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Five-Loop Running of the QCD Coupling Constant

J. H. Kühn
(KIT, Karlsruhe)

with P. Baikov, K. Chetyrkin, arXiv:1606.08.859
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I. Generalities

drastic variation of QCD coupling αs between M τ and MZ or MHiggs

example:

αs(Mτ) = 0.332± 0.005exp ± 0.015th

four loop running and matching:

=⇒ αs(MZ) = 0.1202± 0.0006exp ± 0.0018th ± 0.0003evol

(evolution error receives contributions from c and b mass, matching scale, four
loop truncation of RG equation)

(Baikov, Chetyrkin, JK)
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in excellent agreement with direct determination in Z decays (Baikov, Chetyrkin, JK, Rittinger:

arXiv:1201.5804)
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=⇒ αs(MZ) = 0.1190 ± 0.0026exp and small theory error!
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II. Quark Mass and Field Anomalous Dimension
“Running” quark masses depend on renormalization scale

µ2 d

dµ2
m|g0,m0 = mγm(as) ≡ −m

∑

i≥0

γi a
i+1
s ,

(with as = αs/π and γi known from γ0 to γ4)
in numerical form:

γm ===
nf=4

− as − 3.65278 a2s − 9.94704 a3s − 27.3029 a4s − 111.59 a5s,

γm ===
nf=5

− as − 3.51389 a2s − 7.41986 a3s − 11.0343 a4s − 41.8205 a5s

nf 3 4 5 6

(γm)exact4 198.899 111.579 41.807 -9.777

(γm)APAP
4 [Ellis et al] 162.0 67.1 -13.7 -80.0

(γm)APAP
4 [Elias et al] 163.0 75.2 12.6 12.2

(γm)APAP
4 [Kataev et al] 164.0 71.6 -4.8 -64.6

exact values for (γm)4 and predictions based on APAP
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III. Higgs decays into quarks

Γ(H → f̄f) =
GF MH

4
√
2π

m2
f(MH)RS(s = M2

H, µ = MH)

requires (for as(MH) = 0.0364)

RS(s = M2
H, µ = MH) = 1 + 5.667 as + 29.147 a2s + 41.758 a3s−825.7 a4s

= 1 + 0.2062 + 0.0386 + 0.0020−0.00145

and mb(MH). The value of mb(MH) is determined by mb(10GeV) as starting point
and its running to MH = 125 GeV.

The shift from the five-loop term

δm2
b(MH)

m2
b(MH)

= −1 · 10−4

is completely negligible
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IV. Five-loop β-function
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dµ2
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Czakon
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Baikov, Chetykin, JK
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Absence of ζ4 and ζ5 in β3 term!

Absence of ζ6 and ζ7 in β4 term!

Numerically the terms are surprisingly small!

Consider β ≡ β

−β0 a
2
s
= 1 +

∑

i≥1 βi a
i
s

β(nf = 3) = 1 + 1.78 as + 4.47 a2s + 20.99 a3s + 56.59 a4s,

β(nf = 4) = 1 + 1.54 as + 3.05 a2s + 15.07 a3s + 27.33 a4s,

β(nf = 5) = 1 + 1.26 as + 1.47 a2s + 9.83 a3s + 7.88 a4s,

β(nf = 6) = 1 + 0.93 as − 0.29 a2s + 5.52 a3s + 0.15 a4s

very modest growth of coefficients!
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qualitative agreement with β4, as calculated with Asymptotic Pade Approximant
(APAP)

βAPAP
4 = 740− 213nf + 20n2

f − 0.0486n3
f − 0.0017993n4

f ← input

βexact
4 = 524.56− 181.8nf + 17.16n2

f − 0.22586n3
f − 0.0017993n4

f

but large cancellations =⇒ numerical disagreement

nf 0 1 2 3 4 5 6

βexact
4 525 360 228 127 57 15 0.27

βAPAP
4 741 548 395 281 205 169 170
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excellent agreement between αs(MZ) from τ decays

(+ running and matching) and direct measurement

αs(mτ) = 0.33± 0.014 =⇒ αs(MZ) = 0.1198± 0.0015

vs αs(MZ) = 0.1197± 0.0028 directly from Z-decay
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SUMMARY

• QCD corrections for

Higgs decay to ff , Higgs decay to gluons, τ decay to ν + had,

R = σtot(e
+e−→hadrons)

σ(e+e−→µ+µ−)
, Z decay to ff . All are available to O(αs

4)

corresponding to 4 loops

• matched by QCD β-function in 5-loops

• excellent agreement between theory and experiment

• theory prediction is significantly ahead of experiment


