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W-Boson Production at Hadron Colliders
Parton Model
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h(P1)

h′(P2)

q

W+

X
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h′(P2)

h(P1)

p1 = x1P1

p2 = x2P2

q

σhh′→W+X =
∑

f,f ′=q,q̄

∫ 1
0 dx1dx2

{
φf/h (x1) σ̂ff ′φf̄ ′/h′ (x2) + (x1 ↔ x2)

}

The probablility of finding a ”parton” f with

fraction x1 of the hadron h momentum

Partonic ”Born”

Cross Section of ff
′ → W+

Parton Model

σhh′→W+X =

h(P1)

h′(P2)

q

W+

X

=

h′(P2)

h(P1)

p1 = x1P1

p2 = x2P2

q

σhh′→W+X =
∑

f,f ′=q,q̄

∫ 1
0 dx1dx2

{
φf/h (x1) σ̂ff ′φf̄ ′/h′ (x2) + (x1 ↔ x2)

}

The probablility of finding a ”parton” f with

fraction x1 of the hadron h momentum

Partonic ”Born”

Cross Section of ff
′ → W+

σhh′→W+X =
∑

f,f ′=q,q̄

∫ 1
0 dx1dx2

{

φf/h (x1) σ̂ff ′φf̄ ′/h′ (x2) + (x1 ↔ x2)
}

The probablility of finding a ”parton” f with

fraction x1 of the hadron h momentum

Partonic ”Born”

Cross Section of ff
′

→ W+



Parton Model







P=(uud)





Naive Parton Model
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Born Cross Section
Born Cross Section

σ̂qq̄′ =
1

2ŝ

∫ d3q

(2π)3 2q0
(2π)4 δ4 (p1 + p2 − q) · |M|2

where

|M|2 =
(1

3
·
1

3

) (1

2
·
1

2

)

︸ ︷︷ ︸

∑

spin
color

2

p2

p1 q

average color and spin

[

Or, − iM = v̄ (p2)
igw√

2
γµ

1

2
(1 − γ5)u (p1)

]

”Cut-diagram” notation



Born Cross Section
“cut-diagram” notation
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µPL] (−1) PLPL = PL =

1

2
(1 − γ5)

= (−2)Tr [ ̸ p1 ̸ p2PL] (−1) γµ ̸ p2γ
µ = −2 ̸ p2
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1

2
· 4 (p1 · p2) (−1) Tr (̸ p1 ̸ p2) = 4 (p1 · p2)

= +2ŝ T r ( ̸ p1 ̸ p2γ5) = 0

Tr [I3×3] = 3
(
ŝ ≡ (p1 + p2)

2 = q2 and p2
1 = p2

2 = 0
)
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(

gw√
2
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2q0
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q2 − M2
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= δ
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q2 − M2
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g2

wδ (1 − τ̂)

(
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∫
d3q

2q0
δ4 (p1 + p2 − q) =

∫
d4qδ4 (p1 + p2 − q) δ+

(
q2 − M2

)

= δ
(
q2 − M2

)

where M is the mass of W -boson.

Thus,

σ̂qq̄′ =
1

2ŝ
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∫
d3q

2q0
δ4 (p1 + p2 − q) =

∫
d4qδ4 (p1 + p2 − q) δ+

(
q2 − M2

)

= δ
(
q2 − M2

)

where M is the mass of W -boson.

Thus,

σ̂qq̄′ =
1

2ŝ
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Matrix element square

Phase space integration
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Factorization Theorem
Factorization Theorem
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Feynman Rules
Feynman Rules

• Quark Propagator

i, α j, β

p i(̸p+m)βα

p2−m2+iϵ
δij

 (i,j=1,2,3)

Take m=0 in
our calculation

• Gluon Propagator

ν, a µ, b

k i(−gµν)
k2+iϵ

δab

(a,b=1,2...,8)
• Quark-W Vertex

i, α

j, β

Wµ i gW√
2
(γµ)βα

(1−γ5)
2 δij

gw = e
sin θw

, weak coupling

• Quark-Gluon Vertex

i, α
c, µ

j, β

G −ig (tc)ji (γµ)βα

tc is the SU(N)N×N generator

• Quark Color Generators

[ta, tb] = ifabctc
∑

c

t2c = CF IN×N CF =
N2 − 1

2N
=

4

3
, (N = 3)

