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PDF in 4d QCD

Light-cone parton distribution function

•Experimental extraction.   No problem. 

•Lattice calculation.          Very hard.  

Ji, X.D. PRL78,610(1997), PRD55,7114(1997)
Radyushkin, A.V. PLB.380,417(1996), PLB385,333(1996)

Quasi parton distribution function
Ji, X.D. et al.  PRLs(2013), PRDs(2014, 2015)

•Lattice calculation.       Directly.     

•Extract light-cone PD via matching.



Why 2 dimensional QCD in large N limit ?

❖  4d QCD is extremely complicate.  

❖  2d QCD in large N limit is simple but nontrivial. 

❖  It is numerically solvable.



Approach 1: ’t Hooft’s Lagrangian approach
’t Hooft, Nucl. Phys. B75 (1974) 461-470.

Light cone coordinates :

x

± = (x0 ± x

1)/
p
2

x± = (x0 ± x1)/
p
2

x0 = x

0
, x1 = �x

1 ) x± = x

⌥

a · b = a+b� + a�b+

Light-cone gauge :

A+ = 0 ) F+� = @+A�, F�+ = �@+A�.

2d model of meson



Gamma matrices algebra :

�+�� + �+�� = 2

�+�+ = ���� = 0

Lagrangian :

Feynman rules :
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Large N limit :

Nc ! 1, g2Nc ! Const.

Advantages of 2d QCD in Large N limit :

❖ No gluon self interaction. 

❖ No gluon transverse degree of freedom. 

❖ Only planar diagrams survive. 

❖ No internal quark loop. 

❖ Gluon has no propagating mode, no gluon radiation.



Dressed  propagator :

Irreducible self energy diagram :

Bootstrap equation :
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IR divergent, cut-off � < |k+| < 1
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dressed propagator :

(4)

Z
dk�

1

(k+ + p+)(2k� � �(k+ + p+)� m2
i

k++p+ + i✏)
=

i⇡

2|k+ + p+|

�(p+) =
g2

2⇡

Z
dk+

1

(k+)2
sgn(k+ + p+)

�(p+) =
g2

⇡

✓
sgn(p+)

�
� 1

p+

◆



Another bootstrap equation :
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quark:

anti-quark:

m1, p

m2, r � p

two-particles state:  (p, r)
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Defining:  (p+, r) =

Z
 (p, r)dp�

Integrating over                                on both sides ofp�
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Z

dp�
1

(p��r�)� M2
2

2(p+�r+)�( g2

2⇡��i✏)sgn(p+�r+)

1

p�� M2
1

2p+ �( g2

2⇡��i✏)sgn(p+)
⇤

⇤ ig2

(2⇡)2

Z
dk+ (p+ + k+, r)

1

(k+)2

The first integral is non-zero only if : 
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Hadamard regularization :

H
Z b
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substituting (9) into (7)

Hadamard, Lectures on Cauchy’s problem in linear partial 
differential equations, Dover Phoenix editions, 1923. 

        
               

with cut-off
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Defining new parameters :
↵1,2 =

⇡M

2
1,2

g
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Equation (10) becomes ’t Hooft equation:
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Approach 2: Hamiltonian method in axial gauge

Bars and Green, PRD.17.(1978)537-545

Kalashnikova, Nefediev, and Volodin, Phys. Atom. Nucl.63.(2000)1623-1628

Axial gauge :
A1(t, x) = 0

Lagrangian :

Gamma matrices convention :

�0 = �3, �
1 = i�2, �5 = �0�1 = �1

L2d =
1

2
Tr(@1A0)

2 +  ̄i(i@/+ g�0A0 �mi) 
i (13)

Shifman, Advanced Topics in Quantum Field Theory, 2012



Equation of motion :
(@1)

2Aa
0 = g †T a i

A

a
0(x) =

Z
dy|x� y|g †(y)T a

 

i(y)
Solution :

Hamiltonian

Dressing fermion field

 (t, x) =

Z
dk

2⇡
e
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Z
dx †(�i�5@1 + �0mi) 

+
g2

4

Z
dxdy|x� y| †(x)T a (x) †(y)T a (y) (16)

(14)

(15)

(17)



b(k, t)|0i = d(�k, t)|0i = 0,

b(k, t)|0i = |ki,
d(�k, t)|0i = |� ki.

