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New algorithm to construct and triangulate convex
polyhedral cone for Geometric sector decomposition

Jianxiong Wang

In preparing with Bin Gong and Y.D. Wang

Institute of High Energy Physics, CAS

第二届高精度高能物理学术研讨会，June 13, 2016
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Outline

1 简介

2 Geometric method for sector decomposition

3 我们的新解法
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多维空间中的多面锥的构建和三角化的新解法

Unitary Cut, On shell Helicity Amplitude, IBP，Symbol，Sector
Decomposition, Mellin-Barnes(MB), Differential Equation(DE)

关键一步 Master interal 解析分离发散, 剩下有限部分 (解析结果，数值积
分）

2010 年 T.kaneko at al 在 setor decomposition 框架下把解析分离发散问题
非常漂亮的化为多维空间中的多面锥的构建和三角化问题，并利用数学家

的的解决方法，最后一个三圈 box, 要用 53cpu 小时解决。

我们研究了这个问题，提出了新的多维空间中的多面锥的构建和三角化的

解决方法，把同一个问题提高到了 3 cpu 分钟之内解决。

而这各种各样的三圈图在物理过程的高阶修正计算中会遇到很多，所以这

个研究对于提高高阶修正计算的速度很有用（两方面：1：解析分离发散，
2：有限部分的数值计算或解析计算）。
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Geometry Sector Decomposition（分块数最少，不会失败)

T. kaneko 的文章—研究多项式的性质化为研究多维空间中的多面锥的构
建和三角化的问题，

数学家的解法（Algorithms in Combinatorial Geometry 422 页）

Double box Triple Box
T. Kaneko, et al 2010 unpublished 29 s 53 h
Our FDC-Sec-Dec 1 s 3 minus
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Double box Triple box
Package Strategy No. of Sectors Time(s) No. of Sectors Time(s)

S 362 1.4 23783 831
B 586 0.5 121195 127

FIESTA4 X 282 0.3 10259 44
KU 266 13.7 6822 7472
KU0 326 4.5 10556 6487
KU2 266 61.9 - -

X 320 1.4 11384 700
SecDec3.0 G1 270 4.2 7871 574

Method proposers 266 29.2 6568 123280
Our result 266 0.6 6568 120

Comparision with FIESTA4 [[?]], SecDec3.0 [[?]] and method proposers [[?]]. Strategies
KU, KU0, KU2, G1 and G2 are all based on the geometric method, while G2 is different

in the strategy of primary sectors.
decomposition only, without the integration of finite coefficients
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Geometric method for sector decomposition

Sector Decomposition is a method used to separate divergences in loop integral.
With α presentation of a propagator

1

Dal
l

= −i
∫ ∞

0

dαlexp(iDlαlal),

An h-loop integral with N propagators can be expressed as

G =

∫
ddk1ddk2 · · ·ddkh

Da1
1 Da2

2 · · ·DaN
N

=

∫
ddk

∫
dNαexp

(
i

N∑
l=1

Dlαlal

)

After integration on loop momenta, it becomes

G = C
∫ ∞

0

dNα
∏

l
αal−1

l U−d/2e−iF/U (1)

where U and F are homogeneous polynomials of αi with the homogeneity degrees h and
h + 1, and C is a constant.
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Let η =
∑

αl, insert δ(η −
∑

αl) into the integral, and make the transformation
αl = ηα′

l . After the integration over η, the integral becomes

G = C′
∫ 1

0

dNαδ
(
1−

∑
αl

)∏
l
α

al−1
l

Ua−(h+1)d/2

Fa−hd/2 (2)

with a =
∑

al.
One can always reach Eq.(2) with usual loop integral techniques. And this is where

sector decomposition starts. In this integral, only the integration over αi is remained,
and the interval is now limited to [0, 1] due to the delta function.

And this is how sector decomposition works on it:

separate the integration domain into N sectors ∆k,k=1,2,...,N, where ∆k is defined
by αi ≤ αk, i ̸= k.

do the transformation α′
i = αi/αk, i ̸= k in ∆k, and integrate over αk with the

delta function

now, the integral in the integration domain ∆k (labelled with Gk) becomes

Gk = C′
∫ 1

0

dN−1α
∏

l
αal−1

l
Ua−(h+1)d/2

k

Fa−hd/2
k

(3)

where Uk and Fk are obtained by setting αk to 1 in U and F.
Jianxiong Wang (IHEP) New algorithm to construct and triangulate convex polyhedral cone for Geometric sector decomposition
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Usually these ∆k are called primary sectors. But they are not
sufficient since the divergences are still hidden inside.

