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• HIC mimics the Big Bang in the early universe

• Viscous hydrodynamics can be used to describe QGP 
phase successfully

• Shear/Bulk viscosity, Conductivity, 2nd order coef’s …
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Introduction
Evolution of Relativistic heavy ion collision (HIC)



Basics of viscous hydrodynamics

• Hydrodynamic equation

• 1st order viscous hydro

shear viscosity,       

bulk viscosity,        

conductivity.
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Physical interpretation
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Response to expansion/compression
Extra pressure

Response to flow velocity gradient
Extra momentum flux

Response to       ,       and    
Induced current
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Kubo Formulae

• Linear response theory gives Kubo formulae

• 1st principle calculation of transport coefficients

• AdS/CFT

• Lattice QCD

• Perturbative QFT / effective kinetic theory
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• Conjecture from AdS/CFT 

Universal bound conjecture

• AdS/CFT, finite chemical potential

• O.Saremi, JHEP 2006

• K.Maeda, M.Natsuume, T.Okamura, PRD 2006

• P.Benincasa, A.Buchel, R.Naryshkin, PLB 2007

• Fit to Data gives
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AdS/CFT：KSS bound
P. Kovtun, D.Son, A. Starinets, PRL2005
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• The Euclidean correlator is evaluated on lattice

• The spectral functions are defined as

• Inverse above formulae to obtain 
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Lattice QCD evaluation
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Examples of Lattice QCD results
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A.Amato, G.Aarts, P.Giudice,
S.Hands, J.Skullerud, PRL2013
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Bulk viscosity

Shear viscosity
Conductivity

Near Tc, strong coupling region



• Feynman diagrams to be summed

• Infinite number of diagrams need to be summed, 
due to the pinch singularities (S.Jeon, PRD1995)

• Infinite Feynman diagrams summation 

 Effective vertex and propagators, kinetic equation.
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Perturbative QFT

S. Jeon, PRD1995 P. Arnold, D. Son, L. Yaffe,  PRD1999
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Effective kinetic theory

• Summation of diagrams ↔ effective kinetic theory 
(S.Jeon, L.Yaffe, PRD1996; J.Gagnon, S.Jeon, PRD2007)

• Phase space distribution

: auxiliary field dependent on x

and         dependences enter

• Energy-momentum tensor (with only gluons)

• Boltzmann equation
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• Consider a system slightly away from equilibrium

Boltzmann equation                         becomes,

LHS involve the derivative of flow velocity u

The form of        must be

and the coefficients are constrained functions.
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Variational method
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• Constraints for A’s and B’s
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Variational method
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• Variation of energy-momentum tensor

• From viscosity definitions and       expression 

one obtain
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Expressions for viscosities
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• With Landau-Lifshitz condition         

• Final equations for viscosities

Solving above equations, one get

• Extension to system with quarks ( )
(P.Arnold, G.Moore, L. Yaffe, 2000; P.Arnold, C.Dogan, G.Moore, 2006;

J.W.Chen, J.Deng, H.Dong, Q.Wang, 2011)
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Solving     and  
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Finite chemical potential

• Quark and gluon effective mass

• If we take          , they will reduce to
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• Variation of quark and gluon distributions

• Energy momentum tensor 
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Finite chemical potential
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• The variation now rely on the gradient of μ and T 

• Transport coefficients
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Finite chemical potential
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• Boltzmann equation

• Collision terms: 2→2 partonic scattering (LL)
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Boltzmann Equation
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Constraints from Boltzmann equation
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• Together with the Landau-Lifshitz condition

• By solving above equations, one get

• The rest of the work is numeric.
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Transport coefficients
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• Comparing with AMY (P.Arnold, G.Moore, L. Yaffe, JHEP2000)
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Shear viscosity
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Shear viscosity                              
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• Comparing with ADM (P.Arnold, C.Dogan, G.Moore, PRD2006)
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Bulk viscosity
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Bulk viscosity
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Conductivities
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• Consider the case 

• Pauli blocking → Preferable emission direction

+     contributions

• , only quark contribute
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Physical origin of the negative 
ud

0,   0u d    

u d T  

q

1f
uu du uu N

    
  

Difference at small 
Is caused by q

/ T



Yu-kun Song First order transport coefficient of weakly coupled QGP 32

Conductivities

 scale like              for large         , and become 

independent of 
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Contour lines for transport coefs.
Preliminary



Conclusion and outlook

• 1st order transport coefficients are calculated with 
effective kinetic theory at finite chemical potential

• is minimal at zero chemical potential, and 
linearly rise with increasing 

• is almost constant with increasing

• Negative off-diagonal conductivity       is obtained, 
and this phenomena can be understand with simple 
parton scattering picture

• Transport coefficients with asymmetric quark flavor 
are, CESE coefficient, et al.
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