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Main focus of this talk

* Transition amplitude of a bound state in the
nonrelativistic limit

-+
* A sum of nonrelativistic Transition amplitudes

— True for some of M1,2 transitions

_non-—rel. _
Mg = (f|Vg|D) > Myr # (f|[Vur|D)



Introduction 1

e Study on heavy-light mesons in a relativistic

potential model

PRD 56, 5646 (1997); PTP 117, 1077 (2007):
— Mass spectra EPJ A31, 701 (2007)

— (relativistic) wave functions
* different from simple Harmonic oscillator w.f.
* Apply them to
— Semi-leptonic decay form factor prp 118 1087 (2007)

— 1t or K emitting hadronic decay width
PRD 85, 014036 (2012)

3



Introduction 2

* Former studies on radiative decay for heavy-
light mesons

— Bardeen, Eichten, Hill: PRD 68, 054024 (2003) ...

El and M1

— Close and Swanson, PRD 72, 094004 (2005) ... E1
and M1

— Barnes, Godfrey, Swanson, PRD 72, 054029 (2005)
... E1 only

— All are nonrelativistic treatment



Former nonrelativistic method1

e Electric transition : interaction

Vi = {(—eq)p—ﬁ +er—‘f} ‘A=—i[dH]-A— —iwd-A
mq I’?’IQ

 where w is photon energy and classical

electric current is

(—eq)m7, —eqmy,
7 — — Q - q -
d = (—eg)Xz + eqXg =

X
mb -+ mg rel

 Transition matrix with w.f. in the rest frame

w.f. In the rest frame




Former nonrelativistic method2

* Magnetic transition : interaction

e Magnetic moment

2(—eq), | 2eq .
ng Sq Tt ng >0

i =

 Transition matrix with w.f. in the rest frame

w.f. In the rest frame



Puzzle

* ele.—mag. interaction : V, = —ZI/JT - A

i

non-rel.

6- - s - . .
(ET) — > Wl G-V xAp;| magnetic int.
ml
, non—rel. ,<\
Mg = (P'|Vg|P)mag. > Myg # (P'|Vyr|P)mag.

(P'|Vng |PYmag.

Z E
X
2m

l
i=1,2

common or unique



i.e., we claim

* For magnetic transitions,

~

(Transition Amplitude of a bound state in the
naive nonrelativistic limit (V - 0)
-+

°\A sum of nonrelativistic Transition Amplitudes/




Comparison of relativistic and
nonrelativistic formulations

« 3P, » 1S, M2 transition

* Nonrelativistic calculation

2 2
1
- Z Z (Flesjukee” Vili,m) [2 = = Z (F1V, i, m))?

m=-—2 m=-—2

k eqMg equ
«(ai) (=) o

Foc<£>2 (e"nfz o q) (k(r))?
M; myg mQ




Comparison of relativistic and
nonrelativistic formulations

e Relativistic calculation

— Momentum conservation

. assume[k =2m4V,k = ZmQV}k = 2MV,

V

k2 e m
L (-t Te fe Ta) NonRel.
v3\ 2my M 2my M
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Reltivistic -> Nonrelativistic

* Prescription how you get nonrelativistic
expression from relativistic one :

Heavy Quark: 1 — k/(qu)
Light Quark : |V — k/(ZmQ)
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Relativistic expression for
transition amplitudes

Wave function in the moving frame

014 H QEHIP) = P E - NET)

Internal coordinate) —
( = Ex+ (- &)y

(External coordinate) ¥

Mp =¢, f d*x f dy (P’|Q+Q(y)qc+0“qc(x)|P>e’; e
—led‘lyfd?’xaﬁ <P’

~ e, f d*x f Pz tr [¢}E)+ o 1/’;(-5)(5)] €, gl x=i(P=P)yX
—eg f d*y f 13z tT[(OP)Tlf)}é)JrI]DI(,E)(Z_))] €, ik y=i(P—P")- X

Q'0"QW) ¢ () | P)e;, e
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Relativistic expression for
transition amplitudes

= 2n)*6*(P - P’ — k) f Pz tr [ (@)

