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Hard exclusive processes

Multi-scale problem: Hard exclusive processes are important
for testing perturbative QCD;

Collinear Factorization: The amplitude can be factorized into
the convolution of the perturbatively calculable hard-kernels
and some universal light-cone distribution amplitudes
(LCDAS);

For instance, V*HT[OY, Q%>> Aaqcp

1
F(Q?) = £, / 0 Tt (2 Q2 1) (; 1) + O[S0
hard-kernel LCDA
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Intuitive picture of quarkonia
productions —— multi—scale problems

1/0 1/ m >>1/(agmy,)

2
Q

- g C Quarkonium

Hard gluon Collinear gluon Soft, potential, ultra-soft gluon

< agm
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Main difficulties

Entanglement of many scales
b g Quark'o.hia’i M>>my>>my?
g Hard -b.rocessest Q>>m>>Naco
. Two-faces of QCD

4 Asymptotic freedom at short—distance: perturbatively
calculable

4 Color confinement at long—distance:

completely non—perturbative at scale.of Aqcp ™~ 200 MeV
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Solutions

Factorization: separation of dynamics from different scale
regions and different hadrons

< Short—distance contributions: perturbative calculations

4 Long-distance contributions: universal parameters

Effective field theory: reproduce the low—energy behavior
of the underlying theory

2 simplifying the proof of factorization

4 matching with clear target

4 parameterizing long—distance effects by matrix—elements of field
operators

4 stabilizing the perturbation series by RGE resummation



NRQCD factorization

Short—distance:

+ shor’t‘—distance coefficients encoding all effects above heavy
'_____quark mass scale;

- Long-distance:
4 NRQCD matrix—elements/Schrodinger wave—function-at origin

Ditficulity: stability of the perturbation series

4 When Q>>m, log(m/Q) terms in short—distance coefficients
cannot be resummed within the frame of NRQCD
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Collinear factorization

Example: yv*—nqy, Q%>> m?q
e 1
F(QY =i | daTa(wiQ® 1)ong (w10 + O(m /@)

" Short—distance: hard—kernel Tw

Long—distance: LCDA satisfying the ERBL equation
which can be used to resum the large log(m/Q) terms

d Q

1
2f?7@¢7}Q (Qj“u) = Q;CF/ VO(ajay)f"'?Q¢77Q (y”u)
0

dln u
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The connections between
two factorizations

The LCDA is essential!
The LCDA for light—-mesons are completely non-perturbative
‘4 Sum Rules, Lattice QCD, ADS/CFT;

LCDAS for quarkonia: quarkonia are non-relativistic bound states of
heavy quark and anti—quark

4 constrained by NRQCD matrix—elements;

4 the distribution part can be calculated through perturbative
matching;

4 reduce the number of non=perturbative parameters.
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Resum the large logs by ERBL equation

" LL to 2-loop

200 300 400 500
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Bc EM form—-factor

LCDA for Bc
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Twist—2 LCDAs for guarkonia

Defined by the matrix—element of following non-local operators
J|L] (@) = (QW.)(wny /2 T (W] Q)(—wny /2),
| CDAs for S—wave guarkonia
1
(H (" So, P)|J[y5](w)]0) = ~ifpni P / drel i )
0
1
(H(S81, Pe)lI[1[0(w) = —ifymyne / de " P VR AL (i m, )
0

1
(H( S, et )| It )(w)]0) = —ifémpe*f‘/ di et oy (i)
0
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Twist—2 LCDAs for guarkonia

Defined by the matrix—element of following non-local operators
T (w) = (QWe) (wny /2 T (W]Q)(—wn. /2),

Wilson Line :
Welz) =P exp (igS/ ds ny A(x + sn+))

— OO

3 twist—2 LCDAs for S—wave quarkonia

1
(L (250, P)| Tsl(e)]0) = —ifpny P / do e PEABG o )
0
1
(38, P e WIL0()) = —ifymynse / die e P12 gl G -
0

1
(HESy, P I w)|0) = —ifiing Pey? / Az e+ PEA2) Gl ).
0
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/ twist-2 LCDAs for P—-wave quarkonia

