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What | learned from my thesis advisor:

Stop arguing!
Just do It
And you will understand
after.



A NLO Calculation of pQCD:
Total Cross Section of PP - WT4+ X

C.—P. Yuan

Michigan State University
CCAST Summer School, June 2004

A good reference:
“Handbook of pQCD”, quite old but free



http://www.phy.pku.edu.cn/~ghcao/Class/Yuan/index_2014.html
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W-Boson Production at Hadron Colliders

h(Fr)

Ohh! —=W+X — ff’zqqfol d331d5172 {(bf/h (5131) OA'ff/¢f//h/ (1‘2) -+ (1171 < 332)}

Partonic ” Born”

Cross Section of ff — W+

The probablility of finding a ”parton” f with

fraction x; of the hadron A momentum
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Naive Parton Model

h(Fr)

102:362P2/v

Ohh! —=W+X — ff’zqqfol d331d5172 {(bf/h (5131) 5-ff’¢f’/h’ (1‘2) -+ (1171 < 332)}

Partonic ” Born”

Cross Section of ff — W+

The probablility of finding a ”parton” f with

fraction x; of the hadron A momentum




Born Cross Section

G —/:i/ i (27)* 6% (p1 + po — q) - [IM]?
44 2s (27T)3 2q0o
where >

1 1 1 1 N
-6 5 5
M 3 3 2 2 Z 7

—_— = == spin

average color and spin

Zgw

Or, —iM = v (p>2) \/—’YLLQ (1 —v5)u(p1)




Born Cross Section

‘cut-diagram’ notation

9 - N Nk

- AN J

N
AR

J

%’YVPL —%%PL Pr=3(1— 1)

2 -
B (g_w> Tr | pivaPr p2ywPr] - (_QW T QM—%) 1T I3

(V)

Doesn’t contribute for m, = 0, Clolor
due to Ward identity



Matrix element square

Tr [ prvuPr p2y"Pr] (—1) PP = P = %(1 —7s5) Tr[Izx3] =3
=Tr [p17 f2v"Pr] (-1) e b2 =2 0
= (=2)Tr [p1 p2Pr] (—1) Tr(p1 p2) =4 (p1-p2)
= (-2)- 54 p2) (-1) 1l ) =0
= +2s

(5= (p1 4+ p2)* = ¢° and p} = p3 =0)

— (%)2 - (+28)(3) =395 5

4

Phase space integration

05 (o1 + 12— 0) = / d'a5* (b1 + 92— 0) 6+ (¢ — M?) = 6 (¢° — M)

Hard process cross section

aq@:%(zw)-a(g—MQ)-(a (; ;) 9S

zlg25(§—M2)
?:M2/§, s = x1x2S for
§(1—7) S=(Pi+ P)” and P2=P2=0

|
>‘
S
S



Factorization Theorem

2
Ohh! = 245 f()l dxidwsy @'/h (3?7 QQ) Hz'j ( © ) ¢j/h' (332, Q2)

r12x99

Nonperturbative, IRS, Calculable
but universal, in pQCD

hence, measurable

Procedure:

(1) Compute o; in pQCD with k,1 partons (not h,h’ hadron)

2
O] = Z/Ol dx1dxs (rbz/k(xlaQQ)HZ] ( @ ) qu/l (CU27Q2)

o 1225
(2) Compute ¢; /5, ¢/ in pPQCD
(3) Extract H;; in pQCD

H;; IRS = H;; indepent of k,!
— Sadme Hz] with (k — h,l — h/)

(4) Use H;; in the above equation with ¢; ;. ¢,/



Extracting H;; in pQCD

2
O] = 2/01 dxi1dxo Cbi/k (581, QQ)Hij <x§25> ¢j/l (:132, Q2>
(2]

e EXxpansions in as:

=5 () efp on=i o+ £ ()4

n=0 7

= (as\™ __(n) ) . ,
H.. = Z ) HYN (s = 0 = Parton k “ stays itself ")

Computed from Computed from
Feynman diagrams the definition of
(process dependent ) perturbative parton

distribution function

( process independent,
scheme dependent)