{eqe—ik-i’(l—é) O — eo eik-i’é (OH) ®} 1/)%6)(5)] GL
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Relation between w.f.s in rest and

moving frames

* In moving frame, two particles have the same
time

<0
<0

<0

g°(X, ) Q(y, t) | P > Boost operator
g (X, 1) Q, t) {Q|M > Boost matrix
{Gq q(x’, fi})} {GQ QW’, f'_'Q)} M >

* In rest frame, they have different times

A =t —t;=y17-(f—ﬁ)zy\7-f

Velocity of the meson
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Time translation of H.Q. t’Q — t’q
Estimate it using 1/m,

H=Hy+V (Hy=HQmass term)

eI(HnAt Qﬂ(x)e—! HoAt — (E’ —;-mQAtP+ + ezmQAtP_) . Qb
il

ei’Hﬂ\t Qa(x)e—i‘]‘f&t ~ T(At)ab { Qb + 1At [(V; Qb] }

T(At)s = (e 7N P, + e™MeAP_)

PO@) e X = G,GoT(AY)(1 — iAV Ho) Y (Z") e ™
P X = Mt, = M(1 - E)AY

() = G,GoT(AY)(1 — iAt' H) h(Z7) eMI-91

tt. (time translation) Correction .



Estimate Transition amplitude in
Breit frame

Mr = Qr)*6*P - P —k)
X fd3x tr [ {T(—At’)(l +iIAYHo)Ywr (X1, )/Z)}Jr
x {e,e ™1 (G OFG) — e € (G 04G) ®)]
XT(AF)(1 = iAF Ho)phu(x,, yz) | MM (-0 e

= 2n)*5*(P - P’ —k)y™

PEMVY = (M+M" )V ¥
 ——
—— =

><‘[d?’xtr[{T(—At’)(l+iAt’HQ)ng,(;»E’)}Jr p'=-M'V7y

x{e; (G 0"G) - ege™ (G 0G) ®)]
XT(AY)(1 — iAt Ho)ypu(¥) | €]

|& independent| k= (M+M)V 16




Estimate (continued)

where term due to boosting

G'0'G = G p101G = y(p101

HQ = ﬁqﬁQS(T) + VC(T) + lew
%Vc(r) |, 0o+ (- a,)(n-0p)]

4o
3r

W:_UQ.p_

S ==, Velr)=-
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w.f. correction due to 1/m,q

* wf. corr.
i V2M u(r) y
et +@p@ o) Vi | it o ) ¥
* Dirac equation satisfied by u(r), v(r)
my+S5+V, —%+% u(r) _r u(r)
L. —-my; — S+ V, o(r) | v(r)
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Relativistic T.A. in Breit frame

o

fd3x 1tr[( eq)gbp {(plal —1Vo2) —1Vzp101(564 + Vi)

kbx’. ieQVip 002 ® IPP
+eQ ( -iVz + %) {gbp (coitW®Yp) + ]

(em)1 ‘ P)
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Nonrelativistic limit

mg > m, > w (photon energy)

* (ex1) M1 Transition 1-¢3$) - 0°(1Sy), h=h=-1

Al ~ igzj dr[eq {—=f"(gr)(uav1 + vauy) + Vf(gryugus }

11 + 12 -1
+eqVf (P?’)Mzm] + (wf.corr+tt.corr) | | drr(uav +vaur) ~ 2, dr 11ty
S(r)=0

()
xigV (eq et &g + eg) + (wf.corr+tt.corr)

mq l <PI ]'(em)l P)
A =

2 VMM’
(L.Q.) V- k/@2m,) e
(H.Q) V = k/(2mp) A =g (qu i 2mQ)

INegIecting constituents form a bound state -> coincide with nonrela. result
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Other examples of M1,2
Transitions

* M1 transition
1+(u3p1n) — 0+(3P0)’ ll — 12 =1

1 mg 1
A = ier VI e, eq +eq | + (wf.corr+tt.corr)

