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Abstract:

Precise data on radiative leptonic 7 decays offer the opportunity to probe the electromagnetic properties

of the 7 and may allow to determine its anomalous magnetic moment which, in spite of its precise Standard Model

prediction, has never been measured. Recently, the branching fractions of the radiative leptonic 7 decays (7 — lviy,

with [ =e, ) were measured by the BABAR collaboration. These precise measurements, with a relative error of about

3%, must be compared with the branching ratios at the next-to-leading order in QED. Indeed the radiative corrections

are expected to be of order 10%, for [ =e, and 3%, for [ = u. Here, we present the prediction of the differential decay

rates and branching ratios of the radiative p and 7 leptonic decays in the Standard Model at the next-to-leading

order and we compare them with the recent BABAR measurements. Moreover, we report on a dedicated feasibility

study for the measurements of the 7 anomalous magnetic moment at Belle and Belle II.
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1 Introduction

The leptonic decays of the u and the 7 have been one
the most powerful tools to study the Lorentz structure
of weak interactions. Their precise theoretical formu-
lation in terms of Michel parameters [1-4] places them
in a unique position to investigate possible contribu-
tions beyond the V—-A coupling of the Standard Model
(SM). Radiative p and 7 leptonic decays, where an inner
bremsstrahlung photon is emitted, can be predicted with
very high precision and provide an independent probe of
the Michel parameters as well as the possibility to extract
new combinations like the 7 parameter [5-7].

Radiative p and 7 leptonic decays also constitute an
important source of background for experiments search-
ing for charged lepton flavour violating decays, such as
ut — ety 7 — [Ty, and even put — et(efe”) and
75 5 1'=(1%17) (I,I' = e, 1) because of the internal con-
version of photons to electron-positron pairs [8—-11]

Recently, the BABAR collaboration performed the
measurements of the 7 — lyvi (I = e,u) branching ra-
tios for a minimum photon energy w, = 10 MeV in
the 7 rest frame [12]. These measurements, with rel-
ative error of about 3%, must be compared with the
branching fractions at the next-to-leading order (NLO)
in QED. Indeed these radiative corrections, not pro-
tected from mass singularities by the Kinoshita-Lee-
Nauenberg theorem [13-15], are expected to be of rela-
tive order (a/m)In(m;/m.,)In(wy/m, ), corresponding to
a large 10% correction for [ = e, and 3% for | = . Radia-
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tive muon decay was measured long ago in [16]. Prelimi-
nary new results were presented recently by the MEG [8]
and PIBETA [17] collaborations.

Precise data on radiative 7 leptonic decays also offer
the opportunity to probe its anomalous magnetic mo-
ment (g—2) and electric dipole moment (EDM). Indeed,
the short lifetime of the 7 lepton (2.9 x 107'% s) poses
many difficulties for the experimental determination of
its dipole moments and it has so far prevented the di-
rect measurement of the g—2 by means of the 7 spin
precession in a magnetic field, like in the electron and
muon g—2 experiments [18, 19]. In fact, the present
bound on the 7 g—2 is only of O(1072), more than an
order of magnitude bigger than the leading contribution
a/(2m) = 0.001. Therefore, experiments must attempt
the extraction of indirect bounds from 7 pair production
and decays by comparing sufficiently precise data with
the SM predictions.

Here we propose the study of the electromagnetic
dipole moments of the 7 lepton via radiative leptonic
7 decays by means of an effective Lagrangian approach.
In Sec. 2 we review the SM predictions at NLO of the
differential decay rates and branching ratios of radiative
1 and 7 leptonic decays. After establishing in Sec. 3 our
conventions for the effective Lagrangian, we briefly re-
view the current theoretical and experimental status on
the 7 g—2 and EDM in Sec. 4. In Sec. 5 we report the
achievable sensitivity to the 7 electromagnetic moments
at Belle IT experiment. We conclude in Sec. 6.
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2 Radiative p and 7 leptonic decays

The SM prediction, at NLO, for the differential rate
of the radiative leptonic decays

P —etvoy, (1)
S vy, (2)
with [ = e or p, of a polarized u* or 7% in their rest
frame is
d°T* (yo)  aGLM°® 6,

X

drdydQ,dQ,  (4m)¢ 146w (m,,m.)