{b(p, t), b†(q, t)} = {d(�p, t), d†(�q, t)} = 2⇡�(p� q)

{b(p, t), b(q, t)} = {d(�p, t), d(�q, t)} = ... = 0
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◆
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Commutation relations :

Spinors :

(18)



Normal ordered Hamiltonian

H = H0+ :H2 : + :H4 :

H0 =

Z
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Z
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Diagonalize Hamiltonian

:H2 :=

Z
dk
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b†(k)b(k) + d†(�k)d(�k)

⌘

Z
dx :  

†
(x)(�i�5@x + �

0
m) (x) :

=

Z
dp

⇣
(p sin ✓

p

+m cos ✓

p

)b

†
(p)b(p) + (p cos ✓

p

�m sin ✓

p

)b

†
(p)d

†
(�p)

+ (p cos ✓

p

�m sin ✓

p

)d(�p)b(p) + (p sin ✓

p

+m cos ✓

p

)d

†
(�p)d(�p)

⌘

Z
dxdydk

|x� y|
4

:  

†
(x)

⇣
⇤+(k)� ⇤�(k)

⌘
 (y) : e

ik(x�y)

=

Z
dp

Z
dk

(p� k)

2

 
sin

2

✓
✓

p

� ✓

k

2

◆
b

†
(p)b(p) +

sin(✓

p

� ✓

k

)

2

b

†
(p)d

†
(�p)

+

sin(✓

p

� ✓

k

)

2

d(�p)b(p)� cos

2

✓
✓

p

� ✓

k

2

◆
d

†
(�p)d(�p)

!

(20)



Gap equation for Bogolyubov-Valatin angle

Dispersion relation

E(p) = p sin ✓(p) +m cos ✓(p) +
1

4

Z
�dk

cos[✓(p)� ✓(k)]

(p� k)2

p cos ✓(p)�m sin ✓(p) =
1

4

Z
�dk

sin[✓(p)� ✓(k)]

(p� k)2

Z
� ⌘ H

Z

Integral is divergent at the IR region, all infinite terms must be 

regularized, only finite terms are left.
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Color singlet bilinear operators :

B(p, p0) =
1p
NC

b†i (p)bi(p
0),

D(p, p0) =
1p
NC

d†i (�p)di(�p0),

M(p, p0) =
1p
NC

di(�p)bi(p
0),

M†(p, p0) =
1p
NC

b†i (�p)d†i (p
0)

Commutation relations in Large N limit :

[M(p, p0),M†(q, q0)] = (2⇡)2�(p� q)�(p0 � q0),

[B(p, p0), X(q, q0)] = 0,

[D(p, p0), X(q, q0)] = 0

X(q, q0) 2 {B,D,M,M †}

(23)

(24)



Ansatz :

B(p, p0) =
1p
NC

Z
dq

2⇡
M†(q, p)M(q, p0),

D(p, p0) =
1p
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Z
dq

2⇡
M†(p, q)M(p0, q).

Lenz, Thies, Levit and Yazaki, Ann.Phys.(N.Y.)208.(1991)1-89
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Define operators :
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Normalization conditions :

Completeness conditions :
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Commutation relations :

[mn(Q),m†
m(Q0)] = 2⇡�(Q�Q0)�nm

[mn(Q),mm(Q0)] = [m†
n(Q),m†

m(Q0)] = 0

Diagonalize Hamiltonian :

:H2 : + :H4 :=
1

2

1X
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Z
dQ

2⇡
Q0

n(Q)m†
n(Q)mn(Q)

Bars-Green equations :
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⌘
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Relation :

�(p,Q) = T (p)
⇣1 + �0

2
�5�

+(p,Q) +
1� �0

2
�5�

�(p,Q)
⌘
T †(Q� p)

Explanation :

Moving forward :

Moving backward :

�+(p,Q)

��(p,Q)

Bars-Green claim :

Q ! 1 ) �� ! 0 and �+ ! �

Bars-Green equations are equivalent to ’t Hooft equation                                                                         

(30)



Static case :

Li, Wilets and Birse, J.Phys.G.13(1987)915-923

⇣
2E(p)�Q0

⌘
�+(p) =

1

2

Z
� dk

(p� k)2

⇣
C(p, k)�+(k)� S(p, k)��(k)

⌘

⇣
2E(p) +Q0

⌘
��(p) =

1

2

Z
� dk

(p� k)2

⇣
C(p, k)��(k)� S(p, k)��(k)

⌘

Bars-Green equations :

Numerical solution strategies :

1. Solving gap equation to get  

2. Using dispersion equation to get   

3. Finding a basis of functions. 

4. Obtaining meson spectrum and related wave functions.

✓(p)

E(p)
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Figure 4. The solutions of O(p) for several different quark masses. The x comes from the 
variable change p=tan(x). All quantities are in proper units of (2f)'I2. Note that 6 ( p )  is an 
odd function of p .  We only plot for positive p .  

