
eas represent the error bands at one-sigma level.
The experimental data are taken from Refs. [22–
26].

Table 1. Mixing parameters from the fits. See the
text for details.

Global Fit Partial Fit

F8 (MeV) 133.7±3.7 126.3±6.5

F0 (MeV) 118.0±5.5 109.7±16.6

θ8 (−26.7±1.8)◦ (−21.1±6.0)◦

θ0 (−11.0±1.0)◦ (−2.5±8.2)◦

Table 2. Branching ratios (×10−5) for the J/ψ→
Pl+l− decays.
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Exp Our results

ψ→π0e+e− 0.0756±0.0141 0.1191±0.0138

ψ→ ηe+e− 1.16±0.09 1.16±0.08

ψ→ η
′
e+e− 5.81±0.35 5.76±0.16

ψ→π0µ+µ− - 0.0280±0.0032

ψ→ ηµ+µ− - 0.32±0.02

ψ→ η
′
µ+µ− - 1.46±0.04

4 Chiral extrapolation of the η and η′

masses

Previously when addressing the η-η′ mixing, we sim-
ply adopt the two-mixing-angle scheme in Eq. (6) and
do not give any further explanation to derive the formal-
ism. Next we shall use the U(3) χPT as an underlying
theory to calculate the η-η′ mixing pattern. In order
to establish a consistent power counting, the simultane-
ous expansions on the momentum squared, light-quark
masses and 1/NC , which will be denoted as δ expansion,
need to be introduced in U(3) χPT. Up to NNLO in δ
expansion, the pertinent chiral Lagrangians read

L(δ0) =
F 2

4
⟨uµuµ⟩+

F 2

4
⟨χ+⟩+

F 2

12
M2

0X
2 , (10)

L(δ) = L5⟨uµuµχ+⟩+
L8

2
⟨χ+χ++χ−χ−⟩

+
F 2Λ1

12
DµXDµX− F 2Λ2

12
X⟨χ−⟩ , (11)

L(δ2) =
F 2 v(2)2

4
X2⟨χ+⟩+L4⟨uµuµ⟩⟨χ+⟩+L6⟨χ+⟩⟨χ+⟩

+L7⟨χ−⟩⟨χ−⟩+L18⟨uµ⟩⟨uµχ+⟩+L25X⟨χ+χ−⟩
+C12⟨hµνhµνχ+⟩+C14⟨uµuµχ+χ+⟩+C17⟨uµχ+u

µχ+⟩
+C19⟨χ+χ+χ+⟩+C31⟨χ−χ−χ+⟩ . (12)

With these chiral Lagrangians, one can then calculate
the η-η′ mixing pattern and express the mixing parame-
ters in Eq. (6) in terms of the chiral LECs in Eqs. (10),
(11) and (12). Due to the lengthy formulas, we refer to
Ref. [14] for further details about the relations between
the mixing parameters and LECs.

One of the biggest challenges when calculating the η-
η′ mixing pattern in U(3) χPT is to determine the many
unknown LECs. The precise lattice simulations of the
light pseudoscalar mesons are valuable to constrain the
values of the unknown LECs. We shall include in our fit-
s the mπ dependence of the η and η′ masses [7–11], the
kaon masses [30, 31], the π,K decay constants [30, 31]
and their ratios [32]. The previously determined phe-
nomenological results of the η-η′ mixing parameters shall
be also used to constrain these LECs.

It is interesting to mention that even at leading or-
der the U(3) χPT, which only has one free parameter,

can reasonably reproduce the lattice simulation data, as
shown in Fig. 8. While in order to simultaneously de-
scribe the lattice simulations on the light pseudoscalar
mesons, specially the pion and kaon decay constants, it
is essential to include the NNLO contributions. Among
the NNLO LECs in Eq. (12), we fix v(2)2 ,L18,L25 to zero,
due to their marginal effects in our present discussion.
While for the poorly known O(p6) LECs Ci, we multiply
the values of Ci from Refs. [33, 34] by a common factor
α in our fits. We find that two different sets of values
from Refs. [33, 34] lead to more or less similar results.
Therefore, we only present the NNLO fit results by tak-
ing the values of Ci from Ref. [34] in Table 3. The values
obtained here are compatible with the recent two-loop
determinations of the next-to-leading order LECs [35].
The NNLO reproduction of the lattice simulation data
is quite successful [14] and therefore the U(3) chiral per-
turbation theory can be considered as a useful tool to
perform the chiral extrapolation of the lattice data for
the light pseudoscalars.

m
as
s/
G
ev

m 2/Gev2

 ETMC
 UKQCD
 RBC/UKQCD
 HSC
 EXP

Fig. 8. The LO fit of the η and η′ masses. The
lattice simulation data are from Refs. [7–11].

Table 3. The values of the parameters from the
NNLO fits by taking the O(p6) LECs from Re-
f. [34].

F (MeV) 81.7±1.5±5.3

103×L5 0.60±0.11±0.52

103×L8 0.25±0.07±0.31

Λ1 -0.003±0.060±0.093

Λ2 0.08±0.11±0.20

103×L4 -0.12±0.06±0.19

103×L6 -0.05±0.04±0.02

103×L7 0.26±0.05±0.06

α -0.59±0.09±0.18
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5 Conclusions

Within the effective Lagrangian approach, we have
made a comprehensive study of the processes involving
η or η′ mesons, including the radiative decays with light-
flavor hadrons, such as the types of V Pγ(∗), Pγγ(∗),
and also the J/ψ → Pγ(∗) and V P decays, being P =
π,K,η,η′ and V = ρ,K∗,ω,ϕ. The modern recipe of the
two-mixing-angle scheme is used to describe the η and
η′ mesons. We make a global fit by considering a large
amount of the experimental data. Reliable values of the
η-η′ mixing parameters, together with the resonance cou-
plings from the effective Lagrangian, are determined. We
point out that the contributions from the intermediate
light vectors in the J/ψ→π0γ and J/ψ→π0l+l− decays,
with l = e,µ, are important. Therefore a future revised
experimental measurement is crucial to verify this mech-
anism.

We further calculate the η-η′ mixing pattern from the
underlying U(3) chiral perturbation theory. And the four
mixing parameters are expressed in terms of the chiral
low energy constants. By including the lattice simula-
tion data of the masses of η,η′ and kaon, and the pion
and kaon decay constants, we carry out a next-to-next-
to-leading order study and determine the relevant chiral
low energy constants, which are consisten with the re-
cent two-loop results. We conclude that the U(3) chiral
perturbation theory can provide a useful tool to perform
the chiral extrapolations of the lattice QCD data for the
light pseudoscalar mesons.
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