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BCFW
Vaȧ = Vµ�

µ
aȧ

Using spinor technique, 

massless states and their momenta can be 
written in spinor forms

paȧ = �a�̃ȧ
✏+aȧ =

µa�̃ȧ

hµ,�i
BCFW momenta shifts

�̂i = �i + z�j

ˆ̃�j = �̃j � z�̃i

⋆ momentum conservation
⋆ on-shell condition:

⋆ linear transformation in
spinor

p̂i · ✏i = 0, p̂j · ✏j = 0



Tree-level amplitude          is a rational function 
of z under BCFW shifts,
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pole positions :
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their Residues : ResAai = An�k(ai)Ak(ai)

Amplitudes are determined by Singularity

n−1 n

1

2

An =

k

n−1
2

k+1 k k−1

An−k kA

n̂
^
1

p  = 02



Loop level Reduction 

Integrand Reduction 



Integrand Reduction

Z
dld1 · · · dldL

R(li · lj , li · kj , li · ✏j)
D1D2 · · ·Dm

The general form of the loop integration

where                         is propagation Di = (li + kj)
2

A convenience parameterization for  
all loop momentum 

D1 · · ·DmD?
m+1 · · ·D?

M



Example:1-loop
Z

dld
l · k1
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= 0

D1 = l2, D2 = (l + k1)
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Fewer Dominators
Lower order   

for Numerator

m>4, the integrand can all be reduced similarly



Integrand Reduce to 
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Integral Reduction

li = li + ↵vj

Under the transition of  loop momentum 

IBP Relation
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Integral Basis one-loop
D4

D1D2D3

1

D1D2D3D4D5

1

D1D2

1

D1D2D3

1

D1D2D3D4

� [(d� 4)k14 + (d� 2)k24]

(d� 4)k12

1

D1D3

Z
0 =

After using all IBP relations, the integral  
can be reduced to following basis



Algorithm

F5 

Linear Algebra  

C2Z(arxiv:1511.01058)



Canonical Integral Basis
Denoting the kinematical variables by 

sij = ki · kj
The basis integral under the first differential  
of sij

@sijIr(✏,~s) = Aij(✏,~s)Ir(✏,~s)

I ! BI Aij ! B�1AijB �B�1(@sijB)

@sijIr(✏,~s) = ✏Aij(~s)Ir(✏,~s)

A  conjecture: Transform the integral basis

s.t.

d = 4� 2✏

It has formal solution I = Pe✏
R
C Aij(~s)dsijI(✏ = 0)



One loop example

Master Integral 

D1 = l21 , D2 = (l1 � p1)
2 ,

D3 = (l1 � p1 � p2)
2, D4 = (l � p4)
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s12@s12
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Two loop basis? 

Canonical Integral Basis: Exist or Not? 

If exist, clue for hidden algebraic structures



Thanks