Feynman Rules

Quark propagator Gluon propagator
— P i(F+m) sa —— i(—gw)
(ii=1.2.3) (a,b=1,2...,8)

Quark-W vertex

1, &
W, P () o 5226
J; B Ju = g, Weak coupling
Quark-Gluon vertex
1,
C, [
Q —1g (tc)jz‘ (’y,u)ﬁoz
7,0

te is the SU(N)yxn generator



Feynman Diagrams

2

NLO: (agl)) virtual corrections (qq’) yirt

Do Do e

(a$P)  real emission diagrams (¢¢'),cql

e

(1) . | _
(as™’)  real emission diagrams (¢G),qq; (@§1)> real emission diagrams (Gq'),.;
2 2

o |

2




In “cut-diagram” Notation

o (CI?)Born

-

® (qa)real

o (QG)real

%

o (qa)virt

2 X Re

® (G?) real

;

i

o

e

o
_|_ v
5

20

SR

- g{}é
KN

Same as (¢G),., after replacing ¢ by ¢'.




Feynman Rules for Cut-diagrams

Quark line . Vertex
1o
. 21V (02 — m2)( p + ) 4u0; \\ /
i, 7, 3 (2m)0T(p==mT) (4 + m)sadiy | V,\/\/ /\/\/M
J 5(p2 _ mZ)H(p()) ’ / \
Gluon line A1) it = 7
VW% y (2m)8 (R (= guw)da | Fermion Propagator
’ 2 :

W-boson line

N
NI

~
1.q (2m)*(¢* = M?) (=g + 57%) |

AVAVAVAVAVAVAVAV | , - _

v p - itm) —i(p+m)
) Doesn’t contribute for my =0 | p>—m?+ie p?—m2—ie

because of Ward identity



Intermediate Problems (Singularities)

e Ultraviolet singularity

o i kK
~ d*k
‘| | s
e Infrared singularities as k" — 0 (soft divergence)
> or kM || p* (collinear divergence)

1 1
— 0 — for m = 0 or 0
/ﬁzﬁ? +>jvt (p — k)2 —m? —2p-7~€( . m 7 0)
P p-k— 0 as

k— 0 or kM|l pt (for m =0)
k — O (for m #= 0)

(Similar singularities also exist in virtual diagrams.)

e Solutions
Compute H;; in pQCD in n =4 — 2 dimensions
(dimensional regularization)

(1) n #4 = UV & IR divergences appear as % poles
in ai(jl) (Feynman diagram calculation)

(2) H;; is IR safe = no L in Hj;
J € J
(H;; is UV safe after "renormalization”.)



Dimensional Regularization

(Revisit the Born Cross Section in n dimension)

Gar = (2m)" 6" (p1 +p2 — @) - [m|’

/ (2m)"~ : 240

” Using the Naive-~4> prescription
|m‘2 :(% . %) (% . %) . <>M <> Tr [ pryvuPr p27"Pr] (1)

) = Tr [ p1vu p27"Pr] (—1)
=(=2)(L—¢e)Tr[p1 p2PL] (1)

In n-dim, the polarization degree of freedom B 1
is (2) for a quark, and (n-2) for a gluon. =(=2)(1-2)- 5 4(p1-p2) (—1)

=2(1—-¢)s

Yu P2 = —2(1 —¢) po

In n dimensions

A(O)_ n _ _ 5(0) . _ =
P 12Agw (1—¢)-0(1—7) = 0(1 —7)




Strong Coupling ¢ in » Dimensions

In » dimensions

/dnxﬁ — /dng; {W ﬁzp — iG/wGLW £+ thTZVMGuw 4 ... }

The dimension in mass unit (&)