Tr(
∑

c

t2c ) = N CF
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Feynman Rules for Cut-diagrams

ν, a µ, b

k
(2π)δ+(k2)(−gµν)δab

ν µ

q
(2π)δ+(q2

− M 2)(−gµν + qµqν

M2 )

Doesn’t contribute for mf = 0
because of Ward identity

ν µ

igW
√

2
γν

1

2
(1 − γ5) −igW

√

2
γµ

1

2
(1 − γ5)

p p

i(̸p+m)
p2−m2+iϵ

−i(̸p+m)
p2−m2−iϵ

Quark line

Gluon line

ν, a µ, b

k
(2π)δ+(k2)(−gµν)δab

ν µ

q
(2π)δ+(q2

− M 2)(−gµν + qµqν

M2 )

Doesn’t contribute for mf = 0
because of Ward identity

W-boson line

Vertex

Fermion Propagator



Intermediate Problems (Singularities)Immediate problems (Singularities)

• Ultraviolet singularity

k

(UV)

∼
∞∫

d4k
̸ k ̸ k

(k2) (k2) (k2)
→ ∞

• Infrared singularities

kp

+

2(IR)

→ ∞

as kµ → 0 (soft divergence)

or kµ ∥ pµ (collinear divergence)
1

(p − k)2 − m2
=

1

−2p · k
(for m = 0 or m ̸= 0)

p · k → 0 as

k → 0 or kµ ∥ pµ (for m = 0)

k → 0 (for m ̸= 0)

(Similar singularities also exist in virtual diagrams.)

• Solutions
Compute Hij in pQCD in n = 4 − 2ε dimensions

(dimensional regularization)

(1) n ̸= 4 ⇒ UV & IR divergences appear as 1
ε

poles

in σ(1)
ij (Feynman diagram calculation)

(2) Hij is IR safe ⇒ no 1
ε

in Hij

(Hij is UV safe after ”renormalization”.)
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Dimensional Regularization
(Revisit the Born Cross Section in n dimension)

Dimensional Regularization
(Revisit the Born Cross Section in n dimensions)

•

σ̂(0)
qq̄′ =

1

2ŝ

∫
dn−1q

(2π)n−1 2q0
(2π)n · δn (p1 + p2 − q) · |m|2

•

|m|2 =(1
3 ·

1
3) (1

2 ·
1
2) ·

In n-dim, the polarization degree of freedom
is (2) for a quark, and (n-2) for a gluon.

• Using the Naive-γ5 prescription:

Tr [ ̸ p1γµPL ̸ p2γ
µPL] (−1)

= Tr [ ̸ p1γµ ̸ p2γ
µPL] (−1) γµ ̸ p2γ

µ = −2 (1 − ε) ̸ p2

= (−2) (1 − ε)Tr [ ̸ p1 ̸ p2PL] (−1)

= (−2) (1 − ε) ·
1

2
· 4 (p1 · p2) (−1)

= 2 (1 − ε) ŝ

• In n dimensions

σ̂(0)
qq̄′ =

π

12ŝ
g2
w · (1 − ε) · δ (1 − τ̂) ≡ σ(0) · δ(1 − τ̂)
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2ŝ

∫
dn−1q

(2π)n−1 2q0
(2π)n · δn (p1 + p2 − q) · |m|2

•

|m|2 =(1
3 ·

1
3) (1

2 ·
1
2) ·

In n-dim, the polarization degree of freedom
is (2) for a quark, and (n-2) for a gluon.

