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Renormalization scheme-scale ambiguities
Asymptotic Freedom, perturbative calculable
QCD Asymptotic Freedom — a hep observable p(Q) perturbative
calculable,

n

pn =3 ri13/ @)l (no)P Y, (1)
i=1
where «s satisfies RGE:
2 ) o R _ 0 R % i+2
2 (22) - 0 - = 7 o
with o = g2/(4n), fo = 11 — nf Bi =
pn - Pn(ﬂm Q7 {573})7 pOO = p(Q)

conventional choice, o = Q, [1/2Q,2Q)].
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Renormalization scheme-scale ambiguities
Scale ambiguities

Examples:  Tr(15)—ete[Exp. = 1.340(18) keV

Tr1s)—ete- (keV)

Figure: The My(15)_¢+¢~ as a function of pi™*. T, (n=0,1,2,3) stands

r
for the decay rate with up to ni,-loop QCD corrections.

The Principle of Maximum Conformality (PMC) provides a
systematic means of eliminating ambiguities in the renormalization
scheme and in initial scale.

5/20



Renormalization Group Invariance
Guidance of PMC
RGI: the prediction for a physical observable p(Q) should be

independent of the choice of the renormalization scheme R or
initial scale u, i.e.,

Ip(Q)
Oln p? =9, (3)
3/);2) —0. (4)

o p(Q) & An effective coupling a,(Q) = [p(Q)/n]"*.
a, satisfies the corresponding RGE,

9 ,
H28TL23/J— Z/B A

B?(a,) is related to % through the identity, 3° = g:; B

6
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Renormalization Group Invariance
extended RGE

e A universal coupling constant 3(7r, {c}*}) satisfies the
following extended RGEs,

B(3,{c}) = a Fl+a+cfa+cfa+--], (5)
T’R
R R n+2dX
o) = e = 5 [ Fo iy ©

where for any given R-scheme,

a(7r. {cR}) = 4,%0 Rrr. A,

== B in g, R = BRE;YBL (i =2,3,-).
General case for RGI,

O3(ra. {cF) _, 93(r(R)) _
O0ts - OCJ-S -




Renormalization Group Invariance
Demonstration
Taylor Expansion, 3 = 3(7r, {c*}), s = 3(7s, {c®})

03\ _ 0a\ _

—_— —_— C-
(87>sT i z,: <8Ci>3 I
where T = g — 75, = c,-R — c;g.

Demonstration of RGI: For an n-th order estimate,

1

aR:aS+ﬁ 4+

GET _ a(nJrl)"léS in Z 6("“)35 7_'"713‘; L
O07s 87_é"+ ) n! 8C,-SBT§") (n—1)!

1
If n — oo, then a(7g, {c*}) is independent of 7s.
Two key points:
e By summing all types of ¢;-terms, a(7g, {C,-R}) will be
independent of any choice of scheme and scale;
e Residual scale dependence for a fixed-order estimate;
e.g., if n # oo, the right-hand of Eq.(9) is non-zero.
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Principle of Maximum Conformality
MS-like scheme
How to summing {3;} terms ?

e PMC-I, PMC-BLM correspondence principle

e PMC-II, Rs-scheme
In MS-scheme one absorbs the 1/¢ poles appearing in loop
integrals which come in powers of

2
1
In % +-+c,
¢ <+ the finite part of the integral.
Subtracting any finite part as well with 1/e < Redefining p.
e.g. The MS-scheme differs from the MS-scheme by an additional

absorption, corresponds to redefining u to:
WP = pZrsexp(In4m — vg) (10)

MS-like scheme: MS-scheme, MS-scheme, G-scheme, etc.
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Principle of Maximum Conformality

Rs-scheme
Rs-scheme transformation, u = ,ufvTSexp(é)

1 d"a(p)
a(uo) = a(us +Zn, (@in 2)7 = u=ps (=0)",

where In 12 /2 = —68. In any Rs-scheme,
Mo/ Hs

p5(Q) = ra1(ps)" + [r2 + nBoridr]az(ps)" ™ + {fa, + nB1ndy

n(n+1)

+(n+1)Bor202 + 53&55] as(ps)™ 2 + {m + npands

+(n+1)p1rda + (n+2)Borsds + n(3 + 2n)

+(n+1)(n—|—2) n(n+1)(n+2)
2 3!

where r; = rig + O({8i}),

———2Bof1nd;

Bard3 +

Bgmﬂ an(jts)™% 4o+
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Principle of Maximum Conformality

Rs-scheme
General case up to a3,
ps(Q) = r,0a(Q)" +[r20 + nforz]a(Q)"** + {r&o
n(n+1 n
+nPrry+ (n+1)Bors 1 + (2)53@,2} a(Q)"?