Y] ~ p T G|~ p
PG| ~ 7 T =

Since |gYGY| ~ u" so [g] ~pu= T2 = puf n=4-—2

g has a dimension in mass when € # 0

Feynman rules should reads ¢ — g/~



Detalls of Virtual and Real
Quantum Corrections



Virtual Corrections (in Feynman Gauge)

k.
o (é@f%) >, —= 0 and ; poles cancel when ey = —ejp = ¢
p pk
/ d"k ’YM( %/ d"k /1 (2—n)(p— k)
(2m)" (k2 + 26) 24 ze o [k2—2k-xp]’
e ‘"‘"”/ "l /1d 2-n)[(1-2) o /]
(2m)" Jo 12 + i€
n d"l 1
B K B §> ﬁ} ./(277)” 12 + ie]?
Trick:A=A— B+ B = ()
_/ d"l < 1 1 N 1 >
- (277)” (lz)Q (12 — A2)2 (12 — A2)2
IR div UV div

n—4:2€[R _ 2 <L>| 2 <1>
4 —n = 28UV 1672 EIR 16m \ epyy



Virtual Corrections (in Feynman Gauge)

L cancel = Electroweak coupling is not

Euv
renormalized by QCD interactions
at one-loop order
(Ward identity,
a renormalizable theory)
poles remain

o1 is free of ultraviolent singularity.

virt

2\ € _ 2
otV —0(0)%5(1—%) (47T'u> L{l-¢) -{—3—§—8 | o }(C’F)

vert 27 M? ['(1—2¢) g2 ¢ 3
2 : : ..
— soft and collinear singularities -
(0) — 2 .(1 —
; o= 199w (1—¢)

—— soft or collinear singularities
3



Real Emission Contribution (¢7):ca

x ~ l Collinear
e

S 1
—— = Soft and Collinear
E

2

28

2 g
(1) (= — (0) ¥s 4 F(l—é‘) C
Treal (47) = 0 27r<M2 D(1—2) F
2 2 1+ 72
(1 —7)— = 4 (1 + 72
{82 (1=7) 5(1—%)+jL (1+77)

<ln

-7

Note: |- -], is a distribution

)_

(1)

/Oldzfcz)[ :

1 -2
In the soft limit, 7 — 1 (F =2

S

)

] :/1dzf(z f
n 0 1 -2

which is finite

2 g
(1) (=) ., (0)%s A7 I_(l—s).
O real (qq) g 27T<M2> r(1_2€) 4
2 4 1 IN(1 —7
{Zsa-m-I—— :8('”( f))



0. =03 (a7) + 022 (a7)
(0) ¥s 41 p? ) M (1—¢) .
O ( M2 ) M (1— 2¢) r
L ~2 ~2 =
{ 2 <1+’7;) oLt 744 (147) (In(l AT))
€ 1l —7 1 —7 1 —7 4+
_|_
2
+ <2i—8>5(1—$)}
3
Where we have used
—2 [ 1477 2 /1472
- [(1—T>++ 5(1_7)] - <1—%>+
All the soft singularities (,2) cancel in af];)
= K LN theorem
(Kinoshita-Lee-Navenberg)
= (1) ~ 1 (t ) + finit (t ) collinear
qq CLIL LILE CLIIS singularity

E




Real Correction ¢G — ¢w™

g’?z-;‘\ p3| q g q
1 (p1 + p2)
‘T (p3 —pl) >
E /o
g AVAVAA Y
Cl/ k q W%

Detine the Mandelstam variables

S=(p1+p2)°= 2p1-po
t = (p1 —p3)° = —2p1 - p3
U= (p> —p3)° = —2po - p3

After averaging over colors and spins

M= (50a3) (575) Tree @) g2 209

N— ——— N—_—————
Spin Color

5t 20 M 2
X {(1—5) (—%—7> _ qu | 25}
S S




® In the parton c.m. frame, the constituent cross section

— MP(PSy) = —-{=.2.2 1l—e) |1—e)(-2-2) 22 2
6= e MP - (PS2) = oo {52t (1= e)- [ - (=5 - §) - e 2el )

Ao (an) ramgm -0 [ -p e

s T+a) (1+5)

1
/ dyy® (1 —y)
J O

r24+a+p3)
we get
2 ~\ 2
s —500% Js5p) (2 —1r(1-e) | M=(1-7) E A_EAQ
ae =Y { W(T)[er(l—ze) N Arur > TTTST
with



