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Introduction

@ Parton distribution functions (PDFs):

parton number density in hadron (hadron structure)

© Fragmentation functions (FFs):

hadron number density in jet (hadronization)

© PDFs & FFs are important inputs for high energy reactions.



Introduction

Intuitive definition of FFs

One dimensional:

D(z; k) = Dy(z) > j dz zD(z) = 1
h

D(Z, S, k, Sq) - Dl(Z) + AqAGlL(Z) + (§J.q : §T)H1T(Z)

Three dimensional:

D(Z; pr, S; k, Sq) =Dy(z,pr) + Aq)lGlL(Zr pr) + (§lq '§T)H1T(Z’ pr)
+ L5 (X )D& ) + 250 - (R % r)HE 2 pr)
+ % (S'lq - ﬁT)(S‘)T ‘ ﬁT)HlJ-T(Z' pr) + %A(glq ' ﬁT)Hf-L (z,pr)

1 = -
+ g (Sr - Br)Gir(z,pr)



Introduction

In the language of quantum field theory

P P p
q P i q q i E— q i E— q

Gauge invariant definition of FFs using QFT operators



Procedure of FFs decomposition

Quark-quark correlator for fragmentation process

2 ke, ) = o Z j d*§ eHrs(0|L(0; 00)pi(0)|p, S; XXp, S; X[th; (D) £(§; 0)|0)

L(E, 0) = Pe'd Jem dn AT (7" EL)

E(k#; p, S)
: kg

kg

Constraints

E0kr;p,S) = y°20(kp;p, S)Y°?  (Hermiticity)

E0(kr;p,S) = y°EO(kp; 5,ST)y®  (Parity) At =4,



Procedure of FFs decomposition

Decompose quark-quark correlator under gamma matrices

p*dkfdky
(2m)?
tdéd? (ptE- D
_ ZJP 52” S1 i /2+kEL 00| L1(0; 00);(0)|p, S; XN, S; X |i(E) L(&; ) |0)
X

+
2z kp15p,S) = j 218 (kj — p?)i(")(kF;p,S) 4 X 4 matrix

Decompose in terms of I' matrices

r={L iys, % 7ysy% i0c%ys)}

_ 1 _
8@ ke1p,8) = 5B @ ke 1ip, ) + isE P (@ ki p,S)
H :1 L L O
Fyest Oz, kp 159, S) + 15y EL (2, ke p,S) + 10%PysEO) (2, k15, S)]

1 .
A (z, kg ;p,S) = ETr [FE(O) (z, kg ; p,S)]



Procedure of FFs decomposition

Spin dependence

Description of spin states: P(s=1/2) =
ps=1) = 3(1+35 -3+ 3TUsl),

Polarization vector: S* = (0, §T,/1),

2 xy
=31+ S77 Srr Sir
i7ati .omij = 1 xy 2 XX y
polarization tensor: TY = Sty =351 = ST Sit
y 4
Sl),CT SLT ESLL

Available variables: p, kp,, n, A, S¢, S, St Str.



Results of TMD FFs from parton correlators

Pa glaBkFl p[pgla]ﬁkﬂ
k g
z2U(©) (z,kpy;p) = ME(z, kg, ), e - B
. n
28V (7, ke i p) = 0, & NipELalpki.

MZ
ZEZ(O) (2 kpy;p) = 1aD1(2,kp)) + kp1 oD (2, kpy) + p—+naD3 (z, k1),

=U(0
Zda( )(Z, kri;p) = EmﬁklflGl(z, kr1),

+T_l < kﬁ Mn;, & kﬁ
P Np€ralpiry Lp plf]ﬁ e Hz (2, kgy).

U(O)(Z kFJ_i p) - M

Hi (z,kp,) + Me, ,oH(z, kp,) +

dé™ + _
D) =2 [ S e AL, ) 0y 0|10, o1 (@)
X

£L£=1) =z
— 1+ §(1/z — kit /p*)(hX|af|0)(0lay|hX) Number density!