• Using the Naive-γ5 prescription:

Tr [ ̸ p1γµPL ̸ p2γ
µPL] (−1)

= Tr [ ̸ p1γµ ̸ p2γ
µPL] (−1) γµ ̸ p2γ

µ = −2 (1 − ε) ̸ p2

= (−2) (1 − ε)Tr [ ̸ p1 ̸ p2PL] (−1)

= (−2) (1 − ε) ·
1

2
· 4 (p1 · p2) (−1)

= 2 (1 − ε) ŝ
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•

σ̂(0)
qq̄′ =

1

2ŝ

∫
dn−1q

(2π)n−1 2q0
(2π)n · δn (p1 + p2 − q) · |m|2

•

|m|2 =(1
3 ·

1
3) (1

2 ·
1
2) ·

In n-dim, the polarization degree of freedom
is (2) for a quark, and (n-2) for a gluon.

• Using the Naive-γ5 prescription:

Tr [ ̸ p1γµPL ̸ p2γ
µPL] (−1)

= Tr [ ̸ p1γµ ̸ p2γ
µPL] (−1) γµ ̸ p2γ

µ = −2 (1 − ε) ̸ p2

= (−2) (1 − ε)Tr [ ̸ p1 ̸ p2PL] (−1)

= (−2) (1 − ε) ·
1

2
· 4 (p1 · p2) (−1)

= 2 (1 − ε) ŝ

• In n dimensions

σ̂(0)
qq̄′ =

π

12ŝ
g2
w · (1 − ε) · δ (1 − τ̂) ≡ σ(0) · δ(1 − τ̂)
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Details of Virtual and Real 
Quantum Corrections



Virtual Corrections (in Feynman Gauge)

Virtual Corrections (qq′)virt
(in Feynman Gauge )

•
= 0

1
εIR

and 1
εUV

poles cancel when εUV = −εIR ≡ ε

•

1
εUV

cancel ⇒ Electroweak coupling is not
renormalized by QCD interactions
at one-loop order
(Ward identity,
a renormalizable theory)

1
εIR

poles remain

•

σ(1)
virt is free of ultraviolent singularity.

σ(1)
virt = σ(0) αs

2π
δ (1 − τ̂)

(
4πµ2

M2

)ε Γ (1 − ε)

Γ (1 − 2ε)

·
{
−

2

ε2
−

3

ε
− 8 +

2π2

3

}
· (CF)

− 2
ε2 : soft and collinear singularities

−3
ε
: soft or collinear singularities

CF : color factor

σ(0) ≡ π
12ŝ

g2
w · (1 − ε)

Virtual Corrections (qq′)virt
(in Feynman Gauge )

•
= 0

1
εIR

and 1
εUV

poles cancel when εUV = −εIR ≡ ε

•

1
εUV

cancel ⇒ Electroweak coupling is not
renormalized by QCD interactions
at one-loop order
(Ward identity,
a renormalizable theory)

1
εIR

poles remain

•

σ(1)
virt is free of ultraviolent singularity.

σ(1)
virt = σ(0) αs

2π
δ (1 − τ̂)

(
4πµ2

M2

)ε Γ (1 − ε)

Γ (1 − 2ε)

·
{
−

2

ε2
−

3

ε
− 8 +

2π2

3

}
· (CF)

− 2
ε2 : soft and collinear singularities

−3
ε
: soft or collinear singularities

CF : color factor

σ(0) ≡ π
12ŝ

g2
w · (1 − ε)

p p-k

k

Appendix E
Explicit Calculations

•
Consider

p p-k

k

∫
dnk

(2π)n

γµ ( ̸ p− ̸ k) γµ

(k2 + iϵ)
(
(p − k)2 + iϵ

)

→
∫

dnk

(2π)n

∫ 1

0
dx

(2 − n) (̸ p− ̸ k)
[k2 − 2k · xp]2

(l ≡ k − xp)

=
∫

dnl

(2π)n

∫ 1

0
dx

(2 − n) [(1 − x) ̸ p− ̸ l]
[l2 + iϵ]2

=
[(

1 −
n

2

)
̸ p

]
·
∫

dnl

(2π)n

1

[l2 + iϵ]2︸ ︷︷ ︸

↓
= 0

(
Because there is

no mass scale

)

↑
⎛

⎝
Due to cancellation

of 1
εUV

and 1
εIR

Trick:A = A − B + B

⎞

⎠

=
∫

dnl

(2π)n

⎧
⎨

⎩

[
1

(l2)2 −
1

(l2 − Λ2)2

]

︸ ︷︷ ︸
+

[
1

(l2 − Λ2)2

]

︸ ︷︷ ︸

⎫
⎬

⎭

IR div. UV div.