X G:F‘TﬂlﬁﬁlJ:FyﬁﬁvK+xyﬂlﬁ(plxﬁ'y)L )
(3)

where Gr = 1.1663787(6) x 10™° GeV~2 [20] is the
Fermi constant, defined from the muon lifetime, and
a = 1/137.035999157(33) is the fine-structure con-
stant [21, 22]. Calling m and M the masses of the fi-
nal and initial charged leptons (neutrinos and antineu-
trinos are considered massless) we define r = m/M and
rw = M/M,, where M, is the W-boson mass; p and
n=(0,7) are the four-momentum and polarization vec-
tor of the initial 7 or muon, with n? = -1 and n-p =0.
Also, x = 2E;/M, y = 2E,/M and B, = |p|/E =
V1—4r?/z?, where p, = (E;,p;) and p, = (E,,p,) are
the four-momenta of the final charged lepton and pho-
ton, respectively. The final charged lepton and photon
are emitted at solid angles €, and €2, with normalized
three-momenta p; and p.,, and c is the cosine of the angle
between p; and p,. The term dy (m,,m.) =1.04 x 107°
is the tree-level correction to muon decay induced by
the W-boson propagator [23, 24]. Equation (3) includes
the possible emission of an additional soft photon with
normalized energy ¥’ lower than the detection threshold
Yo < 1: ¥y < yo <y. The function G(z,y,c;y,) and,
analogously, J and K, are given by

G(l',y,C,yo):

4 o
~ 5 90(%,9,2)+ 7% 9w (,,2) + — Gao (2,9, 2,30 |
(4)

where z =zy(1—cf;)/2; the LO function go(z,y, 2), com-
puted in [25-27], arises from the pure Fermi V-A inter-
action, whereas gy (z,y,2) is the leading contributions
of the W-boson propagator derived in [24]. The NLO
term gano(,Y,2,Y) is the sum of the virtual and soft
bremsstrahlung contributions calculated in [28] (see also
Refs. [29, 30]). The function L(z,y,z), appearing in front
of the product @ (p; X p,), does not depend on yp; it is
only induced by the loop corrections and is therefore of
O(a/m). The (lengthy) explicit expressions of G,J, K

and L are provided in [28]. If the initial u* or 7% are

not polarized, Eq. (3) simplifies to
d°T (yo)  aGLM?P 82z,
drdedy — (4m)6 140w (m,,m.)
At the LO, the analytic integration over the allowed
kinematic ranges leads, for a minimum photon energy
Yo =2wo /M, to [26, 31]
G2 M° «
19273 37

G(I,y,c,yo). (5)

I'io (yo) =

. 1 P
{3L12(yo)* 5 (6+75) Yo lngo+
2

17
+ <lnr+ 12) (61nyo 4670 +7y) — % +

1
+ 5 (125+45y0—33y3+7y3)%}, (6)

where 7o = 1 — 1y, and the dilogarithm is defined by
Liy(z) =— [, dt @ Terms depending on the mass ra-
tio 7 have been neglected in the expression for T' o (yo),
with the obvious exception of the logarithmic contribu-
tion which diverges in the limit » — 0. However, terms
in the integrand G, (z,y,c) proportional to r* were not
neglected when performing the integral to obtain (6),
as they lead to terms of O(1) in the integrated result
Io(yo). This feature, first noted in [15], is due to the
appearance of right-handed electrons and muons in the
final states of (1,2) even in the limit r — 0, and is a con-
sequence of helicity-flip bremsstrahlung in QED [15, 32—
34].

At the NLO, which allows for double photon emis-
sion, the branching ratios of the radiative decays (1,2)
can be distinguished in two types due to the double real
emission:

e The "inclusive” branching ratio, B™°(y,), where
in the final state there is at least one photon with
energy higher than .

e The ”exclusive” branching ratio, B®< (y,), where
in the final state there is one, and only one, pho-
ton of energy larger than the detection threshold
Yo-

It is clear that at the LO the theoretical predictions for
these exclusive and inclusive branching ratios coincide —
double bremsstrahlung events are simply not considered.