Results of TMD FFs from parton correlators

Vector polarization dependent TMD FFs:

28O (z,kpy;p,S) = ELFLSTE%(Z' ke,
k
z8YON(z,kpy;p,S) = M[AEL(z, kry) + -

“Eft (2, kp )],

M
V(0) p g IIFLST
zEy, (z,kp1;p,S) = M DllT (z,kpy) + MgJ_a'pS]p'DT (z,kry)
kFJ_ . ST Mn, s kpLST
+8J_apk1€J_ [ADE_ (Z, kFJ_) + M D'I+ (Zr kFJ.)] ap+ DSJ-T (Z, kFJ.);
kp, - S
Zua(o) (z,kp1;0,5) =D na[AGlL(Z kpy) + TTGllT(Z; kry)]

k S
—kFJ_oc[/wLl (z,kpy) + L G%(Z» kFL)] — MSrq Gr(2,kp,)

M?*n kp,
+ p—+a [AG3.(z, k) +

M
p*

[;)VI « %Hﬁ(z» kFJ.)]
k
thp s (pStaHF (2, kpy ) + MApngg [AHE (2, kpy) + ———— Hit (2, kp) )]
kg, -S
[AHL (2 k) + —="C HE (2, ke )],

M
M
10

- St
G3T(Z ke )]
k
V(O)(Z kri;p,S) =p n[ STa]HlT(Z kpi) + [AHiy(z, kpy) +

2

M Mn kﬂ
+ p_+n[pSTa] Hsr(z, kgy) + Plooria]




Results of TMD FFs from parton correlators

Tensor polarization dependent TMD FFs:

kry - Str - kFy

LT

) ) kpy - S
EL O kes p.S) = P RS D ke ) + =

+ MS 170 Drr(z, kr L) + ki, S 1700 D77(2 kr L)

ki, S ke, - S77 -k
+ ka[S D7 (2 ko) + %Dﬁ(& kpy) + —= A;; [ D7,(z, kr l)]

DllTT(Z, kFJ_)]

2

k ke, Stk
+ Fnof[SLLDSLL(Za kp,)+ L L

Sir
J_TD:J;_LT(Z'., kpi) + Ve D;TT(Ze kFJ_)]s

kg, S P
g ro i glﬁpkjfrlkFJ_O'S TT GJ_

E' ke p,S) = p+ﬁa[LTGfLT(Z,km) + IYE 77 (2 kFL)]

+ MgJ_apSETGLT(Za kFJ_) + 8J_akaJ_0'S?"(]r"G;“Ji"(Za kFJ_)

kry - S kry - Str -k
Fl1 LTGE_T FLSTT RFL -

+ € 1apkty |S LG (2 kpy) + (2 kra) + = (k)|
M2 gk”S LT Eip kﬁ kFJ_o' Sp(T
+ T nav[ J_M G;LT (Zs kFJ_) + a FJMZ 7 G:J;_TT(Za kFJ_)]-
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Results of TMD FFs from parton correlators

Tensor polarization dependent TMD FFs:

_ i ke - S kry -Str -k
E'O L kpip.S) = M|S L Eri(z, kry) + uEfT(Za kpi) + — AZH — Err(z, k“)]’
CKEiSir g, kﬁ k Ay
~ , 5 Flo ,
M OGkrip.S) = M= Epp (okp) + - FJJ'W L ER ke,

— _ - P o
zngéo)(z, kriip.S) = piperaeS (rHir (2. kry) + ﬁn[ng_a](TkFJ_cSST?HIJ]:T(Za kr.1)

P lpE Lotk F krpo-Sir kry - Str kFy
+ i = [SLLHf_LL(Za kr.) + THILLT(Z, krp.)+ 2 Hi7(z, km)]
kp, - S ke, - STt -k
+ Me oS 1 Hir G ke ) + === Hig Gk ) + == 5= Hip (o kr )|
_ X , &1poky kp 5SSO )
+ 7pNg) [SiF SUH (2 kgL ) + Fjw LLHA (2, km)]
M ; ko oS ki Str -k
+ Fn[ng_a]O'kFJ_ [SLLH;_LL(Za krpi)+ %HQT(Z, kpo)+ —= AZ I Hipp (2, km)]