=
i

16π2

(
1

εIR

)
+

i

16π

(
1

εUV

)
,

(
n − 4 = 2εIR

4 − n = 2εUV

)

Appendix E
Explicit Calculations

•
Consider

p p-k

k

∫
dnk

(2π)n

γµ ( ̸ p− ̸ k) γµ

(k2 + iϵ)
(
(p − k)2 + iϵ

)

→
∫

dnk

(2π)n

∫ 1

0
dx

(2 − n) (̸ p− ̸ k)
[k2 − 2k · xp]2

(l ≡ k − xp)

=
∫

dnl

(2π)n

∫ 1

0
dx

(2 − n) [(1 − x) ̸ p− ̸ l]
[l2 + iϵ]2

=
[(

1 −
n

2

)
̸ p

]
·
∫

dnl

(2π)n

1

[l2 + iϵ]2︸ ︷︷ ︸

↓
= 0

(
Because there is

no mass scale

)

↑
⎛

⎝
Due to cancellation

of 1
εUV

and 1
εIR

Trick:A = A − B + B

⎞

⎠

=
∫

dnl

(2π)n

⎧
⎨

⎩

[
1

(l2)2 −
1

(l2 − Λ2)2

]

︸ ︷︷ ︸
+

[
1

(l2 − Λ2)2

]

︸ ︷︷ ︸

⎫
⎬

⎭

IR div. UV div.

=
i

16π2

(
1

εIR

)
+

i

16π

(
1

εUV

)
,

(
n − 4 = 2εIR

4 − n = 2εUV

)

Z
dnk

(2⇡)n
�µ ( 6 p� 6 k) �µ

(k2 + i✏)
⇣
(p� k)2 + i✏

⌘ !
Z

d

n
k

(2⇡)n

Z 1

0
dx

(2� n) ( 6 p� 6 k)
[k2 � 2k · xp]2

=

Z
d

n
l

(2⇡)n

Z 1

0
dx

(2� n) [(1� x) 6 p� 6 l]
[l2 + i✏]2

=
h⇣

1� n

2

⌘
6 p
i
·
Z

dnl

(2⇡)n
1

[l2 + i✏]2| {z }
= 0

=

Z
dnl

(2⇡)n

8
><

>:

"
1

(l2)2
� 1

(l2 � ⇤2)2

#

| {z }
+

"
1

(l2 � ⇤2)2

#

| {z }

9
>=

>;

IR div UV div

=
i

16⇡2

✓
1

"IR

◆
+

i

16⇡

✓
1

"UV

◆
n� 4 = 2"IR
4� n = 2"UV



Virtual Corrections (in Feynman Gauge)

Virtual Corrections (qq′)virt
(in Feynman Gauge )

•
= 0

1
εIR

and 1
εUV

poles cancel when εUV = −εIR ≡ ε

•

1
εUV

cancel ⇒ Electroweak coupling is not
renormalized by QCD interactions
at one-loop order
(Ward identity,
a renormalizable theory)

1
εIR

poles remain

•

σ(1)
virt is free of ultraviolent singularity.

σ(1)
virt = σ(0) αs

2π
δ (1 − τ̂)

(
4πµ2

M2

)ε Γ (1 − ε)

Γ (1 − 2ε)

·
{
−

2

ε2
−

3

ε
− 8 +

2π2

3

}
· (CF)

− 2
ε2 : soft and collinear singularities

−3
ε
: soft or collinear singularities

CF : color factor

σ(0) ≡ π
12ŝ

g2
w · (1 − ε)

�(1)
virt = �(0)↵s

2⇡
� (1� ⌧̂)

✓
4⇡µ2

M2

◆"
� (1� ")

� (1� 2")
·
⇢
� 2

"2
� 3

"
� 8 +

2⇡2

3

�
· (CF )

Virtual Corrections (qq′)virt
(in Feynman Gauge )

•
= 0

1
εIR

and 1
εUV

poles cancel when εUV = −εIR ≡ ε

•

1
εUV

cancel ⇒ Electroweak coupling is not
renormalized by QCD interactions
at one-loop order
(Ward identity,
a renormalizable theory)

1
εIR

poles remain

•

σ(1)
virt is free of ultraviolent singularity.

