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Preulde

Non-renormalizable theories:

L= ﬁmarginal +a"Ln

m Determined by the details of the UV completion.
m IR imposes no constraint other than global symmetries
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Prelude

Not true:

The existence of a UV completion — ¢; of higher dimension operators must be Positive
Adams, Arkani-Hamed, Dubovsky, Nicolis, Rattazzi

m Euler-Hiesenberg
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Prelude

Causality imposes further constraint:

[,:/dDX\/g(R+(11R2+u2R3+~~)

Causality: if iy, ap # 0, a particle traveling pass a shock wave will experience time
advancement Camanho, Edelstein, Maldacena, Zhiboedov
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Can only be cured by an infinite J > 2 massive particles. (Assumes A << Mp)
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Prelude

Can Unitarity impose further constraints? We've been here before
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Prelude

Fermi’s four fermion theory

A(p1, b2, $3, $a) ~ —GFs ~ E?

Unitarity violation

167
S$>4|—=— ~20TeV
Gr
There is a new particle!
P, 1;)4
pz p3

o s
A ~ -G GFM? ——
(P1, P2, P35 Pa) Fs = GEM® — 0

Unitarity then requires
GEM? A

<-—=>M<1TeV
87 2

My, ~ 80GeV
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Prelude

Multi-faceted consequence of unitarity:

m Froissart bound M|;_o < slog2 s
m Optical theorem o = Im [M|;_,0] /E

There presence of new states allow for constraints on factorization:

Does tree unitarity impose strong constraint on the spectrum of completion?
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Prelude

Naively no

Example: Generalized Veneziano amplitudes Coons

(oo}

r[1ft]r[17$]*>1—[ U+ Aji+ Ao

rz+u] ap (=2t =)

where A, = ‘;":11 + Ao, free of ghosts for o < 1

Similar result from deformed propagators Ho, Tian
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Prelude

Would the existence of massless particles with three-point interactions be more
constraining ?

L = /de\/g(Rer), D>2
L = /deF2+~~~, D>4
L = /de(8¢)2+¢3+~~, D>6
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Prelude

For gravity
2
s
M4‘S~>oo ~ T ~ E2

m Assuming that the high energy behaviour is tamed while weakly coupled (true for
many known examples in nature)

m Implies new degrees of freedom come in at tree-level
m Implies new degrees of freedom M << Mpjank

How constraining is the space of possible solutions?

Yu-tin Huang

Lessons from gravitationally coupled fundamental scalars



Prelude

With SUSY VERY
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Unitarizing Gravity

Consider scalar exchange via gravity coupling:

§* + 2+ u?)? . .
<§01992(P3‘,04> ~ % P'P AVavs P'P

As s — oo s/t fixed, same violation of unitarity bound at Plank scale

Vs> 10"°GeV

Yu-tin Huang

Lessons from gravitationally coupled fundamental scalars



Unitarizing Gravity

Let’s consider modifying by adding one massive propagator

( ) (5% + 12 + u?)? f(s,t,0)2,5ym
P1P2P304 stu (s — m2)(t — m2)(u — m?)

Unitarity imposes constraint on f(s, t, u):

>—< — As(d1, d2, h') x As(h’, b3, b4)
P, P,

Since A3(¢1= ®a, hz) ~ iCe(Pl - pQ)MI(Pl *Pz)m T (pl *Pz)wﬁtwgmw the residue
must take the simple form:

(1 — P2) - (3 — Pa)IP" = (t — u)®"
with u = —t — s the residue must be a definite positive function in ¢:

nt)y=> at, a>0
i
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Unitarizing Gravity

There are also massless poles

(82 + 12 +u?)? f(s,t,u)2.6ym
stu (s = m2)(t — m?)(u — m?)

(pr1p29p304) ~

The residue for massless poles are generated from local operators in the EFT
description
L~ R§? + (Vo)? + R+ R?

Such interactions are limited, and unique on-shell

0¥ pO* pe,n
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Unitarizing Gravity

The rules of the game:

(82 + 12 +u?)? f(s,t,u)2.0m
stu (s — m?)(t — m2)(u — m?)

(@1@2@3@4} ~

m At low energies, i.e. if /s is smaller than the new mass scale M, then the S-matrix
must reduce to the known amplitude.

m At intermediate scales, i.e. 0 < s < M2, the residues of the poles must be definite
negative function of t:

nt)y=> at’, a>0
i

m The factorization pole of s = 0, the residue must be the original tree residue —t2
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Unitarizing Gravity

(PP P ay(fP 4 P+ 5P 1
stu (s=1)({t=1)(u—-1)

Ansy =
Enforcing massless residues,

42 (1 4 2a41?)

A-nd+0 -4

Res[Ans1]5:0 i
This fixes a; = —}

(PP 1 (P P+ P2

Ansy = stu G- —1)(u=-1)

However, consider the residue at s = 1

1

RGS[ATI,SI]S:]_ = m .