Further decomposition is needed.

Here we introduce the geometric method [[?]], which can separate the
divergence after one more decomposition (free from infinite recursion).

For convenience, we rewrite Gk into

Gk = C′
∫ 1

0
dN−1ααvUβ

k Fγ
k (4)

with v = {a1 − 1, a2 − 1, . . . , aN−1 − 1}, αv =
∏
l
αal−1

l ,

β = a − (h + 1)d/2 and γ = −(a − hd/2)

Jianxiong Wang (IHEP) New algorithm to construct and triangulate convex polyhedral cone for Geometric sector decomposition
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This is how the geometric method works:
A monomial in Uk(Fk) has the form cbα

b = cbα
b1
1 αb2

2 · · ·αbN−1

N−1 , and can be
characterized by a vector b = {b1, b2, . . . , bN−1}, thus we have two vector sets ZU

and ZF

do transformation αi = e−yi , the Jacobian is e−
∑

i yi , the integral becomes

Gk = C′
∫ ∞

0

dN−1ye−v·yUβ
k Fγ

k (5)

now Uk =
∑

b∈ZU
cbe−b·y,Fk =

∑
b′∈ZF

cb′e−b′·y

suppose e−b(b′)·y is maximal in Uk(FK), label this domain as ∆bb′ .
extract these two term from Uk and Fk, and the integral can be further
decomposed into

Gk =
∑
b∈ZU

∑
b′∈ZF

∫
∆bb′

dN−1ye−(v+bβ+b′γ)·y ×

cb +
∑

d∈ZU/{b}

cde−(d−b)·y

β

×

cb′ +
∑

d′∈ZF/{b′}

cd′e−(d′−b′)·y

γ

(6)

where ZU/{b} denotes subset of ZU obtained by removing b from ZU

Jianxiong Wang (IHEP) New algorithm to construct and triangulate convex polyhedral cone for Geometric sector decomposition
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We have supposed that in the domain ∆bb′ , e−b(b′)·y is maximal in
Uk(FK) for certain b(b′).

e−(d−b)·y ⩽ 1 and e−(d′−b′)·y ⩽ 1 for all d(d′)

(d − b) · y ≥ 0, (d′ − b′) · y ≥ 0 → restrictions on ∆bb′

Last two terms in Eq.(6) is always finite when αi = 0

All physical poles (if exist) have been factorized into first term

Now we can expand last two term with respect to ϵ = (D − 4)/2 to
required order and obtained a Laurent series of the whole integral in
terms of ϵ, whose coefficients are expressed by finite integrals

The question is how to obtain the domain ∆bb′

Jianxiong Wang (IHEP) New algorithm to construct and triangulate convex polyhedral cone for Geometric sector decomposition
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Define ZU(F)
b ≡ {v − b|v ∈ ZU(F)/{b}}, S ≡ ZU

b ∪ ZF
b′ ∪ RN−1, where RN−1 is the

standard basis of (N − 1)-dimensional Euclidean space.

Let C(S) be the vector space generated by S, C(S) ≡ {
∑

i rivi|ri ≥ 0, vi ∈ S}, then
C(S) is just a convex polyhedral cone in (N − 1)-dimensional Euclidean space.

The dual cone of C(S) is defined by C(S)V ≡ {y|v · y ≥ 0, ∀v ∈ C(S)}, C(S)V is
also a convex polyhedral cone in (N − 1)-dimensional Euclidean space.

∆bb′ = {y|v · y ≥ 0, ∀v ∈ S} = C(S)V. RN−1 is also in S because of the fact yi ≥ 0.

Let V be the set of all edges of C(S)V, then C(S)V can also be written as
{
∑

i uivi|ui ≥ 0, vi ∈ V}

If C(S)V is simplicial (has only N − 1 edges), change the integration variables from
yi into ui, ∆bb′ is obtained.

If not, triangulate C(S)V (split it into several simplicial sub-cones), and change
integration variables in each sub-cones (more sub-sectors).

This is why this method is called ’geometric’

Jianxiong Wang (IHEP) New algorithm to construct and triangulate convex polyhedral cone for Geometric sector decomposition
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Thanks for your attention!
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