σ(1)
virt = σ(0) αs

2π
δ (1 − τ̂)

(
4πµ2

M2

)ε Γ (1 − ε)

Γ (1 − 2ε)

·
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−

2

ε2
−

3

ε
− 8 +

2π2

3

}
· (CF)

− 2
ε2 : soft and collinear singularities

−3
ε
: soft or collinear singularities

CF : color factor

σ(0) ≡ π
12ŝ

g2
w · (1 − ε)

� 2

"2
soft and collinear singularities

�3

"
soft or collinear singularities

�(0) ⌘ ⇡

12ŝ
g2w · (1� ")

Virtual Corrections (qq′)virt
(in Feynman Gauge )

•
= 0

1
εIR

and 1
εUV

poles cancel when εUV = −εIR ≡ ε

•

1
εUV

cancel ⇒ Electroweak coupling is not
renormalized by QCD interactions
at one-loop order
(Ward identity,
a renormalizable theory)

1
εIR

poles remain

•

σ(1)
virt is free of ultraviolent singularity.

σ(1)
virt = σ(0) αs

2π
δ (1 − τ̂)

(
4πµ2

M2

)ε Γ (1 − ε)

Γ (1 − 2ε)

·
{
−

2

ε2
−

3

ε
− 8 +

2π2

3

}
· (CF)

− 2
ε2 : soft and collinear singularities

−3
ε
: soft or collinear singularities

CF : color factor

σ(0) ≡ π
12ŝ

g2
w · (1 − ε)



  Real Emission Contribution         (qq0)real
Real Emission Contribution (qq′)real

•
1
ε Collinear

1
ε2 Soft and Collinear

•

σ(1)
real

(
qq̄′

)
= σ(0) αs

2π

(
4πµ2

M2

)ε
Γ (1 − ε)

Γ (1 − 2ε)
· CF

·
{

2

ε2
δ (1 − τ̂) −

2

ε

1 + τ̂2

(1 − τ̂)+

+ 4
(
1 + τ̂2

)(
ln (1 − τ̂)

1 − τ̂

)

+
− 2

1 + τ̂2

1 − τ̂
ln τ̂

}

Note: [· · · ]+ is a distribution,
∫ 1

0
dz f (z)

[
1

1 − z

]

+

=
∫ 1

0
dz

f (z) − f (1)

1 − z
, which is finite.

• In the soft limit, τ̂ → 1
(
τ̂ = M2

ŝ

)
,

σ(1)
real

(
qq̄′

)
−→ σ(0) αs

2π

(
4πµ2

M2

)ε
Γ (1 − ε)

Γ (1 − 2ε)
· CF

·
{

2

ε2
δ (1 − τ̂) −

4

ε

1

(1 − τ̂)+

+ 8
(

ln (1 − τ̂)

1 − τ̂

)

+

}

Real Emission Contribution (qq′)real

•
1
ε Collinear

1
ε2 Soft and Collinear

•

σ(1)
real

(
qq̄′

)
= σ(0) αs

2π

(
4πµ2

M2

)ε
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Γ (1 − 2ε)
· CF

·
{

2

ε2
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2

ε
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(1 − τ̂)+

+ 4
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1 + τ̂2

)(
ln (1 − τ̂)
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)

+
− 2
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1 − τ̂
ln τ̂

}

Note: [· · · ]+ is a distribution,
∫ 1

0
dz f (z)

[
1

1 − z

]

+

=
∫ 1

0
dz

f (z) − f (1)

1 − z
, which is finite.