: 1
(HEPy, P [15](@)]0) = iffiarhnan.c” / do o+ PE12) L (om0,
O 0

e :
(H(E Py P e )|y ](w)[0) =i fiany Pet® / dp e HE DG (mm )
, Lt | 0

L
L

: 1
(H (" Py, P)|J[1](w)|0) = fsn+P/ doc e ol bl ),
0

1

(HEP:, P, ") | Jlys)(w)|0) = ifsamaange” / da elens BE VB b0 (om, 1),
0

1
<H(3P1,P> 5*)|J[V?_W5](W)|O> i ifi)fAn+Pejo‘/ dx ezwn+P($_1/2)¢§A($§m,M),
0

2 1
(H Py, P )l J1|{w)|0) = fr m?n+&n+5e*a5/ dx e’wmp(x_l/z)gbg,(x;m,,u),
15 0

1
(HEE:, P WBH@I0) = frmeni,e™™ | doe s 2ot i)
0
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Fourier transformed form

Fourier transformation:

| e e ),

eyiEne R e
3 LCDASs for S—wave quarkonia
(H('81, P)|Qhs(2)]0) = ~ifper(z),
HES:, P Q@) = —ify ——=— |
e

V(Qj) 3
(H(*S51, P,e)|QNh)(2)0) = —ifyreioi(a),
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/ LCDAs for S—wave quarkonia

MiATLET »
|1|A(:U) )

(H(P1, P,e")|Q[15](2)]0) = —if1a o
G

CAH (P, P e")|QEsl(@)[0) = ~ifiael®dale),
(H(*Po, P)|Q[1)(2)[0) = fsos(x).

L PR P)R)((0) = i G (@),
4

(HE P, Pe)|Oh T 3s](2)]0) = ~ifs4e1% 03 ()

2 ka3
HEB,P Q@I = 0 ).

(H(" P2, P, e")|Q(1(2)[0) = f7

All 10 LCDAs are defined in a boost invariant way!
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Matching to NRQCD

Matching equations:

H[QL (2, p)|0) = ZCF (2, ) IO 2220y
‘ n=0
Necessary NRQCD operators:

00 = |- (1) By x..

V3
O(1S0) g ibvq%X’U ? OPMV(?)Pl) — %?ﬁv ;) Bj— [’YT,’VT]VE)XU,
OM(BSI) =5 wv/Y#‘Xv 9 ey i
O'LL<3P1) = 2—\/§¢U ( 5) [LDT VT] V5 Xwv

2 /) .
O* (' Py) = 4, [<—§> D~ 75} Xv s

Each operator
corresponds to a
given quarkonium!
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NRQCD matrix—elements
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Tree—level matching

Q"(n)Q"(p2)|Q[L'](2)|0)

a dw —i{z—1/2)wn WWwn.q -
o (5b 2_71_6 (z—1/2)wn P+ *qu(pl)ﬂ.;-F’U(P'z)

-2 5(x_1/z—::§;)a(pl)¢+rv(p2)

- ((5(:1: —1/2) — §'(z — 1/2)::2) Uy (P1) 7+ vy (P2)
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Tree—level matching cont.

U (P1) R +750 (P2) = 1408y (1) Y500 (P2) ~ n+(QRQ|O(*S)|0) ,

1 n+,, . \/5

(1) {4,775} v (P2) = o (1) [, V450 ()

(Q@QIn+,O0"(P)|0),

NG
m

n.q
'n+P

nLvn. g _

n4v
N (P1) 750 (P2)

5 (QQIn, 0" P)[0).

Uy (P1)7+7500(P2) =
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by (@) = ¢y (2) = dia(z) = 8z — 1/2),
$(z) = g1y (z) = dp(z) = o7 (z) = —&'(z — 1/2)/2,
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Matching at NLO

Standard matching procedure: Ma & Si, PLB, 2006
4 Calculate QCD operator ME to NLO;
_ ¥ Calculate QCD operator ME to NLO;
4 Obtain short—distance coefficient through matching.
Threshold expansion: = Beneke & Smirnov, NPB, 1998
4 Compute the QCD loop diagram by threshold expansion;
4 Low-energy region contributions —> NRQCD ME;
4 Large—-energy region contributions —> short—distance-cofficients;

4 Only large—energy region contr. needed in practice!
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More on threshold expansion

For a Feynman integral (in DR) containing small parameters

Divide the space of the loop momentum into various regions and , in
every region, expand the integrand into a Taylor series with respect to
the parameters that are considered small there;

Integrate the integrand, expanded in the appropriate way in every
region, over the whole integration domain of the loop momenta;

Add up all the expanded integrals in all regions, we reproduce the
Taylor series of the original Feynman integral with respect to the small
parameters exactly;

Finally, a multiple=scale problem is divided into single (less) scale
problems.
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NLO Results: S—wave

bo(a) = 6z —1/2) + 2By

il 6(1 — 2:::)] = + (z :7:)} ,

(1)

" [(1 — %)’