M ’
+ Fn[ng_a]O'[MS TrHar(z kpL) + ke oS Ty Hypp (2, km)]-
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Results of TMD FFs from parton correlators

Twist-3 FFs from quark-gluon-quark correlator

Tpij

~ 1 . _
2 krip,S) = 5= ) j d*g e~ HkrE (0| LT(0; ) D, (01 (0)|p, S: X) (v, S; X[1h; () L(&; 00)[0)
X

1
a1
2 = SlreE ESe +vsy@ESy +ic%y, uga)ﬁ+---]

HU(l)(Z kpi;p) = —p*igkei,Dg (2, kpy) + -
HU(l)(Z kpi;p) = ip*ge, pok?) Gr(z, kpy) + -

1
:)]0(6;?)(2 kpi;p) = —p [Mglp allg] Hq(z, kpy) + EJ.kaFJ_kFJ_[anﬁ Hd (z, kp )] +

k .
E ke p.S) = = P a{Me Lo ST Dar (e kes) + 100k [ADfy (o ke s) + === Dipp (e kr) |} +

=~ .l kp, - S
E G kp s p.S) = = ip R\ MS 1,Gar (2. kes) + k| AG (2 kpy) + === Glin(z.kp) |} +
1
z_:fr[];)(z, kpyip.S) =P+{A[ng_p[aﬁﬁ]HdL(Za kpo) + HkFJ_kaJ_[(rﬁﬁlH(JfL(z’ kﬂ)]

k.S - l A L
— &5 e g Hap (2. kp ) + WSmr’fmkm«”mffj%(z, keo))|

+ (ki - ST)|8uplalip Hjp (2 k) + Mz —kp1pkrsofig Hif (2 ke )|} +
13



Results of TMD FFs from parton correlators

Twist-3 FFs from Quark-gluon-quark correlator

S

ke - Str
lTD;jLLT (z,krFy1)

Dz kpu)| +

ZEE,((,])(Z, kpi:p,S)=—pTi, [kFJ_pS 1Dy (2 kpy) + MS rpDarr (2 k) + kroy

krpy - Str - kFL
M2

+S TTpﬁkf:' LD;J;}T (Z.kpy) + kg,

= . = foa o l o
Z:L]{,? (2. kpi:p.S) =!P+f?a[&pgkp S1Gy (o kpy) + Mey oS {7 Garr (2, kpy ) + Mgi_po'k}? ke - S1rGap (2 kpy)

k7, krpi - Str - kFy

TGy (ke )| +

By i
+ gi_pﬁs TTkF_J_yG;‘TT (Za kF_J_) + ElpoKEp

~ _ 1 - _
z:f,f,l;(z, kri:p.S) :p+{SLL[MSLpI{rnﬁIHdLL(Za kr.) + ESLpakﬂkFuaf?ﬁlHjLL(Z, kn)]

l
+ (kFJ_ SLT)[S_L,L:IL:/’?,BIHG'LT(Z, kFJ_) +— M2 SJ_po‘kF_LkFJ_[(rnﬁ]HdLT (2. kFJ_)]

kpiSir

- ’ 1 - v,
— & [glplcrnﬁ]HdiT (2. kFJ_) + WkFJ_kaj_lcrnﬁ]HdiT(Zs kFJ_)]

kFJ_ ’ STT : kFJ_
+
M
S_J_'}'(SkFJ_ TTkF_J_U‘
M

_ 1 _
[EJ_plcrnﬁ]HjTT (Z? kF_L) + WEj_ptrk{;J_kFJ_lcrnﬁ]H;%T(Z: kFJ_)]

— ! 1 - 1y
[8@[«%]1{ (2 kL) + WkFJ_kaJ_I oI H i (2, kﬂ)“ +
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Results of TMD FFs from parton correlators