Exclusive and inclusive branching ratios for the ra-
diative decays (1,2) were computed, for a threshold
wo = Yo (M/2) = 10 MeV, in Ref. [28] and are re-
ported in Tab. 1. Uncertainties were estimated for un-
computed NNLO corrections, numerical errors, and the
experimental errors of the lifetimes. The former were
estimated to be dBEEY™ ~ (a/m)Inrin(w,/M) Blxe/Ine.
For wy = 10 MeV they are about 10%, 3% and 3% for
T — evvy, T — puvry and p — evvry, respectively. They
appear with the subscript 7 N” in Tab. 1. Numerical
errors, labeled by the subscript "n”, are smaller than
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those induced by missing radiative corrections. These
two kinds of uncertainties were combined to provide the
theoretical error of the final B®* and B™° predictions,
labeled by the subscript ”th”. The uncertainty due to
the experimental error of the lifetimes is labeled by the
subscript " 7”.

The recent measurements by the BABAR collabo-
ration of the branching ratios of the radiative decays
T — lvvy, with | = e and p, for a minimum photon
energy wo =10 MeV in the 7 rest frame, are [12]:

Bexr (T — evry) =1.847(15)4(52),, x 1072, (7)
Bexp (T — pvy) =3.69(3)4(10)g, x 1073, (8)
where the first error is statistical and the second is sys-
tematic. These results are substantially more precise

than the previous measurements of the CLEO collabora-
tion [35]. The experimental values in Egs. (7,8) must be

compared with our predictions for the exclusive branch-
ing ratios in Tab. 1. For 7 — uvv~y decays, the branching
ratio measurement and prediction agree within 1.1 stan-
dard deviations (1.10). On the contrary, the experimen-
tal and theoretical values for 7 — evvy decays differ by
2.02(57) x 1073, i.e. by 3.50. This puzzling discrepancy
deserves further researches.

The branching ratio of the radiative decay u— evvy
was measured long ago for a minimum photon energy
wo =10 MeV in the y rest frame [16],

Bexp (n— evvy) =1.4(4) x 1072, (9)
This measurement agrees with our theoretical prediction,
and new precise results are expected to be published
in the near future by the MEG and PIBETA collabora-
tions [8, 17].

T — evvy T — pvy u—r evvy
Bro 1.834 x 1072 3.663 x 1073 1.308 x 1072
Bre  —1.06(1),(10)y x 1072 —5.8(1),(2)xy x107%  —1.91(5),,(6)5 x 107*
Bixe —1.89(1),(19)y x10™*  —9.1(1),,(3)xy x107%  —2.25(5),,(7)x x 1074
Bne 1.728(10)u(3), x 1072 3.605(2)n(6), x 1073 1.289 (1), x 1072
BExe 1.645(19)n(3), x 1072 3.572(3)u(6), x 1073 1.286(1)y, x 1072

Table 1.

Branching ratios of radiative p and 7 leptonic decays with minimum photon energy wo =10 MeV. Inclusive

Inc/Exc

and exclusive (B™/F*¢) predictions are separated into LO contributions (Bro) and NLO corrections (Baih™).
Uncertainties were estimated for uncomputed NNLO corrections (IN), numerical errors (n), and the experimental
errors of lifetimes (7). The first two types of errors were combined to provide the final theoretical uncertainty (th).
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Fig. 1. Top panel: NLO branching ratio of (1) as a
function of the invisible energy cut J... Lower
panel: the ratio of NLO corrections with respect
to the LO branching ratio. The purple band rep-
resents the assigned theoretical error due to un-
computed NNLO corrections.

4 45 5 55 6

As a further application of our calculation, we studied
the impact of the radiative corrections in the phase space

region where the neutrino energies (E, and E;) are small.
As already mentioned in the introduction, this peculiar
region is of particular significance for the experiments
searching for charged lepton flavour violation. Indeed
the SM decays in (1,2) are indistinguishable from the sig-
nal, g — ey or 7 — Iy, except for the energy carried out
by neutrinos. This SM background can be suppressed
only via a very precise determination of the final state
momenta: the total visible energy of the ey final state
(or Iv) must be as close as possible to the p mass (or the
T mass).

