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Geometry Sector Decomposition (573R¥gm D, TSKK)
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o HFERMIME (Algorithms in Combinatorial Geometry 422 1)

Diagram A B C S X H This Exponential
method
Bubble 2 2 2 o 2 2 2
Triangle 3 3 3 3* 3 3 3
Box 12 12 12 12 12 12 8
Tbubble 58 48 48 48+ 48 48 36
Double box, p,2 =0 775 586 586 362 293 282 266 106
Double box, p% #0 543* 245* 245" 230" 192* 197 186 100
Duble box, p‘2 = 0 nonplanar 1138 698 698 441 395 360 120
D420 8898 564 564 180 1 168 100
3 loop vertex (A8) 4617 1196* 1196* 871* 750* 684 684 240
Triple box M 114256 114256 22657 10155 6568 856
Double box  Triple Box
T. Kaneko, et al 2010 unpublished 20 s 53 h
Our FDC-Sec-Dec 1 3 minus
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Double box Triple box
Package | Strategy | No. of Sectors | Time(s) | No. of Sectors | Time(s)
S 362 1.4 23783 831
B 586 0.5 121195 127
FIESTA4 X 282 0.3 10259 44
KU 266 13.7 6822 7472
KUO 326 4.5 10556 6487
KU2 266 61.9 - -
X 320 1.4 11384 700
SecDec3.0 Gl 270 4.2 7871 574
Method proposers 266 29.2 6568 123280
Our result 266 0.6 6568 120

Comparision with FIESTA4 [[?]], SecDec3.0 [[?]] and method proposers [[?]]. Strategies
KU, KUO, KU2, G1 and G2 are all based on the geometric method, while G2 is different
in the strategy of primary sectors.

decomposition only, without the integration of finite coefficients
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Geometric method for sector decomposition

Sector Decomposition is a method used to separate divergences in loop integral.

With « presentation of a propagator

1

o= —i/ daexp(iDjcviay),
f 0

An h-loop integral with NV propagators can be expressed as
d%kid%; - - - A%y, d N -
G=| ——=—=—=[ d% | d i» D
/ DD - D«ISVN / / Qexp /; v ia;
After integration on loop momenta, it becomes
G— C/ dNaHa;a/*lU—d/Ze—iF/U (1)
0 !

where U and F are homogeneous polynomials of a; with the homogeneity degrees h and

h+1, and Cis a constant.
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Let n = > «y, insert 6(n — > ) into the integral, and make the transformation
oy = naj. After the integration over 7, the integral becomes
N a1 Ua—(h+1)d/2
G= C/da6 I—Za/)Ha’ Tk 2)
with a=>"a;.

One can always reach Eq.(2) with usual loop integral techniques. And this is where
sector decomposition starts. In this integral, only the integration over «; is remained,
and the interval is now limited to [0, 1] due to the delta function.

And this is how sector decomposition works on it:

@ separate the integration domain into N sectors Ay i=1,2,... n, Where Ay is defined
by a; < au, i # k.
@ do the transformation o = aj/ak, i # kin Ay, and integrate over ay with the

delta function

@ now, the integral in the integration domain A (labelled with Gi) becomes

) Ua (h+1)d/2
aj—

*C/ V- 1o¢Hoz, W (3)

where Uy and Fy are obtained by setting ax to 1 in U and F.
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@ Usually these Ay are called primary sectors. But they are not

sufficient since the divergences are still hidden inside.
@ Further decomposition is needed.

@ Here we introduce the geometric method [[?]], which can separate the

divergence after one more decomposition (free from infinite recursion).
@ For convenience, we rewrite G into
Lo B
Gk = C’/O d"" U, F) (4)
with v={a; —1l,aa—1,...,any_1 — 1}, oV = Hala’fl,
/

f=a—(h+1)d/2 and v = —(a— hd/2)
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This is how the geometric method works:

. by_
@ A monomial in Ux(Fk) has the form cal = cball’1 ag2 cee aN’\Lll, and can be
characterized by a vector b= {bi, bs, ..., by_1}, thus we have two vector sets ZY

and Z©

@ do transformation o = e, the Jacobian is e~ 2% the integral becomes
oo
N—1 —v
Gk:C/ AV tye Y URF) (5)
0
/
@ now Uy = Z Cbeib'y7 Fir = Z Cb/eib Y
bezV v ezf
/
@ suppose e~ ?)Y is maximal in Uk(Fk), label this domain as Ay .
@ extract these two term from Uy and Fy, and the integral can be further

decomposed into

B
G = 3 Z/ I R NV S e @
bezZU b e ZF Appr dezV/{b}
el
x | ey + Z Cd/e—(d/_b/)Ay (6)
d’EZF/{b'}

where ZU/{b} denotes subset of Z! obtained by removing b:from-2ZY
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@ We have supposed that in the domain Ay, e 2¥)Y is maximal in
Uk(Fk) for certain b(b').

@ e (b)Y < 1 and e (d=b)¥ < 1 for all d(d")

(d—b)-y>0, (d —b)-y>0 — restrictions on Apy

o Last two terms in Eq.(6) is always finite when a; =0

All physical poles (if exist) have been factorized into first term

@ Now we can expand last two term with respect to e = (D —4)/2 to
required order and obtained a Laurent series of the whole integral in

terms of €, whose coefficients are expressed by finite integrals

The question is how to obtain the domain Apy
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Define ZJ'F) = {v—blve ZYP /{b}}, S= ZJ U Z,, UR""", where RV~ is the
standard basis of (N — 1)-dimensional Euclidean space.
Let C(S) be the vector space generated by S, C(S) = {>_, rivilri > 0, v; € S}, then

C(S) is just a convex polyhedral cone in (N — 1)-dimensional Euclidean space.

The dual cone of C(S) is defined by C(S)Y = {ylv-y>0,Yve C(S)}, C(S)"is

also a convex polyhedral cone in (N — 1)-dimensional Euclidean space.
Apy = {ylv-y>0,Yve S} = C(S)". R" ! is also in S because of the fact y; > 0.

Let V be the set of all edges of C(S)Y, then C(S)" can also be written as
{Z[ uivilui > 0,v; € V}

If C(S)Y is simplicial (has only N — 1 edges), change the integration variables from

yi into u;, Apy is obtained.

If not, triangulate C(S)Y (split it into several simplicial sub-cones), and change

integration variables in each sub-cones (more sub-sectors).

This is why this method is called 'geometric’
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Thanks for your attention!
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