• In the soft limit, τ̂ → 1
(
τ̂ = M2

ŝ

)
,

σ(1)
real

(
qq̄′

)
−→ σ(0) αs

2π

(
4πµ2

M2

)ε
Γ (1 − ε)

Γ (1 − 2ε)
· CF

·
{

2

ε2
δ (1 − τ̂) −

4

ε

1

(1 − τ̂)+

+ 8
(

ln (1 − τ̂)

1 − τ̂

)

+

}

�(1)
real (qq̄

0) = �(0)↵s

2⇡

✓
4⇡µ2

M2

◆"
� (1� ")

� (1� 2")
· CF

·
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2

"2
� (1� ⌧̂)� 2

"
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+ 4

�
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1� ⌧̂

◆

+

� 2
1 + ⌧̂2

1� ⌧̂
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Note:          is a distribution[· · · ]+
Z 1

0
dz f (z)
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1

1� z

�
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Z 1

0
dz

f (z)� f (1)

1� z which is finite
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· CF
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ε
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Note: [· · · ]+ is a distribution,
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]

+
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∫ 1
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f (z) − f (1)

1 − z
, which is finite.

• In the soft limit, τ̂ → 1
(
τ̂ = M2

ŝ

)
,

σ(1)
real

(
qq̄′
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−→ σ(0) αs

2π

(
4πµ2

M2
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· CF

·
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2

ε2
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4

ε

1
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(
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+
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(
qq̄′

)

virt
+

(
qq̄′

)

real at NLO

•

σ(1)
qq̄′ = σ(1)

virt

(
qq̄′

)
+ σ(1)

real

(
qq̄′

)

= σ(0) αs

2π

(
4πµ2

M2

)ε
Γ (1 − ε)

Γ (1 − 2ε)
· CF

·
{

−2

ε

(
1 + τ̂2

1 − τ̂

)

+

− 2
1 + τ̂2

1 − τ̂
ln τ̂ + 4

(
1 + τ̂2

)(
ln (1 − τ̂)

1 − τ̂

)

+

+

(
2π2

3
− 8

)
δ (1 − τ̂)

}

Where we have used

−2

ε

[
1 + τ̂2

(1 − τ̂)+

+
3

2
δ (1 − τ̂)

]
=

−2

ε

(
1 + τ̂2

1 − τ̂

)

+

•

All the soft singularities
(

1
ε2 ,

1
ε

)
cancel in σ(1)

qq̄′

⇒ KLN theorem
(Kinoshita-Lee-Navenberg)

•

σ(1)
qq̄′ ∼

1

ε
(term) + finite (terms)

↑

Collinear Singularity
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(term) + finite (terms)

↑
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�(1)
qq̄0 ⇠ 1
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(term) + finite (terms)) collinear 

singularity



          Real Correction qG ! q0W+

q

g
q

W
p2

p1

(p3 − p1)

p3

k

q

W

g

q

(p1 + p2)

Define the Mandelstam variables

• consider the real emission process

q

g
q

W
p2

p1
(p3 − p1)

p3

k

q

W

g

q

(p1 + p2)

Define the Mandelstam variables

ŝ = (p1 + p2)
2 = 2p1 · p2

t̂ = (p1 − p3)
2 = −2p1 · p3

û = (p2 − p3)
2 = −2p2 · p3

After averaging over colors and spins

|M|2 =

(
1

2 (1 − ε)

1

2

)

︸ ︷︷ ︸
Spin

·
(1

3
·
1

8

)
· Tr (tata)

︸ ︷︷ ︸
Color

· (gµε)2

· g2
w · 2 (1 − ε)

·
[

(1 − ε)

(

−
ŝ

t̂
−

t̂

ŝ

)

−
2ûM2

t̂ŝ
+ 2ε

]

Note: The d.o.f. of gluon polarization is 2 (1 − ε),
and that of quark polarization is 2.