The upper panel of Fig. 1 shows, for the muon de-
cay (1), the SM prediction at NLO of the branching frac-
tion BM(F,...), defined as the integral of (5) over the
phase space region satisfying £ = E,+FE, =m,~E.~E. <
P ovax- We note that at NLO also a second soft photon
— assumed to be below the detection threshold w, and
therefore invisible — can be emitted. We calculated and
included these second soft photon effects in BS™(F,..)
adopting the same technique described in [28] for the nu-
merical evaluation of the exclusive and inclusive branch-
ing fractions in Tab. 1.
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The lower panel of Fig. 1 presents the ratio of NLO
corrections with respect to the LO branching ratio. The
relative order of the radiative corrections can be as large
as 8 —12% for an invisible energy cut £ .. =1—6 MeV.
The purple band represents the theoretical error due to
uncomputed NNLO corrections and it is estimated to be

OB (B ma) = (a/m) Inrln Emex B (B ).

mpy

3 The 7 lepton electromagnetic form
factors

In the next sections we will report on the possibility
to determine the 7 dipole moments via radiative leptonic
7 decays. We recall that the most general vertex func-
tion describing the interaction between initial and final
states of an on-shell 7 lepton, with four-momenta p and
p’ respectively, and a photon can be written in the form

U.(¢*) =ie{v. [Fiv(¢®) + Fra(a®)7s]

+2U;:T ¢"[iF2v () = FzA(qQ)%]} . (10)

where e > 0 is the positron charge, m, the mass of
the 7, 0., = i/2[v,,7.] and ¢ = p' —p is the ingoing
four-momentum of the off-shell photon. The functions
Foy(¢?) and Fr4(¢?) are related, in the limit ¢ — 0,
to the measurable quantities Fby (0) = a, and Fy4(0) =
d.(2m./e), where a, and d, are the anomalous magnetic
moment and electric dipole moment of the 7, respec-
tively. Deviations of the 7 dipole moments from the SM
values can be analyzed in the framework of dimension-
six gauge-invariant operators. Out of the complete set
of 59 independent gauge invariant operators in [36, 37],
only two of them can directly contribute to the 7 g—2
and EDM at tree level (i.e., not through loop effects):

38 = (ZTO"LWTR) O'I()OW;V, (11)
is = (1,0"'Tr) ¢ By, (12)
where ¢ and [, = (v,,7) are the Higgs, and the left-
handed SU(2) doublets, o' the Pauli matrices, W/, and
B, are the gauge field strength tensors. The leading

non-standard effective Lagrangian relevant for our study
is therefore given by

1
A2
After the electroweak symmetry breaking, the two oper-

ators mix and give additional, beyond the SM, contribu-
tions to the 7 anomalous magnetic moment and EDM:

Loz =— [Civ Qi +CaQ% +hcl]. (13)

2m, /2 .
a, = 7: \//;;] Re[cos Oy CP3 —sin Oy, C33 ] (14)

V2 :
d, = o Im [cos Oy Cr5 —sin Oy Ci] (15)

where v =246 GeV. Deviations of the 7 dipole moments
from the SM values could be then determined, possibly
down to the level of O(1073), via precise data on 7 pair
production and 7 decays.

4 Experimental determination

The present resolution on the 7 anomalous magnetic
moment is only of O(1072) [38], more than an order of
magnitude larger than its precise SM prediction [39]

a™ =117721(5) x 1075, (16)

In fact, while the SM value of a, is known with a tiny
uncertainty of 5 x 1078, the 7 short lifetime has so far
prevented the determination of a, by measuring the 7
spin precession in a magnetic field, like in the electron
and muon g—2 experiments. The present PDG limit on
the 7 g—2 was derived in 2004 by the DELPHI collabo-
ration from ete™ — ete" 77~ total cross section mea-
surements at /s between 183 and 208 GeV at LEP2
(the study of a, via this channel was proposed in [40]).
The measured values of the cross-sections were used to
extract limits on the 7 g—2 by comparing them to the
SM values, assuming that possible deviations were due
to non-SM contributions to a,. The obtained limit at
95% CL is [38]

—0.052 < &, <0.013, (17)

which can be also expressed in the form of central value
and error as a, =—0.018(17) [38].

