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Main focus of this talk

• Transition amplitude of a bound state in the 
nonrelativistic limit 

• A sum of nonrelativistic Transition amplitudes

– True for some of M1,2 transitions
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≠

𝑀𝑅 = 𝑓|𝑉𝑅|𝑖
non−rel.

𝑀𝑁𝑅 ≠ 𝑓|𝑉𝑁𝑅|𝑖



Introduction 1

• Study on heavy-light mesons in a relativistic 
potential model

– Mass spectra

– (relativistic) wave functions

• different from simple Harmonic oscillator w.f.

• Apply them to

– Semi-leptonic decay form factor

– π or K emitting hadronic decay width
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Introduction 2

• Former studies on radiative decay for heavy-
light mesons

– Bardeen, Eichten, Hill: PRD 68, 054024 (2003) … 
E1 and M1

– Close and Swanson, PRD 72, 094004 (2005) … E1 
and M1

– Barnes, Godfrey, Swanson, PRD 72, 054029 (2005) 
… E1 only

– All are nonrelativistic treatment
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Former nonrelativistic method1

• Electric transition : interaction

• where 𝜔 is photon energy and classical 
electric current is

• Transition matrix with w.f. in the rest frame
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w.f. in the rest frame



Former nonrelativistic method2

• Magnetic transition : interaction

 magnetic moment

• Transition matrix with w.f. in the rest frame
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w.f. in the rest frame

𝑉𝑀 = −  𝜇 · 𝐻

 𝜇 =
2 −𝑒𝑞
2𝑚𝑞

∗  𝑠 𝑞 +
2𝑒𝑄
2𝑚𝑄

∗  𝑠𝑄



Puzzle

• ele.-mag. interaction : 
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𝑉𝑅 = − 

𝑖

𝜓𝑖
†  𝛼 ·  𝐴𝜓𝑖

non−rel.
E.T. −  

𝑖

𝑒𝑖
2𝑚𝑖

𝜓𝑖
†  𝜎 · 𝛻 ×  𝐴𝜓𝑖 magnetic int.

𝑀𝑅 = 𝑃′|𝑉𝑅|𝑃 mag.
non−rel.

𝑀𝑁𝑅 ≠ 𝑃′|𝑉𝑁𝑅|𝑃 mag.

𝑃′|𝑉𝑁𝑅|𝑃 mag.

∝  

𝑖=1,2

𝑒𝑖
2𝑚𝑖

 𝑑𝑥rel 𝑒
𝑖𝑘·𝑥rel𝜓𝑖

† 𝑥rel   𝜎𝑖 · 𝑘 ×  𝜀 𝜓𝑖 𝑥rel 

common or unique



i.e., we claim

• For magnetic transitions,

• Transition Amplitude of a bound state in the 
naïve nonrelativistic limit 

• A sum of nonrelativistic Transition Amplitudes
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i.e., we claim

≠
𝑉 → 0



Comparison of relativistic and 
nonrelativistic formulations

• 3𝑃2 → 1𝑆0 M2 transition

• Nonrelativistic calculation
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𝛤 ∝
𝑘

𝑀𝑖

2
𝑒𝑞𝑚𝑄

∗

𝑚𝑞
∗ −

𝑒𝑄𝑚𝑞
∗

𝑚𝑄
∗

2

𝑘 𝑟 2

1

5
 

𝑚=−2

2

 

𝑝=1

2

| 𝑓|𝜀1𝑗𝑙𝑘𝜀𝑗
 𝑝)∗

𝑉𝑙|𝑖, 𝑚 |2 =
2𝑘2

5
 

𝑚=−2

2

| 𝑓|𝑉𝑧|𝑖, 𝑚 |2

∝
𝑘

2𝑀𝑖

2
𝑒𝑞𝑚𝑄

∗

𝑚𝑞
∗ −

𝑒𝑄𝑚𝑞
∗

𝑚𝑄
∗

2

𝑟 2



Comparison of relativistic and 
nonrelativistic formulations

• Relativistic calculation

– Momentum conservation
• assume 𝑘 = 2𝑚𝑞𝑉, 𝑘 = 2𝑚𝑄𝑉, 𝑘 = 2  𝑀𝑉,
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𝜂 7 =
𝑉