B (@) = drlasn) — = 2O [820(1 — 22) + 836(2z — 1)),

41

AT ajl(:) s [(ln mz(lu_z 20y 1) (4z6(1 — 2z) + 4760(2x — 1))] i

agree with
Bell&Feldman, Ma&sSi




NLO results: P—-wave

bialzip) = —8(z—1/2)/2
Qg 2 4z(5 — 8z + 4z2)0(1 — 2x)
+ECF{— !(ln m2(1_ (1_2:1;)2 ] g
B [233(23 fllfxz)f)(zl : 21,-)] o [S?f (_1 2_;;? )] I (z 5?)} :
431{4(-’13; p) = 43%/(33, ) — %CF [&ngizgxgzl) = 8:8(2;9512;)22:8)}
bs(z;p) = —0'(z —1/2)/2

+az(:) - {_ [( S 1) 42(5 — 8?1+_4;3§(1 2 zx)L

_ [W] g l8x9(1 — 2z)

(1—237)2 l (1_2$)3 ]+++_($(—).’II)} )
Qs L 8xz0(2x — 1) 8zzf(1 — 2x)
M. s/ i M

Bia(m; 1) = Gy (z;p) A lw+ (1= 22)? L+ :




NLO results: P—-wave

biale) = —0'(z —1/2)/2

o (1;311:)] - [16(119(_12;)22$)L*

(76)

B e = 0 1/2)2

coulw) {_ Kln 2(1,12 . 4) 42(5 — 8z + 422)8(1 —2x)}

47 (1 —2x)2

' [4x(17 z1123:2);))(21 - 2x)] N [8:(cf(_1 2_:5?)] | - e @)} | ++ .

o5 (zp) = —8'(z—1/2)/2

as(p) L ©? 16zz6(1 — 2z) |
B 47 CF{ [(ln m2(1 — 2x)2 T 2) (I—2z)% || ..

(223 ] eon]




NLO results: P—-wave




Applications: y*—nqy, XauY

MO (Q, &4 = no(P)¥(P,€y)) = E'te'“’C‘?'“’e‘“’ew *uEw Frg / dyTH (y; Q% 1) ép(y; 1)

1 2
282Q26 Eop <O7;—SO)){ °Cp [(3 2In2)L +1n*2+3In2 — 9—%]},
nQ

MO (@, 64 = xQ1(P,€)¥(P,€4)) = —ezszL ExuEn, f34 / dyT} (y; Q% 1) P34 (y; 1)
(OCR))

qulm

—2v2e*Qe e 7,

Qs T2
{ + 22Cr [(3—2ln2)L+ln ) 3]}

(108)
MO (Q,e4 = xo(@)1(P',€,)) = —ieQle, - €5 / dyTy; (y; Q% w)os(y; 1)

2462Q26 v i (OCR)) {l-l-—C‘ [(1—21n2)L+1n 2+91n2—7r——2]} (109)
L=TEw f3m3 4mr 31]°

MO (Q, ey = XV, €,)) = —ie°Qle,- - 6;% fO ' dyTE (4; Q, 1) Bh(; )

w (0(“P )
= _z862Q2€,_L “r # "W \/” .

XQ()

2

£y - 29 _ . Sans B8
{1+4WC’F[(1 2In2)L +1n22—31n2 — 6 3]}

(110)

Reproduce the asymptotic behavior of NRQCD: factorization!
Chen & Sang PRD, 2010
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Applications: Z—J/Vy, hqy

IM(Z(Q,ez) = J/Y(T)(p,e)y (', &4))

. gAqu v * /1 P 2 f
S E7uE d T ; 9 ;
4 oos B C. 20 whipen [ 4y u(y; Q°, 1) ov (y; 1)

;9460w {OCS0)) [ s [ig_ 29 _m2—9— "
zZCOSOWeLez,,,eme/w(T) 1+47GC (3—2In2)L+In“2—-1In2-9 3l (>

(344)

. / eQ * A 7
IM(Z(Q,,€2) = hq(p,e)y(P',ey)) = 89; - H:Vez-svfm /0 dyTY (y; @7, 1) P1 a(y; 1)

2

3P
_; 94Q  OCR)) [, (1-2In2)L+1n22—3m2—4— — |}
2 cos O T mpom 3

Reproduce the

[(3—21112)111 Z% +n*% —n2 -5 — %] : aSymptOtIC behaVIOr Of

oNO(ete= — 20 — hey) NRQCD factorization!
Of o4 0 .
L e et 2 Chen, Wi et al, PRD.