The reanalysis of Ref. [41] of various LEP and SLD
measurements — mainly of the ete™ — 777~ cross sec-
tions — allowed the authors to set the indirect 20 confi-
dence interval

—0.007 < @, < 0.005, (18)

a bound stronger than that in Eq. (17). This analy-
sis assumed d, = 0. Like earlier ones, it also neglected
radiative corrections, but the authors checked that the
inclusion of initial-state radiation did not affect signifi-
cantly their bounds.

The EDM interaction violates the discrete C'P sym-
metry. In the SM, with massless neutrinos, the only
source of C'P violation is the CKM-phase. Therefore, a
fundamental lepton EDM must arise from virtual quarks
linked to the lepton through the W boson and also
be sensitive to the imaginary part of the Viky ma-
trix elements. The leading contribution is naively ex-
pected at the three-loop level, since two-loop diagram
is proportional to |Vi;|>. The problem was first ana-
lyzed in some detail in [42], but it was subsequently
shown that the three-loop diagrams also yield a zero
EDM contribution in the absence of gluonic corrections
to the quark lines [43]. For this reason, lepton EDMs
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are predicted to be extremely small in the SM, of the
0(10738—-107%) e-cm [44], which is far below the current
experimental capabilities. Indeed, present experiments
can only probe d, ~ O(10717) e-cm. Also for the electron,
ds® < 0.87 x 1072%e-cm [45] while d*™ ~ O(1073%) e-cm —
it is hard to imagine improvements in the sensitivity by
ten orders of magnitude! The present PDG limit on the
EDM of the 7 lepton at 95% CL is

—2.2<Re(d,) <4.5 (107" e-cm),

—2.5<Im(d,) <0.8 (107" e-cm); (19)

it was obtained by the Belle collaboration [46] following
the analysis of Ref. [47] for the impact of an effective
operator for the 7 EDM in the process ete™ — 777,

At the LHC, bounds on the 7 dipole moments are
expected to be set in 7 pair production via Drell-
Yan [48, 49] or double photon scattering processes [50].
The best limits achievable in pp — 777~ are estimated to
be comparable with present existing ones if one assumes
that the total cross section for 7 pair production will be
measured at the 14% level. A possible improvement is
expected in the pp — pp7+7~ analysis, via the subpro-
cess vy — 7777, where the DELPHI bound (17) might
be ameliorated by one order of magnitude [50]. Earlier
proposals can be found in [51, 52].

The Belle IT experiment at the upcoming high-
luminosity B factory SuperKEKB [53] will offer new op-
portunities to improve the determination of the 7 elec-
tromagnetic properties. The authors of Ref. [54] pro-
posed to determine the Pauli form factor Fyy-(g?) of the
7 via 777~ production in eTe~ collisions at the T res-
onances (Y(1S), T(2S) and Y(3S)) with a sensitivity of
O(1075) or even better. The center-of-mass energy at
super B factories is /s ~ Myus) ~ 10 GeV, so that
the form factor Fyy-(g?) is no longer the anomalous mag-
netic moment. Furthermore, the contributions to the
eTe™ — 777~ cross section arise not only from the usual
s-channel one-loop vertex corrections, but also from box
diagrams, which should be somehow subtracted out. The
strategy proposed in [54] to eliminate the contamina-
tion from the box diagrams has been to measure the ob-
servables on top of the T resonances: in this kinematic
regime the (non-resonant) box diagrams are numerically
negligible and only one-loop corrections to the y77 ver-
tex are relevant.