3m; 3
(LQ) V- k/(2m,)
e €q N €Q o) v kem)
2 PN
bm,  2mg

* M1 transition

1*("'Py”) = 0*(PPy), A'— isz(zf zeq k x O.I.)
. Mg
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Other examples of M1,2
Transitions

* M2 transition
17CPy) — 07(1Sy), A —ex \1/5 (_2(;1, n;/? * 2::2@ nﬁ)kz v

3 —(1 e, (Mo\2 eo [Mg)\?
17(Dy) — 07 (1Sy), ﬂl_)kz;f{zyzq(]\f) +ﬁ(ﬁ)}k3(r2>

* Adding a term due to boosting and replacing
the velocity as |to) v-wem |

(H.Q.) V —k/(2myg)

[ relativistic exppression = nonrelativistic expression]
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Electric transition

. EX. El transition 0t(°Py) - 1°(°Sy), L =1, I, =-1

A ~ gy f dr {eq(fugvl — f"vouy + Vfupuq) — eQVf’(pr)ugm}

2fh'

eQ 144 /.
+% dr l(f+f Juzuy p

Uz Uq

+% {Bf + fugvy — (f + 3f”)vzu1}] (kr) + tt.corr

. where we have used potential-independent identity

fdr {(lh = b + Dupoy + (I1 — lb—)vouq} = k{r)
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Result of Electric transition

15=0. 1 my
— = — |k
A 1€q 3 (eq +€5 Q) (r)

Under the conditions
. Up to O(k) for boost effects and time translation
. First order correction to wave function

. S(r)=0 (scalar confining potential)
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Comparison with non-relativistic calculations

in units of keV

Process Iy (this work) | Ref.1 | Ref.2 | Ref.3

D9 —-D+y 11 33.5 32 -

D" — D" +vy 0.56 (1 63 1.8 5 -
D;(2400)° — D +y 282 - 304 | 274
D;,(2400)" — D** + 51 - 17 28

D - D +y 02 43 __(é) -
Dr,(2317)" — Di* +y @ 10 E
Dy1(2460)" — DI +y 5.08 - 15
D,1(2460)* — Dt +y @ 4.66 - 5.6

Ref.1...Bardeen et al., PRD 68, 054024 (2003)
Ref.2...Close and Swanson, PRD 72, 094004 (2005)
Ref.3...Close, Godfrey, Swanson, PRD 72, 054029 (2005)

lLLOC

eqm; + e.m

*

d
MmN,
E
m; my

esm; + e,

* *
mc+m5

esm..

(1_
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D

TABLE I: Numerical evaluation of the electromagnetic decay widths of excited D mesons

Initial State(**'L;) Final State kz(MeV/c) TykeV) TopkeV) (v/2%5  (v/7%)er

DS ) D"y 137.2 11 0.26 0.62
D (3Sy) D*y 135.8 0.56 0.019  0.052
D;(2400)°( Py) D™y 319.7 282 56x 107
D;;(2400)* (P Po) D'ty 360.6 51 8.4x 107
D{(2430)° D%y 497.1 148
(2P) Dy 383.7 121 3.1x107°
D;(2400)%y  73.8 0.19
D (2430)* D*y 493.4 16
(2P) Dty 380.9 104
Dy(2400)7y 239  6.9x 1073
D(2420)° D’y 493.3 559
Py D% 379.7 159 0.11
D;(2400)%y  69.3 0.22
D(2420)* D%y 490.5 20
'Py”) Dty 377.9 41 2.9x 1072
Dy(2400)*y 203 1.6x 107
D;(2460)° D"y 524.1 4.2 1.2x 107
(*Py) D™y 412.2 811 0.58
D}(2460)* D*y 519.6 0.82 2.4 % 107
(*P,) D"ty 408.7 26 0.020
D(2760)° D%y 752.4 2.1 8.8 x 107
(D) D"y 652.8 141 0.34
D(2760)* D%y 749.2 22 9.2x 107
(*Dy) D"ty 650.4 41 0.11
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Ds

TABLE II: Numerical evaluation of the electromagnetic decay widths of excited D; mesons