QCD equation of motion: relations among FFs

ptEOP = —zn, (ReEWPE + ¢f [mEMoa)
s T R s L)
p+(E(0)'DG - leaE(O)) = —Znygfaglaﬁg(l)a)/ﬁ’

p* (B0 —iE©®) = zn, g, (g EVF,

K S

null T LT

1 .
DcIfS(Z» ku) + Gch{s(Z» ku) = E [Dé{(z, kFL) + lGé{(Z' kFl)] L null L T LL LT TT

'L TT
K K )
K k%vj_ K’ _ 1 K [ K null 1 null L LL
Hgs(z, kp1) + 72 Has (z,kp1) === |Hs (z,kp1) + 5 Es (2, kp.) ,
2M 27 2 L 1 T LT TT
'L 'L T LT TT
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Summary & outlook

Summary

Most general decomposition procedure of TMD FFs for spin-1 hadron is given in the
framework of parton correlation matrix.

Totally 72 TMD FFs are defined via quark-quark correlator. 8 spin independent, 24
vector polarization dependent, 40 tensor polarization dependent. The number of T-odd
and T-even (y-odd and y-even)TMD FFs are equal.

Twist-3 FFs from quark-gluon-quark correlator are given, and they are related to the FFs
from quark-quark correlator by QCD EOM in a unified form.

Outlook

Study tensor polarization dependent TMD FFs in high energy reactions

ete"->m+V+X, ...

16



Summary & outlook

Summary

Most general decomposition procedure of TMD FFs for spin-1 hadron is given in the
framework of parton correlation matrix.

Totally 72 TMD FFs are defined via quark-quark correlator. 8 spin independent, 24
vector polarization dependent, 40 tensor polarization dependent. The number of T-odd
and T-even (y-odd and y-even)TMD FFs are equal.

Twist-3 FFs from quark-gluon-quark correlator are given, and they are related to the FFs
from quark-quark correlator by QCD EOM in a unified form.

Outlook

Study tensor polarization dependent TMD FFs in high energy reactions

ete"->m+V+X, ...

Thank you!
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O Parity constraints

p LWV | Gy | Pt | drsrad | biowrsh

. scalar pseudo-scalar
E(O)(Z; kp1;p,S) = 2 [E(O)(Z; kpi;p,S) + iysg(o)(z kri;p,S)
+79EY (2, ke P S) + VsYOES (2, ki p, ) + i0FysER (2, kp 15 p, )]

N\ N\ \

vector axial-vector pseudo-tensor

5 | Pe lkrie | ma | A | St | Su | Sira |Srrep
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O Chirality

1+ —1F
Yr/L = y y
T = _ 5 i
DT YrlYr + Y, Yy, (I'=v* v>vH) X-€ven
YrIY, + P T (T =1, iy>,ic*y>) x-odd
x-even: (D, D*, Dy GY  yodd: (E, Hf, H, Hji

0 Time reversal

;L Vv | Py | Py | Prsved | Diowgrsh
_____

N IV - R R R

T-even: (E, D+, D;, G*1Y) T-odd: (GY, H{, H, H3Y)
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Quark Hadron
polarization | polarization

U
L
T
LL
LT
TT
U
L
T
LL
LT
TT
U
L
T(l)
T(1)
LL
LT
TT

Chiral-odd

T-even T-odd
D, DY D,
D
Diz Dr Dy Di
DlLL DLJ,Z, D3LL
Dy Dy Dir Diy
Dizr Drr Dip Dirp
G.L
Gy G G
Gir Gr Gr Gir
Gz
Giir Gur Gir Gair

Girr  Grr Gir Gapr

T-even

E

/L
ELT

A%
Erp

AN
Hr

T-odd

Ep

E,

Eft

Hf H Hy

H,
H. 3T
Hzy

L L 1L 1
H1LT HlLT HLT HLT H. 3LT H. 3LT
L 1L L 1L L 1L
HlTT H 1TT H. T H. T H. 3TT H. 3TT
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