3
𝑒𝑞 −2𝑚𝑄𝑉 + 𝑒𝑄 𝑀𝑖 + 𝑀𝑓 − 2𝑚𝑄 𝑉

=
𝑘2

3
−

𝑒𝑞
2𝑚𝑞

𝑚𝑄

 𝑀
+

𝑒𝑄
2𝑚𝑄

 𝑚𝑞

 𝑀
𝑟

𝛤 ∝ 𝜂 7 2
∝ −

𝑒𝑞
2𝑚𝑞

𝑚𝑄

 𝑀
+

𝑒𝑄
2𝑚𝑄

 𝑚𝑞

 𝑀

2

𝑟 2

 𝑀 =
𝑀𝑖 + 𝑀𝑓

2
,  𝑚𝑞 =

𝑀𝑖 + 𝑀𝑓 − 2𝑚𝑄

2

Rel.

NonRel.



Reltivistic -> Nonrelativistic

• Prescription how you get nonrelativistic 
expression from relativistic one :
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Heavy Quark : 

Light Quark   : 

𝑉 →  𝑘 2𝑚𝑞

𝑉 →  𝑘 2𝑚𝑄



Relativistic expression for 
transition amplitudes
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Relativistic expression for 
transition amplitudes
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Relation between w.f.’s in rest and 
moving frames 

• In moving frame, two particles have the same 
time

• In rest frame, they have different times
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Time translation of H.Q. 𝑡′𝑄 → 𝑡′𝑞
Estimate it using 1/𝑚𝑄
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tt. (time translation) Correction



Estimate Transition amplitude in 
Breit frame
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Estimate (continued)
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term due to boostingwhere



w.f. correction due to 1/mQ
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• wf. corr.

• Dirac equation satisfied by 𝑢 𝑟 , 𝑣 𝑟)



Relativistic T.A. in Breit frame

19



Nonrelativistic limit
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• (ex1) M1 Transition 

Neglecting constituents form a bound state -> coincide with nonrela. result



Other examples of M1,2 
Transitions
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• M1 transition

• M1 transition



Other examples of M1,2 
Transitions
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• M2 transition

• Adding a term due to boosting and replacing 
the velocity as                      , 

relativistic exppression = nonrelativistic expression



Electric transition

 Ex. E1 transition

 where we have used potential-independent identity
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Result of Electric transition

 Under the conditions

 Up to O(k) for boost effects and time translation

 First order correction to wave function

 S(r)=0 (scalar confining potential)
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Comparison with non-relativistic calculations

in units of keV

Ref.1…Bardeen et al., PRD 68, 054024 (2003) 

Ref.2…Close and Swanson, PRD 72, 094004 (2005) 

Ref.3…Close, Godfrey, Swanson, PRD 72, 054029 (2005)
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D



27

Ds
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B
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Bs



Summary

 In general,

– Magnetic transition Amplitude of a bound state in 
the naïve nonrelativistic limit ≠

– A sum of nonrelativistic Transition Amplitudes

• Electric transition amplitude agree with each other 
when S(r)=0

• Is nonrelativistic calculation of magnetic transition 
amplitude like hydrogen atom, etc. correct?

• We have numerically given relativistic radiative decay 
widths of D, Ds, B, Bs
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Hope

• We hope to do experiments which 
distinguish relativistic and 
nonrelativistic calculations.

31

Thanks for your attention



Other radiative decays
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 Wave functions in the moving frame were related to those in the rest frame, 
and formulas for the radiative decay widths were expressed by the radial wave 
function in the rest frame.

 The recoil effect of the heavy-light mesons was taken into account.

 1st order corrections of wave functions in 1/mQ expansion
were also taken into account.  

 For charged D*or Ds*, sizable decay widths were obtained by including the 1st 
order correction in 1/mQ expansion.

 For DsJ, large decay widths were obtained compared with non-relativistic works.