After averaging over colors and spins

|M|2 =
✓

1

2 (1� ")

1

2

◆

| {z }
Spin

·
✓
1

3
· 1
8

◆
· Tr (tata)

| {z }
Color

· (gµ")2 · g2w · 2 (1� ")

⇥

(1� ")

✓
� ŝ

t̂
� t̂

ŝ

◆
� 2ûM2

t̂ŝ
+ 2"

�



• In the parton c.m. frame, the constituent cross section

σ̂ =
1

2ŝ
|M|2 · (PS2)

=
1

2ŝ
·
{

1

4
·
1

6
· 2g2

s µ2εg2
w (1 − ε) ·

[
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ŝ

)
(1 − y)
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ŝ

)
(1 − y)
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ŝ

)
−

2ûM2
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+ 2ε

]}

·
{

1

8π

(
4π

M2

)ε 1

Γ (1 − ε)
τ̂ ε (1 − τ̂)1−2ε

∫ 1

0
dy [y (1 − y)]−ε

}

where y ≡ 1
2 (1 + cos θ)

Using t̂ = −ŝ

(
1 −

M2

ŝ
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(
1 −

M2

ŝ
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ŝ

t̂
−

t̂

ŝ
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ŝ

)
−

2ûM2
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û = −ŝ
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Perturbative PDFsPerturbative PDF

• In MS-scheme (modified minimal subtraction)
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⎛
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Note:The Pole part in the MS scheme is
1
ε̂ = 1

ε(4πe−γE)ε = 1
ε + ln4π − γE

In the MS scheme, the pole part is just 1
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+
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g2

w =
πg2

w

12S

1

x1x2
.

• pQCD prediction

σhh′ =

{
∑

f=q,q̄′

∫
dx1dx2φf/h

(
x1, µ

2
) [

σ(0)δ (1 − τ̂)
]

φf̄/h′

(
x2, µ

2
)

+
∑

f=q,q̄′

∫
dx1dx2φf/h

(
x1, µ

2
)
[

αs

(
µ2

)

π
H(1)

ff̄
(τ̂)

]
φf̄/h′

(
x2, µ

2
)

+
∑

f=q,q̄′

∫
dx1dx2φf/h

(
x1, µ

2
)
[

αs

(
µ2

)

π
H(1)

fG (τ̂)

]
φG/h′

(
x2, µ

2
)
+ (x1 ↔ x2)

}

Find H(1)
qq′ (in the MS scheme)

• Take off the factor
(

αs
π

)

σ(1)
qq̄′ = σ(0)

{
P (1)

q←q (τ̂)

[
ln

(
M2

µ2

)
−

1

ε
+ γE − ln 4π

]

+CF

[
−

1 + τ̂2

1 − τ̂
ln τ̂ + 2

(
1 + τ2

)(
ln (1 − τ̂)

1 − τ̂

)

+
+

(
π2

3
− 4

)
δ (1 − τ̂)

]}

•
H(1)

qq̄′ (τ̂) = σ(1)
qq̄′ −

[
2φ(1)

q←qσ
(0)
qq̄′

]

= σ̂(0) ·
{

P (1)
q←q (τ̂) ln

(
M2

µ2

)

+CF

[
−

1 + τ̂2

1 − τ̂
ln τ̂ + 2

(
1 + τ2

)(
ln (1 − τ̂)

1 − τ̂

)

+
+

(
π2

3
− 4

)
δ (1 − τ̂)

]}

where

τ̂ =
M2

ŝ
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g2

w =
πg2

w

12S

1

x1x2
.

• pQCD prediction

σhh′ =

{
∑

f=q,q̄′

∫
dx1dx2φf/h

(
x1, µ

2
) [

σ(0)δ (1 − τ̂)
]

φf̄/h′

(
x2, µ

2
)

+
∑

f=q,q̄′

∫
dx1dx2φf/h

(
x1, µ

2
)
[

αs

(
µ2

)

π
H(1)

ff̄
(τ̂)

]
φf̄/h′

(
x2, µ

2
)

+
∑

f=q,q̄′

∫
dx1dx2φf/h

(
x1, µ

2
)
[

αs

(
µ2

)

π
H(1)

fG (τ̂)

]
φG/h′

(
x2, µ

2
)
+ (x1 ↔ x2)

}

Find H(1)
qq′ (in the MS scheme)

• Take off the factor
(

αs
π

)