+|rao+ nBari+ (n+1)Birs1+ (n+2)Boras

(n+1)(n+2)

2
+M5051 ra+ > Barao
B LT (=) L BHCIEL I ct)

B; terms, absorbed into the LO term, determine Q1;
[3; terms, absorbed into the NLO term, determine @;

(i terms, absorbed into the NNLO term, determine Qs;
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Principle of Maximum Conformality
The final result up to N"LO,

z i+ O(art), (12)

the kin-order PMC scale Qk Nn—kLLO

in Qic QF Sk + Ail)sk,z + A(z)sk 3 _ e 0(3)
2 - — .
Q 1+ Ag(l)skg + Ail) (Sk 2 — Sk )+ Af)sf Tk,0
where the short-hand notation,
sej = (~1y L

k0

AP =3 5+ -]

0a? Oa a Oda

2 2 2
AP = 5 |655 + (50) #3025+ k- k-5,
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Principle of Maximum Conformality

Basic procedure for PMC scale setting

Choose any renormalization scheme R
Choose arbitrary initial renormalization scale g
Identify {4} — terms using known n; — terms
PMC —1: PMC — BLM correspondence principle
PMC —II: Rs— scheme

Shift scales of o to iPNC to eliminate all {BF} — terms

{

Conformal Series

s d(yf*‘ (uPMCY with C: the conformal coef ficients

Result is independent of py and R at fized order

Figure: Basic procedure for PMC scale setting. Two ways, namely,
PMC-I and PMC-II, are suggested to absorb the {3;} terms and the final
result is conformal and independent of 1o and R.
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Principle of Maximum Conformality
Features of PMC
Features of PMC:

e Satisfying RGI

Predictions are scale- and scheme- independent

Matches conformal series

Convergence pQCD series

Insensitive residual scale dependence
e Accurate estimation for Low Order Terms

Reference: Prog.Part.Nucl.Phys.72,44; Rept.Prog.Phys.78,126201;
PRD89,014027; PRL110,192001; PRL109,042002; PRD86,054018;
PRD86,014021; PRD85,114040; Front.Phys.Chinall,111201;
NPB876,731; JHEP10(2013)117; EPJC74,2825; JPG41,075010;
Chin.Phys.Lett.31,051202; PRD89,116001; PRD90,037503;
PRD90,034025; PLB748,422; PRD90,114034; JHEP06(2015)169;
JPG43,075001; PRD93,014004; arXiv:1605.02572; PRD89,014018;
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T(1S) leptonic decay
The decay rate of T(1S) — ¢1¢~,

Ao

2
9m;
« < the fine structure constant, my, + the b-quark pole mass,

Z; < the residue of the 15-wave two-point correlation function near
(bb)-threshold,

Z1 = [1(0)] ¢, [cv - % <cv + ‘;) + .- } , (14)

¢, and d,, the matching coefficients of the leading and sub-leading
(bb)-currents within the NRQCD framework; |11(0)| < the renormalized
wavefunction at the origin, E; <+ the binding energy of T(1S), |41(0)|
and E; corresponding to the bound-state contributions, the perturbative
corrections from high-order heavy quark potentials and dynamical gluon
effect.

References: PRL112(2014)151801, PRD89(2014)034027,
PLB658(2008)222, NPB714(2005)67, NPB716(2005)303,
PLB653(2007)53, PLB668(2008)143.

2

Mras)ysere- = 2z, (13)
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T(1S) leptonic decay

cV:1+cha§, dV:1+dea§,
k=1 k=1
E = ED (1 +>° eka§> L | (0))2 = [2(0) 2 (1 +y° fkaf> ,

k=1 k=1
e = e +e'" + e, fi=f+ A"
nC_ us_ nC __ rfus __ gfus __
— et =0, KO ==,

myCras)? 1
490 ‘ :(1)537;5)’ B =~ mi(Cras),

To reconstruct all the coefficients with full renormalization scale
dependence, we use,

a(ji0)* = au )+kﬁoaa(u5)k+1+k[ﬁ 5+ /3062] a(j15)*+?

(k+1)(k+2)
3!

2k +3

k [ﬁz5+ Bof18% + 5353} a(ps) 3+

16 /20



T(1S) leptonic decay

PMC scales for r'r(ls)*)prgf
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Figure: The PMC scales Q; with i = (1,2, 3) at each perturbative order

versus the initial renormalization scale ui,“it. The solid, the dashed, and
the dotted lines are for Q;, Q>, and Qs, respectively.

Q1 ~ 1.31 GeV, @ =~ 2.02 GeV, Q3 ~5.10 GeV.
Different from the conventional choice my, or the guessed value

~ 3.5 GeV that leads to maximum value.
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T(1S) leptonic decay

Decay width

Mrs)—ere- [pvc = 1.27073 13919093 40.015 keV = 1.27073 33" keV,
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Figure: (left)The My (1g)_ere— versus ;" before and after the PMC
scale setting. (right) A comparison of I'v(15)_,ete- together with its
pQCD errors before and after the PMC scale setting.
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Summary

Advantages of BLM/PMC:

e Predictions are scale-independent at fixed-order (residual)

Accurate estimation for Low Order Terms (residual)

Accurate as behavior of each order

Achieve convergence pQCD series

Improve pQCD prediction

Maximal sensitivity to new physics !
Outlook:

¢ A physical scheme (MOM or V-scheme) is better than MS-like
schemes in some cases. Why 7 vertex type 7

e How to use PMC more automatically ?

e The running behavior of as in Low energy.
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Thank you for your attention !
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