For simplicity, we have used the shorthand notation @&, k)=@*(p/, k). In the zero- 
momentum frame ( p  = 0), the Bethe-Salpeter equation becomes 

The integrals are again to be understood to be regulated according to the principal-value 
prescription (2.8). These are eigenvalue equations for the meson masses p o  and 
corresponding wavefunctions. The solutions come in pairs with opposite eigenvalues: if 
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Figure 5. The solution of w ( p )  for several different quark masses. We made the variable 
change p=tan(x). All quantities are in proper units of (2f)'''. o ( p )  is an even function ofp. 
We only plot for positive p. 
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For simplicity, we have used the shorthand notation @&, k)=@*(p/, k). In the zero- 
momentum frame ( p  = 0), the Bethe-Salpeter equation becomes 

The integrals are again to be understood to be regulated according to the principal-value 
prescription (2.8). These are eigenvalue equations for the meson masses p o  and 
corresponding wavefunctions. The solutions come in pairs with opposite eigenvalues: if 
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change p=tan(x). All quantities are in proper units of (2f)'''. o ( p )  is an even function ofp. 
We only plot for positive p. 

E(p)✓(p)

p = tan(x)
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Table 1. The meson spectrum solved for several different quark masses. For each different 
quark mass, the table gives the first seven meson mass solutions. All masses are in units of 
(2 f) "2. 

n m=0.18 m=0.56 m= 1.0 m= 1.61 m=2.11 

0 0.88 1.78 2.70 3.92 4.91 
1 2.73 3.39 4.16 5.26 6.17 
2 4.00 4.54 5.21 6.21 7.06 
3 5.00 5.47 6.09 7.02 7.84 
4 5.86 6.28 6.85 7.73 8.5 1 
5 6.6 1 7.00 7.54 8.38 9.13 
6 7.30 7.66 8.17 8.98 9.7 1 

(@-, 0-) is the solution for somep', then (@-, @-) is also a solution, for -PO. The solutions 
have a definite parity under the reflection q-i -q. 

3. The numerical solutions 

We need to solve first equations ( 2 . 7 ~ )  and (2.7b) to get o ( p )  and @I), then substitute 
them into equations ( 2 . 1 5 ~ )  and (2.15b) and solve the eigenvalue problem for pO.  

To solve for the quark self-energy, we make a change of variablesp= tan(x), k =  tan(y) 
and work on a discrete grid of equally spaced points in the interval x, y E [0, $71. We first 
solve the non-linear equation for O(p), subject to the boundary condition e( & in)= i in. 
This is done iteratively using a generalised Newton method. From this, w ( p )  can then be 
calculated by quadrature. We find that a grid of 200 points is adequate. The solutions to 
equations ( 2 . 7 ~ )  and (2.76) are plotted in figures 4 and 5 for several choices of the quark 
mass. 

Having obtained the quark self-energy, we can then solve the eigenvalue equations 
( 2 . 1 5 ~ )  and (2.15b) for the meson masses p o  and corresponding wavefunctions. We do this 

0 2 4 6 a 
n 

Figure 6.  The mass squared of the meson spectrum is plotted for each different quark mass 
against the quantum number n. The mass squared is in units of 2J 

Meson spectra with different quark masses m
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Figure 7. The @+ of the ground state meson wavefunctions for several different 
masses. Note that @+ is an even function o f p  in the ground state. 
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Figure 8. The @- of the ground state meson wavefunctions for several choices of quark 
masses. Note that @- is also an even function o f p  in the ground state. 
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Figure 9. The @+ of the meson wavefunctions of the first four excited states (n= 1, 2, 3,4) 
for a quark mass m=0.18 (in units of ( 2 ~ 7 ' ' ~ ) .  @+ is an odd function o f p  when n is odd and 
an even function when n is an even integer. 
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an even function when n is an even integer. 

functions of ground state of meson with different quark masses
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by expanding 
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0 0.5 1 .o 1.5 R / 2  
X 

Figure 10. The Q- of the meson wavefunctions of the first four excited states ( n  = 1, 2, 3,4) 
for a quark mass m = 0.18 (in units of ( 2 f ) ' " ) .  Q- is an odd function ofp when n is odd and 
an even function when n is an even integer. 

@,(q) in a basis of parametrised harmonic oscillator functions: 

(3.1) 

The integral equations are then reduced to a matrix-diagonalisation problem. The oscillator 
parameter a is adjusted to minimise the lowest eigenvalue. With 20 basis functions we 
obtain the first seven eigenvalues to an accuracy of four decimal places. The eigenvalues 
for several choices of the quark mass are listed in table 1. The Regge trajectory feature of 
the spectrum of the meson mass squared is also demonstrated in figure 6. In figures 7 and 8 
we show the wavefunctions of the ground state for three quark masses. In figures 9 and 10 
we plot the wavefunctions of the first four excited states for a quark mass m=0.18 (in 
units of (2f)''2). We use the normalisation condition dp(@: + @!)= 1. We see the @- 
wavefunctions have the interesting feature of decreasing very rapidly to zero for either 
increasing quark mass or increasing quantum number. For @+, the quantum number n is 
also the number of its zero nodes. 
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functions of excited states of meson with quark mass m=0.18