σ(1)
qq̄′ = σ(0)

{
P (1)

q←q (τ̂)

[
ln

(
M2

µ2

)
−

1

ε
+ γE − ln 4π

]

+CF

[
−

1 + τ̂2

1 − τ̂
ln τ̂ + 2

(
1 + τ2

)(
ln (1 − τ̂)

1 − τ̂

)

+
+

(
π2

3
− 4

)
δ (1 − τ̂)

]}

•
H(1)

qq̄′ (τ̂) = σ(1)
qq̄′ −

[
2φ(1)

q←qσ
(0)
qq̄′

]

= σ̂(0) ·
{

P (1)
q←q (τ̂) ln

(
M2

µ2

)

+CF

[
−

1 + τ̂2

1 − τ̂
ln τ̂ + 2

(
1 + τ2

)(
ln (1 − τ̂)

1 − τ̂

)

+
+

(
π2

3
− 4

)
δ (1 − τ̂)

]}

where

τ̂ =
M2

ŝ
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ŝ
=

M2

x1x2S
, σ(0) = σ̂(0) · (1 − ε) ,

σ̂(0) =
π

12ŝ
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pQCD Prediction

Find H(1)
qq′ (in the MS scheme)

• Take off the factor
(

αs
π

)

σ(1)
qq̄′ = σ(0)

{
P (1)

q←q (τ̂)

[
ln

(
M2

µ2

)
−

1

ε
+ γE − ln 4π

]

+CF

[
−

1 + τ̂2

1 − τ̂
ln τ̂ + 2

(
1 + τ2

)(
ln (1 − τ̂)

1 − τ̂

)

+
+

(
π2

3
− 4

)
δ (1 − τ̂)

]}

•
H(1)

qq̄′ (τ̂) = σ(1)
qq̄′ −

[
2φ(1)

q←qσ
(0)
qq̄′

]

= σ̂(0) ·
{

P (1)
q←q (τ̂) ln

(
M2

µ2

)

+CF

[
−

1 + τ̂2

1 − τ̂
ln τ̂ + 2

(
1 + τ2

)(
ln (1 − τ̂)

1 − τ̂

)

+
+

(
π2

3
− 4

)
δ (1 − τ̂)

]}

where

τ̂ =
M2

ŝ
=

M2

x1x2S
, σ(0) = σ̂(0) · (1 − ε) ,

σ̂(0) =
π

12ŝ
g2

w =
πg2

w

12S

1

x1x2
.

• pQCD prediction

σhh′ =

{
∑

f=q,q̄′

∫
dx1dx2φf/h

(
x1, µ

2
) [

σ(0)δ (1 − τ̂)
]

φf̄/h′

(
x2, µ

2
)

+
∑

f=q,q̄′

∫
dx1dx2φf/h

(
x1, µ

2
)
[

αs

(
µ2

)

π
H(1)

ff̄
(τ̂)

]
φf̄/h′

(
x2, µ

2
)

+
∑

f=q,q̄′

∫
dx1dx2φf/h

(
x1, µ

2
)
[

αs

(
µ2

)

π
H(1)

fG (τ̂)

]
φG/h′

(
x2, µ

2
)
+ (x1 ↔ x2)

}

Summary

• φf/h(x, µ2) depends on scheme (MS,DIS,...)

⇒ Hij scheme dependent

• Evolution equations allow us to perdict

q2−dependent of φ(x, q2)

• Essentially identical procedure for

hh′ → jets, inclusive QQ,...

But, when the Born level process involves

strong interaction (eg. qq → tt),

it is also necessary to renormalize the

strong coupling αs, etc, to eliminate

ultraviolate singularities
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Glory of Perturbative QCD
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Finding a needle in a haystack:
A typical Higgs production event at the LHC

Production of high-energy particles can be systematically
described in perturbation theory, in contrast to messy production
of low-energy particles
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Glory of Perturbative QCD

The Era of 
Next-to-Next-to-Leading Order
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Who has calculated top-quark pair production at the LHC?

If yes, how did you calculate it?  

 MadEvent? Pythia? Herwig or by hand?