Initial State(***'L;) Final State kzg(MeV/c) Ti(keV) (y/72%m (v/7%)exp

D (3S ) D}y 138.9 0.72 90 16

D*,(2317)*(C Py) D™y 196.4 26

D41(2460)* Dty 442.1 [

(3P7) Dty 322.8 101 25.9
D, (2317)"y 1377 1.2

D1(2536)7 DYy 503.5 27

Py) Dty 387.8 48
D:,(2317)*y 2083 4.2x 107

D(2573)* Dty 533.2 0.62

(3P,7) Dty 419.1 36

D(2818)* Dty 721.5 16

(*Dy) Dy 617.3 50
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TABLE III: Numerical evaluation of the electromagnetic decay widths of excited B mesons

B Initial State(**'L;) Final State kz(MeV/c) TyukeV)  (y/2%)4
B(S ) B% 454 4.6x107?
B~ (3S)) By 45.7 0.11
B;(5590)°CG Py) By 258.6 24 1.4x 1073
B;(5590)"(*Py) By 258.6 47
B,(5646)° B’y 354.6 12
(2P By 311.8 14 7.4x 1074
B;(5590)%y 557  3.8x107°
B,(5646) By 354.9 26
(3P, By 311.8 55
By(5590)7y 557  22x107°
B,(5721)° B’y 426.7 51
TPy By 384.4 22 5.8x% 1073
B;(5590)°y  131.8 0.19
B,(5721)" By 427.0 108
P By 384.4 70
B:(5590)7y 1318 0.70
B;(5747)" B% 444.8 1.3 41x10™
(Py) By 402.7 77 2.7x 1072
B;(5747)" By 4451 5.3
GP,y) By 402.7 169
B(5985)° B% 663.¢ 0.18  62x107
(Dy) By 623.° 21 1.9%x 1072
B(5985)~ By 664.2 5.2

(*Dy) By 623.° 27




Bs

TABLE IV: Numerical evaluation of the electromagnetic decay widths of excited By mesons

Initial State(**'L;) Final State kgr(MeV/c) Tn(keV) (v/7°%

B:(GSy) Byy 463  4.2x 1072
B, (5615)°(*Py) By 198.6 30
B;1(5679)° Byy 304.1 16
("3P,”) Bty 260.0 20 [
B, (5615)%y  63.6  1.1x107
B;1(5830)° Byy 444.7 53
("1Py”) Bty 401.7 23
B*,(5615)%  210.5 0.55
B*,(5840)° Byy 454.2 1.1
("3P,”) Bty 411.3 80
B,(6025)° B,y 622.7 0.23
(*Dy) Bty 581.1 20
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Summary

In general,

— Magnetic transition Amplitude of a bound state in
the naive nonrelativistic limit +

— A sum of nonrelativistic Transition Amplitudes

Electric transition amplitude agree with each other
when S(r)=0

Is nonrelativistic calculation of magnetic transition
amplitude like hydrogen atom, etc. correct?

We have numerically given relativistic radiative decay
widths of D, Ds, B, Bs



Hope

* We hope to do experiments which
distinguish relativistic and
nonrelativistic calculations.

Thanks for your attention
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Other radiative decays

Wave functions in the moving frame were related to those in the rest frame,
and formulas for the radiative decay widths were expressed by the radial wave
function in the rest frame.

The recoil effect of the heavy-light mesons was taken into account.

® 1st order corrections of wave functions in 1/mg expansion

were also taken into account.

For charged D*or D.*, sizable decay widths were obtained by including the 1st
order correction in 1/mg expansion.

I[(DY — D" +y) = 11keV [6.4 wo corr.] (~ 30keV non-rel.)
[(D'" - D" +y) =0.56keV [4.9 X 107%] (~ 1.7 keV)
I'(D:f — DY +y)=0.72keV [2.8 X 107°] (~ 0.3 keV)
For D, large decay widths were obtained compared with non-relativistic works.
['(D:(2317)" — D" +y) = 26keV (~ 1keV non-rel.)
['(Ds1(2460)"" — D7 +v) = 11keV (~ 5keV)

[(Ds1(2460)"* — D** +7) = 100keV (~ 5keV)
b y 32