2
5 Cr [(1 —2In2)In "% 4+ In?2 —3In2—4 — ”—] .
g 2014

r['P) =

.

m?2 3
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Applications: h—J/y

iM(B(Q) — I/ (B,eh ;) = =T tiey €5 13, [ ayTh ;@ k(v )

2V

2
_ —z’mcqus’; e (O(*Sp)) 1 %o |41na =™ = i€ _ o129 R 2 |
2v " omg 47 m2 3

Shifman et al. NPB, 1981
M(h = J/Uy) = My (h — J/T) [1 =

L 2n)
A= 4_ 2(1 — K,) 2(1 — k)

4

> [9(k) + F(1) — F(=1)]

arctan (2 — 1)2) In(2 — 2k),

iy, 8 _soan. 4ln2+2%+7]+(’)( m2/Q?),

2
m;

Reproduce the asymptotic behavior of NRQCD factorization!
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Applications: Double parton fragmentation
functions for quarkonia

In pQCD factorization approach, production of a heavy quarkonium H with momentum

p is expanded by 1/pr[13, 14, 19, 20|

doa+BH+ \ dz A0 A4+ B f(p)+X 1.
| D :mo)E. ——L ()(. — —'))
; d?p fH( Q) d3p, ! z !

dz d¢; d(s o
T Z / 14 D[Q(}(H)]—m(:-Cl,-C-zI"NQ)
QQ(x

do
< bﬂ( A+B=[QQ(K)](pe)

By (PasPai P, F).

The FF for a perturbatively created QQQ-pair of spin-color quantum number & to fragment

into a physical heavy quarkonium H is defined as [§]

+ A= nt/ du" nt/ >du=
prdy” p /~‘1.'/1 P /~‘[-'/2 e~ P72y~ Li(p72)[(1-C2)/2]yy
2T 2T :

Puu(l’r) ub(d(()l’w'k Y [(I) (Y1 ] () ]dd’ Ya 1(0)| H(p) X)
X (H(p) X |Yai(y~ [(I)

D[QQ(»\)]—HI( , C1, C2i M, Io) /

Nhal®y (v +!/-.>_)]wc'u.j(!/“+.l/-_7)|0>-
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Double parton fragmentation functions for quarkonia
—— color singlet part

Can be expressed by the product of two LCDAS

D[QQ )]—>11( , C1, C23 M, ), Z ([[QQ (k)] —=[QQ(n) (*.-Cl-,C'z:'I'I'IQ-./1-07/l'.:\)(O[]ZQQ(,,)](II-A)%
(QQ(n))

d LLO
[QQ(al)]=QQ[(:s{M)]

AN Qg2 2
s KA z, C1, Cos M@, oy A) = —\{4A(,<)( )(ln[‘ >

[QQ(a!)]»QQI(P™) 1927 m,
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LCDASs for Bc mesons

Iwo different flavors of heavy quark and anti-quark are inside of Bc mesons;

Example |: LEDA for pseudo-scalar Bc meson

To+T T
- —9($0—$)+
To— T Ty

4200 In ? + 2(2x¢ — 1)] & (z — zp)
0
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LCDASs for Bc mesons

Example 2: LCDA for P-wave Bc meson

! M2(zg — )2

" 4xx _ 9 To (229 — x)0(z9 — )
(Zo— )%,

(To — x)?

+ [‘2:&@0 In 1_3 + 2(2z¢ — 1)] d(z — 17(,)} U N d er

Lo

R -~ Y mb=mc

(2 —d)(1 — 2x)

+0'SCF{ B [In - 12 (x(2xo — ) 0z — ) — (r o ))] Iimit, a”

A7 xo — x)? \ z(zo — )2 Ty ¢ To

B l BT o g (ar oF )] — oo ln 28"(z — z0) LC DAS

(o — x)* Ty < To T

2l -0 (200)] agree with

z3(zo — )2 To ¢ To

(2@ - 1) [$(2$0_$)0(1‘0—I)+( z o i )]H ones fOr

2 z§(xo — )2 To ¢ To

z0(zo —z) T6(z — :170)] q UarkOn ia!

zo(zo — ) ZTo(z — T0)

-2(d - 2) [

3 2
-+ [2 (ln 512 — 2z9lnz9 — 2ZoIn ig) +5—(d- 2)} &' (z — xo)

1 : 0
-+-§ l— In % —(3—8zg)Inzg— (3—8%p) InZy— 4 — 1 ft);‘;o In i—z] §(z — :L'o)}) ;
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Summary

LCDASs are very important for hard—exclusive processes!

Retactorization of LCDAs for quarkonia and Bc mesons bridges
the collinear factorization to NRQCD factorization;

Future works along this direction: relativistic corrections to
LCDAS, 2—loop corrections ......

Good excises for students!
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