However, it is very difficult to resolve the narrow
peaks of the T(15,25,35) in the 777~ decay channel —
the Y (49) decays almost entirely in BB — because of the
natural irreducible beam energy spread associated to any
ete™ synchrotron. If we compare the total width for the
T resonances (I'Y ~20—50 keV) with the SuperKEKB
beam energy spread ow = 5.45 MeV [55], we note that
at the Belle IT the 777~ events produced with beams at
a centre of mass energy /s ~ My are mostly due to non-

resonant interaction. The situation at Belle was similar
(the energy spread at KEKB was oy = 5.24 MeV [56]).
Eventually, the measurement of the eTe™ — 777~ cross
section on top of the T resonances will not eliminate the
contamination of the box diagrams.

5 7 dipole moments via 7 — [yvi decays

The effective Lagrangian (13) generates additional
non-standard contributions to the differential decay rate
in Eq. (3). For a 7% they can be summarised in the shifts

G — G+a,G,,
K> K+a K,

J = J+a.
L — LF(m,/e) d, Ly. (20)

Tiny terms of O(a,?), O(d~72) and O(d,d,) were ne-
glected. Deviations of the 7 dipole moments from the
SM values can be determined, possibly down to the level
of O(1072) comparing the SM prediction for the differ-
ential rate in Eq. (3), modified by the terms G,, J,, K,
and Lg4, with sufficiently precise data.

The possibility to set bounds on a, via the radia-
tive leptonic T decays in (2) was suggested long ago in
Ref. [57]. In that article the authors proposed to take
advantage of a radiation zero of the LO differential de-
cay rate in (3) which occurs when, in the 7 rest frame,
the final lepton [ and the photon are back-to-back, and [
has maximal energy. Since a non-standard contribution
to a, spoils this radiation zero, precise measurements of
this phase-space region could be used to set bounds on
its value. However, our Monte Carlo simulation in Belle
experiment conditions shows no significant improvement
of the existing limits: the a, upper limit (UL) that can be
achieved with the whole Belle statistics, about 0.9 x 10°
T pairs, is only UL(a,) ~2 [58, 59].

A more powerful method to extract a, and JT con-
sists in the use of an unbinned maximum likelihood fit
of events in the full phase space. In this approach we
considered eTe~™ — 777~ events where both 7 leptons
decay subsequently into a particular final state: 77 (sig-
nal side) decays to the radiative leptonic mode, the other
7% (tag side) decays to some well known mode with a
large branching fraction. As a tag decay mode we chose
7+ = p*v — 7t7%, which also serves as spin anal-
yser and allows us to be sensitive to the spin depen-
dent part of the differential decay width of the signal
decay using effects of spin-spin correlation of the 7 lep-
tons [60]. With this technique we analyzed a data sam-
ple of ((Fvvy, 7*7°) events corresponding to the total
amount of data available at Belle and the one planned
at the Belle II experiment.

The feasibility study shows that no improvement
is expected from Belle data. However the experimen-
tal sensitivity on a, at the Belle II experiment, o; =
0.012 [58, 59], can already be competitive with DELPHI
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results in (17). On the other hand, the expected sensi-
tivity on the 7 EDM, o5 =6.1x10"""e-cm [58, 59], is still
worse than the most precise measurement of d, done at
Belle in 7 pair production [46].

6 Conclusions

We studied at the NLO in the SM the differential
decay rates and branching ratios of © — eyvv and
7 = lywo(l = p,e) decays. Our prediction for [ = p
agrees within 1.1¢ with the recent BABAR measurements
of B(1 — pvyvw), for a minimum photon energy thresh-
old wy =10 MeV. On the contrary the measurement of
B(r — eyvp) differs from our prediction by 3.50. This
puzzling discrepancy deserves further researches.

Radiative 7 leptonic decays can be employed to mea-
sure the 7 dipole moments at B factories. Deviations
of the 7 g—2 and EDM from the SM predictions can be
determined via an effective Lagrangian approach.

Our dedicated feasibility study showed that the mea-
surement of the 7 anomalous magnetic moment at
Belle IT can be already competitive with the current
bound from DELPHI experiment, while the expected sen-
sitivity to the 7 EDM is still worse than the most precise
measurement done at Belle.

I would like to thank the organizers for the opportu-
nity to present these results. I thank S. Fidelman, D.
Epifanov and M. Passera for our fruitful and ongoing
collaboration. I would like also to thank L. Mercolli for
participating in the early stages of this work.
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