The residue changes sign when t ~ 1
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Unitarizing Gravity

4P (1 4 2a41?)

Res[Ansi]s=o : — CEn T —4f
1
Res[Ansy|s=1 = m

m Unitarity requirements on the massless and massive poles are inconsistent with
each other.

m Unitarity disaster is now at the scale of the massive particle.

Adding more particles end up with the same result No solution
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Unitarizing Gravity

The persistent failure for ever larger spectrum hints at a fundamental tension in our
constraints

The root of the problem

N (8% + 12 4 uP)? f(s, t) . (2 + P4+ u?)2 f(my,t)
stu (s—my)(t—mg) -+ |s—pm, stu (t—my) - --

m

Unitarity requires the function f(my, t) to have a zero when t = mp, and all other
t-channel poles.
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Unitarizing Gravity

The root of the problem

f(s, t) is a bounded polynomial function that has zero for each pair of (s, t) = (m;, m;)!

f(my,my) = f(my, mg) = --- = f(m;, m;) = 0

There are more zeros than poles!
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Unitarizing Gravity

Permutation invariance only makes things worst!

012 3 4 5 6 7 8 9 10 11 12 13 14
41 01 11 1 2 1 2 2 2 2 3 2 3
510112 2 5 4 8 9 13 15 23 24 34
6 1 01 2 4 6 13 19 36 58 97 149 244 364 558
71 0 1 2 4 8 20 36 83 169 344 680 1342 2518 4695
8 1 01 2 5 10 28 59 152 364 885 2093 4930 11199 25021
9 1 0 1 2 5 10 31 72 206 557 15656 4321 11942 32131 84927

10/1 0 1 2 5 11 33 81 246 722 2222 6875 21497 66299 202179
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Unitarizing Gravity

Assume maximal susy
516(0)
stu
Requires modification of s, t and u channel by a single function:

Alree —

n(s, t)
[Li(s—a)(t—a)(u—a)

Since there are requisite zeros in s, t, u, the simplest solution is:

[T, (u + by)(t + by)(s + by)
[Li(s—a)(t—a)(u—a)

Ansatz = A™®

Ansatz = A™®

with b,‘j = (a,— + aj)
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Unitarizing Gravity

Now consider the residue of the massless pole:

_ap2 [T; ;(=t+ by)(t + by)(by)
[L(-a)(t—a)(-t—a)

Massless constraint requires 1-1 map between bys and a;.

For a given a; there will be a b; = 2a;, which requires the presence of a; 1 = 2a; in the
propagators. This then induces a b;, 1 = 3a;, which again requires the presence of 3a;
in the propagators......

The minimum solution is:

AT ((s +ia)(t + ja)(u+ ia))

(s — ia)(t — io)(u — ia)

ieN
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Unitarizing Gravity

Atree H ((S + iOc)(f + iOé)(U + IOc))
N (s —ia)(t —ia)(u—ia)
this solution solves another problem

The only way possible is if some zeros are shared by multiple double poles!
For single massive pole m? two zeros

(s=0,t=m8) = (u=—m), (s=m’,t=m?) = (u=—2m?)
Let (u = —2m?) be shared
(s=0,t=2m?) = (u=—2n8), (s=2m?,t=0)— (u=—2m?)

Again m? has spread across integers
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Perturbative completion

Consider the amplitude for some fixed t = t*, which we express in the form of a
dispersion relation

M(s, t*):/ de(V”s) - _Hes[M("’tS)”V:V* j 2
v=s V- v — i s

The residues in the complex s-plane lies on the real axis, where poles in the positive
region are s-channel resonance, and negative region are from u-channel resonance.
Due to permutation invariance, the residue of a given s-channel resonance, say s = n,
there will be the opposite of the u-channel resonance in the negative s-branch,
s=-n—t*

i Res[M(v, t*)]|v=n(2n + t*)

M(s 1) = = (n—s)(n+t*+9)

n=0
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Perturbative completion

oy _ = Res[M(v, t*)]lv=n(2n + t*)
M) == = gt t 1 9)

n=0

Now, consider the case where t* = —2, then we have:

_ Res[M(v, —2)]|y=0(—2)  Res[M(v, —2)]|v=1(0)
(—s)(—2+5s) (1—58)(—1+5s)

_ Res[M(v, —2)]|,=2(2) B i Res[M(v, —2)]|v=n(2n — 2)
(2 —s)(s) e (n=s)(n—2+s)

M(s,—2) =

- (M

There are no poles at s = 0, 1! For t = —nthe poles of s =0,1,--- | n are missing

e’}

Res[M(s, )]lls=o = [ [(t + 1)

i=1

But this is impossible for bounded high-energy behavior — The S-matrix must have
zeros in the unphysical channel, at s = —n
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Perturbative completion

The S-matrix must have zeros in the unphysical channel, at s = —n

I[Li(s+i)(t+i)u+1i) N M—s+1r[—t+1]M—u+1]

Me ~ [Li(s=i)(t—=i)(u—1) Ms+1rit+11ru+1]
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Unitarizing Gravity

The solution is given as:

s+ N(t+ D (u+i)
[TZo(s = D)t = i)(u—1)

A(s, t)

M-/ Ul [—a’tIl[—a/s]
M1+ a1 + a’ull[1 + o/'s]

(82 + 12 +u?)