Numerical results :

m ! 1 ) �� ! 0

n ! 1 ) �� ! 0

quark mass :

higher excited state :

                                                                 



Ours results :

Jia, Liang, Li, and Xiong, in preparation
1. Solving gap equation to get  

2. Using dispersion equation to get   

3. Finding a basis of functions for moving mesons. 

4. Obtaining meson spectra and related wave functions.
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Results beyond LWB : 

1. Finding a basis of functions for moving mesons. 

2. Meson spectra and related wave functions of zero quark mass. 

3. Verified Bars-Green’s claim.
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diagrams become simple. The disadvantage is that it is
noncovariant, and the prescription for the axial gauge
singularity is not clear a priori. Since the definition
Eq. (1) is gauge invariant, we can carry out the computation
in any gauge. A convenient choice for the investigation of
its renormalization properties is the covariant Feynman
gauge, as mentioned in the Introduction. In the Feynman
gauge, the contributing diagrams are given by those
in Fig. 1. Actually there is a straightforward correspon-
dence between the diagrams in Fig. 1 and the individual
terms in the axial gauge result. For example, the
diagrams in the second row of Fig. 1 correspond to the
contribution to the vertex correction from the gμν term,
the −ðnμðp − kÞν þ nνðp − kÞμÞ=n · ðp − kÞ term, and the
n2ðp − kÞμðp − kÞν=ððn · ðp − kÞÞ2 term of the axial gauge
gluon numerator, respectively.
Let us write down the contribution of each Feynman

gauge diagram. We start from the vertex corrections, i.e.,
the diagrams in the second row of Fig. 1. The first diagram
gives

Γ11 ¼
Z

d4k
ð2πÞ4

ūðpÞð−igtaγμÞ i
k −m

γz
i

k −m
ð−igtaγμÞ

×
−i

ðp − kÞ2
uðpÞδ

!
x −

kz

pz

"

¼ −ig2CF

Z
d4k
ð2πÞ4

ūðpÞ

×
#

2γz

ðk2 −m2Þðp − kÞ2
þ 8mkz − 4kzk
ðk2 −m2Þ2ðp − kÞ2

$

× uðpÞδ
!
x −

kz

pz

"
; ð2Þ

where the quark mass m is introduced as in Ref. [13] to
regularize the collinear divergences.
The above integrals can be computed in the same way as

in Ref. [13]. After a Feynman parametrization and inte-
gration over k0 and ~k⊥, we have the following contribution
to the one-loop quasidistribution:

~q11 ¼
αSCF

2π

8
>><

>>:

ðx − 1Þ ln x−1
x þ 1; x > 1;

ð1 − xÞ ln ðpzÞ2
m2 þ ð1 − xÞ ln 4x

1−x þ 1 − 2x
1−x ; 0 < x < 1;

ðx − 1Þ ln x
x−1 − 1; x < 0:

ð3Þ

The second diagram yields

Γ12 ¼
Z

d4k
ð2πÞ4

ūðpÞðigtaÞ −i
n · ðp − kÞ

γz
i

k −m
ð−igtaγzÞ −i

ðp − kÞ2
uðpÞδ

!
x −

kz

pz

"

¼ −ig2CF

Z
d4k
ð2πÞ4

ūðpÞ γzðkþmÞγz

ðp − kÞ2ðk2 −m2Þn · ðp − kÞ
uðpÞδ

!
x −

kz

pz

"

¼ −ig2CF

Z
d4k
ð2πÞ4

ūðpÞ 2kzγz þ k −m
ðp − kÞ2ðk2 −m2Þn · ðp − kÞ

uðpÞδ
!
x −

kz

pz

"
ð4Þ

and leads to the one-loop correction (together with the conjugate diagram)

FIG. 1. One-loop diagrams for quasi-quark distribution in Feynman gauge; the conjugate diagrams are not shown.
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light-cone PD in 2d QCD

Taking Feynman gauge
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Quasi PDF in 2d QCD

Too complicated to be showed here.

Sharing the same IR structure as light-cone PDF except some terms 

Matching condition
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Ground state of

Ground state of

uū

cc̄
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Conclusions and outlooks :

❖  Equivalence of different approaches. 

❖  Bars-Green’s claim is right. 

❖  Goldstone boson exists in 2d QCD at large N limit. 

❖  Generalized Bars-Green equation for two different flavor quarks. 

❖  Nonperturbative QCD variables in HQET will be calculated. 

❖  …



Thanks for your attention


