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Factorization:
Factorization: to separate “short-distance” 

and “long-distance” 、“high-energy” and 
“low-energy” effects.

 Non-perturbative Part: “long-distance”、
“low-energy” effects, due to confinement.

 Perturbative Part: “short-distance”、“high-
energy” effects,  due to asymptotic freedom.

F = ÃÐH+ ¢ ¢ ¢
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Heavy Quarkonium:

NRQCD

pNRQCD

QCD
This scale separation is 
usually referred to as 
NRQCD Factorization 

0:3 Charmonium

0:1 Bottomonium

hv2i ¼
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NRQCD Status:
Nowadays, NRQCD becomes an important 

approach to tackle various quarkonium 
production and decay processes.

Large Corrections @NLO.

e+ + e¡ ! J=Ã + ´c K ¼ 1:8 { 2:1 Zhang   et.al.

p + p ! J=Ã + X K ¼ 2 Campbell   et.al.
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NRQCD Status:
Large Corrections @NNLO.
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Motivation:
S-wave Production: °°¤ ! ´c

( B
a

B
a

r    2
0
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Motivation:
P-wave Decay: Âc0;2 ! °°

¡°°(Âc0) = (2:33§ 0:20§ 0:13§ 0:17)keV

R ´
¡°°(Âc2)

¡°°(Âc0)
= 0:271§ 0:029§ 0:013§ 0:027

f0=2 ´
¡¸=0°° (Âc2)

¡¸=2°° (Âc2)
= 0:00§ 0:02§ 0:02
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Numerous theoretical works …
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Basic Procedures:
1. Feynman Diagrams & Amplitudes

2. Color- & Spin-Traces

² FeynArts - Mathematica Package

http://www.feynarts.de

² QGRAF - Fortran Program

http://c¯f.ist.utl.pt/~paulo/qgraf.html

² FeynCalc - Mathematica Package

https://github.com/FeynCalc

² FeynCalc/FormLink - Mathematica Package

https://github.com/FormLink
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Basic Procedures:
3. Partial Fragmentation & IBP Reduction

4. Master Integrals - Numerical

² APart - Mathematica Package

https://github.com/F-Feng

² FIRE - Mathematica Program & C++version

http://science.sander.su

² FIESTA - Mathematica Package

http://science.sander.su

² CubPack - Fortran Code

http://nines.cs.kuleuven.be/software/cubpack/
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Feynman Diagrams:

2 1088 12

°°¤ ! ´c & Âc0;2 ! °°
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Form Factor

NRQCD Factorization

Form Factor Ratio
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¹j°(k; ")i= ie2²¹º½¾"ºq½k¾F(Q

2)

F (Q2) = C(Q; m;´R;´¤)
h´cjÃ

yÂ(´¤)j0i
p

m
+O(v2)

¯
¯
¯
¯
F (Q2)

F (0)

¯
¯
¯
¯ =

¯
¯
¯
¯
C(Q; m;´R;´¤)

C(0;m;´0R;´¤)

¯
¯
¯
¯+O(v2)

13



Perturbative Expansion

C(Q; m;´R;´¤) = C(0)(Q;m)
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Confront the BaBar Data
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Confront the BaBar Data

16

´¤ = mc
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Confront the BaBar Data
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NRQCD factorization

Perturbative expansion

Partial decay widths
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Perturbative Expansion
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Confront the BESIII Data
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Confront the BESIII Data
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R= (0:098+0:020¡0:013)Ð(mc); f0=2 =0:0009+0:0009¡0:0004

with ¹¤ = mc. The central values obtained by setting ¹R =

m, uncertainties are included by sliding the ¹R in the range

1GeV < ¹R < 2m.



Confront the BESIII Data
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Ð = 1, If heavy quark spin-symmetry(HQSS) holds
Ð < 1, Considering spin-dependent forces within

the Cornell potential model
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Determine                from the BESIII Data
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Summary & Outlook:
The NNLO NRQCD predictions to              

form factor and                        fail to explain 
the experimental data! 

Higher corrections needed, including N
3
LO 

QCD corrections and relativistic corrections 
to those processes.

Only exclusive processes considered, How 

about Inclusive Decay?

°°¤ ! ´c

Âc0;2 ! °°

25´c ! Light Hadrons



Thanks for your attention!
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Result @LO

Result @NLO
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Numerical Result @
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Q2 = 0

8
>>>><

>>>>:

fA = ¡21:10789797(4)

fNA = ¡4:79298000(3)

fL = ¡ 1
144

µ

42³(3)¡ 164 + 13µ2 + 96 ln 2

¶

fH = 0:223672013(2)

² A. Czarnecki and K. Melnikov, \Charmonium decays:

J=Ã ! e+e¡ and ´c ! °°", Phys. Lett. B 519, 212

(2001) [hep-ph/0109054].

f(2)
reg(0) = C2

FfA +CACFfNA+NLCFTRfL +NHCFTRfH



Numerical Result @
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Q2 = 0

² A. Czarnecki and K. Melnikov, \Charmonium decays:

J=Ã ! e+e¡ and ´c ! °°", Phys. Lett. B 519, 212

(2001) [hep-ph/0109054].



Numerical Result @
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Numerical Result @
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Numerical Result @NNLO

¿ 1 5 10 25 50

f
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The ¯rst two rows for ´c and the last two for ´b
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