Fig.3: Pasticle scallering processes (lefi), suing scatiering processes (right).

Type Il superstring
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Generalizations

Another solution: unitarize each massless pole separately:

101 1
=(s2+t2+u2)(7+7+7)
s t u

(32 + 1\2 +U2)2
Stu

The absence of massless poles in other channels leads to the absence of zeros

M[—sr[=fr[—y] tu su st
M+ s)r{ + [ + u] (1 Ts i +u)

(s® + 12 + 1)

Heterotic superstring
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Unitarizing Gravity

How unique is the answer ?
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Gegenbaueroligy

There is much stronger constraint for the massive residues
As($1, b2, ht) As(Bs, da, hf) = —(t —u)**

n(ty=> at’, a,>0
¢

Project the residue into irreducible representation

n(t)y=n (—W) = ;CZC?(COSH), ¢ >0

where oo = (D — 3)/2

1
(1 — 2z cos @+ z2)

oo
. Z z°C§ (cos ),
£=0
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Gegenbaueroligy

>0 CeCi(cos), ¢, >0 — positive function

m A positive function in D-dimensions is positive in lower dimensions (D = 2 cos nf)
m [f f(cos 0) is a positive function then

[F()] < (1)

m Rescaling makes the function “more positive”
CP((1+e)z) —Cf(2) =) aCF, ag>0
e

since

d" 1 nyn H:,—L:l(a’_1+2)

dzn (1 — 2tz + t2)> (1 — 2tz + t2)atn
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Gegenbaueroligy

What are the possible form of the residue?

1) =[x +a)

i

m Permutation invariance t = f@ u= *w: the zeros distribute
symmetrically
f(x) = f(—x)
m The zeros must satisfy —1 < a; < 1, if not, rescale x — xa; should give a more
positive function. But

(x —aj) — ai(x —1) <« negative function

|
\
4 +1
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A new look at string theory

Consider open superstring residue for s = n,n € odd (x = cos6):
1 9 n—2)?
(t+1)(t42) - - - (t+n—1) — (xz—?) (XZ—?) e (x2—%>
This must be a positive function
m Forn=3:

1 1
(x2 - §) < cC +¢oCP = cp(x® — 5) +co

The critical dimensionis D =9
m As n — oo it's a boundary positive function
m The numerator is a prime positive function near critical dimensions
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Gegenbaueroligy

Ansatz = MS""8(1 1 g3(ay + apo))
o3 = stu, op = (8% + 2+ u?)

s=1
a2
40 B
20 A
0 at

2ok i

-40F 1

-40 -20 0 20 40 60
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Gegenbaueroligy

Ansatz = MS""8(1 1 g3(ay + apo))
o3 = Stu, op = (s> + 2 + 1P)

s=2

-02f 7




Gegenbaueroligy

Ansatz = MS""8(1 1 g3(ay + apo))

o3 = Slu, oo = (82 + 12 + U2)

s=3
a2

1ok : : N
0.05 q
0.00 at
-0.05+ q
=010, \ \ s

-1.0 -05 0.0 05 1.0
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Gegenbaueroligy

[f(cos 0)| < f(1)
But

s® 5
stu = 7(1 — cos 67)

So anything with an stu factor cannot be positive!!!!
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Gegenbaueroligy

A general solution:

Ay = Al f(os,02)

[Li(s—a)(t—a)(u—a)
o3 = stu, op = (8% + 2+ u?)

Massless residue fixes the purely oo part:
f(o3,00) = {String} + o3/

As n — oo {String} — near negative!
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Conclusions

m Assuming tree-unitarization while gravity is weakly coupled, and infinite tower of
massive spin is necessary

m Their mass? must have integer spacing.
m Positivity of Gegenbauer expansion renders the solution almost unique
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A new look at string theory

2 o () (- 3) o (- O

2 n?
Does there exists a proof of positivity without the world-sheet?
m Since 1
xCh =3 (ci+ciz)

a 3 0 0
1 1
L al. L O _2
MMy - - - Mp_y, M = 2 . 2 . , al_:nn I
0 0 } a

their product yields a positive matrix.
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Gegenbaueroligy

m Since ]
xcg‘zé(c;wc,i,z)
a 3 0 0
1 1
i aj ~ 0 n—oj
MMy Moy, M= 200 R
0 0 1 g
Equivalently
l
n
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