Factorization Theorem

e Perturbative PDF
o, (1 canbe calculated from the definition of PDF
$.0) = 53,0 (1 — ) — @, /1. (Process independent, but
/ m i/ >
factorization scheme dependent)

T 1 1) ++(0 0) , (1
— H/iz) = Ul(cl) - [¢z('//)~cHi(l ) + H/gj)¢</)l]

J

Finite Divergent



Perturbative PDFs

e In MS-scheme (modified minimal subtraction)

ne (1), _ —11 _ (1)
bq1q () = 0q13 () = 5 (4me™ )" Pyy (2)
s () = ¢ —11 _ p(D)
by (2) = 857y (2) = — (4me )" Paly (2)
% .
where the splitting kernel for IS
(1) 1+ 22 —C <1+22 3501 - )
Pytq (2) = (1_Z>+ Pla—ay, T2 =2

7

and for . o " is (<_g (z) =Tg <22 + (1 — z)2) ,
i

where Cp = % and Tp = %

Note: T he Pole part in the MS scheme is

% — %(47’(‘6_%5)8 — % + Ind4m —~vg



Find H(l) (in the MS scheme)

e Take off the factor (%)

M?2 1
é;,) = o0 {P(lq(T) {In <M2 ) s YE — INn 4#}

1472

— T w2
[ (B2, (50

1) ~ 1 1 0
1 () = o) - [262n)

qq’

M2
=50 {Pq@q (7) In (F)

72 — T 2
i {_1:% n7+2(1+77) (lnil—f? ))++ <?_4> 5(1_$)”

2
@ =50 (1) 50 = 2 _ TG 1

1259“’ 12S w120




Find H? (in the MS scheme)

Take off the factor (%)

(1): (O)l (]_ —1 r(l—g) M2(1_$)2 _I_ _|_3 _Z 2}
99 — 9 4 { Foy (7 )|:5 |‘(1—25)+|n AT 2T "o

_3(0) R M? (1—7) 3. 7.
= -{Pq(i)g(T) {In(uz) | ( = )} ‘|‘4+§T—Z7'2}

Similarly,

(1 — Q) _ 1.2 (0O)] _ (1)
HG el [¢q<—G qé’] — HqG

Note: If we choose the renormalization scale p? = M?,
then In (M ) =0



pQCD Prediction

Ohly = % Z /d$1d$2¢f/h (5131,#2) [U(O>5 (1- 7?)} PF (5132,M2)

+ Z /d$1d$2¢f/h ($1,N2)

+ Z /dwldasgqbf/h (:121,,u2)

=q,q

S|

Qs ,u2)

s (Mz) H(l) (7_)

7

e ¢sp(x,p?) depends on scheme (MS,DIS,...)

— H;; scheme dependent

Evolution equations allow us to perdict

¢°—dependent of ¢(x, ¢2)

b7 (2, 14°)

] )

H(l) ()| baym (22, 87) + (x1 < 22) p

/

Essentially identical procedure for

hh! — jets, inclusive QQ,...
But, when the Born level process involves
strong interaction (eg. qgq — tt),
it iIs also necessary to renormalize the
strong coupling ag, etc, to eliminate

ultraviolate singularities
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Glory of Perturbative QCD

Mar 2015 CMS Preliminary.

¢ 7 TeV CMS measurement (L < 5.0 fb™)

¢ 8 TeV CMS measurement (L < 19.6 fb™)
— [ TeV Theory prediction

S
| LA
{

IRRLLL

By

=
)
—

&) : : : : : : : — 8 TeV Theory prediction
nje i+ i i i i i Z CMS 95%CL limit

The Era of
Next-to-Next-to-Leading Order

10%

10°
107

10

Production Cross Section, o [pb]
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All results at: http://cern.ch/go/pNj7 Th. Ac,, in exp. Ao



Survey

Who has calculated top-quark pair production at the LHC?

g2 tQ
— —
€9 t €1 t t
L,
K fr
€1 t € t ¢
— —
g1 tl

It yes, how did you calculate it?

MadEvent? Pythia” Herwig or by hand?



