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< The main focus of this talk is the transverse-momentum

spectra of Electroweak bosons (photon*, Z, h, ... )

« Very clean observable, only involve electroweak

particles in the final states

+ One of the best studied distribution of QCD at hadron

colliders
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State of the art calculation for Drell-Yan: NNLL+NNLO

Catani et al., 1507.06937
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More than 20% scale theoretical uncertainties at the peak region!



Entering the era of precision Higgs physics

Total cross section (left) and pT distribution (right)
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Tremendous room for theoretical improvement

» At very small pT, intrinsic transverse-momentum of proton

< small pT, soft gluon resumma’D

large pT, fixed-order perturbative QCD and parton shower

Parton distribution function

- We will gain from a high precision study of pT:
= alpha_s

Improved modeling of initial-state radiations for virtually all processes
at the LHC

Precision measurement of W mass

Gluon’s distribution inside proton

Improved understanding of proton’s transverse structure
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QCD theory: at the dawn of N3Lx
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Soft-virtual corrections at N3LO

Anastasiou, Duhr, Dulat, Furlan, Gehrmann, Herzog,
Mistlberger, 2014
Y. Li, von Manteuffel, Schabinger, HXZ, 2014

Resummation with 3-loop constant

Ahmed, Mandal, Rana, V. Ravindran, 2014
Bonvini, Marzani, 2014
Catani, Cieri, de Florian, Ferrera, Grazzini, 2014

Subleading terms in threshold
expansion

Anastasiou, Duhr, Dulat, Furlan, Gehrmann, Herzog,
Mistlberger, 2014

Exact N3LO cross section through
powerful threshold (1-z) expansion
via differential equation

Anastasiou, Duhr, Dulat, Mistlberger, 2015

Full z dependence at N3LO for quark-

quark’ initiated channel

Anzai, Hasselhuhn, Hoschele, Hoff, Kilgore,
Steinhauser, Ueda, 2015
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pT of Higgs: multi-scale problem

Higgs production through gluon-gluon fusion
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Transverse-momentum resummation via QCD
factorization

Dokshitzer, Diakonov, Troian, Parisi, Petrozio, Collins, Soper, Sterman, ...

do _ 49 ?
dQ*dydQ: 9Q°%

(27m) 7 [d%ertLe}
J

POF I [ AL alai VBT [ E2 s alkai1/0)

a"A

3E [ (,-; )A(gu))w(g(p»]

Sudakov factor X exp{ e

Collinear/hard factor XC,.‘,( g(l/b)) (—f-'! (l/b))

472>

90 %s

Y(QT; Q' xA’ xB) .

non-singular terms +

Collins, Soper, Sterman, 1985
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Counting of the resummation order

mH 2
lna(b)w—/ dyi? {m(mf)A[ ()] + Blos (i
/b2

/2
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LL NLL NNLL N3LL
Ay A A Ay
B4 By B3

» Bz for Drell-Yan (Davies, Webber, Stirling, 1985); B2 for Higgs production (Grazzini, de

Florian, 2000)
=+ When expanded to fixed order, A, contribute at one higher order than Bn.1

+ To meet the standard of N3LL resummation we need B3
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gT resummation in Soft-Collinear Effective Theory

Soft-Collinear effective theory (SCET) is an EFT of QCD. Only soft/collinear
modes are kept, all the other modes are integrated out.

SCET is a very convenient framework for resummation calculation.
»  Transverse-momentum resummation in SCET:
= Y. Gao, C.S. Li, J.J. Liu, 2005
Idilbi, X.D. Ji, F. Yuan, 2005
Mantry, Petriello, 2009
Becher, Neubert, 2009

Echevarria, Idilbi, Scimemi, 2011

» Rapidity renormalization group: Chiu, Jain, Neill, Rothstein, 2012

12



Soft/Collinear singularities in QCD

k .~

Soft singularity: k -> 0
Collinear singularity: k//p2

Soft/collinear singularity leads to large logarithms in fixed order perturbation theory

1 M2 Fourier transform
m H 1
CK? 5 In 5 - -~ CV? lﬂm+ (MIZ_Ib2)
qT qT /dQQ_)T exXp [Zb . CTT}

13




Factorization and resummation in SCET

hard function Beam function soft function

) [ G B (B B ) S B
— ™ PG y Uy V) o Ay V
0 207 dY dO? M (27)2 1y M 101,

» Cross section in SCET factorized into hard function, beam
functions, and soft function

Individual function contain UV and rapidity divergence. After
regularization and renormalization: g and v dependence

14



Resummation through renormalization group running

»  Separation of kinematical scale:

w25

a

soft function

\_

beam function ln(bz ,u2)

In(b°p?)

M

hard function In —=

112

~

RG equation:
dIn 12

dlnSL(gL,,u,u)

dln S| (b1, p,v) B

rapidity RG equation:
PICItY . d1n v/?

Chiu, Jain, Neill, Rothstein, 2011,2012

by /b3 A2
— / LP
7’
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Origin of rapidity divergence

—

S, (b) = Tr(0|T[S}S,.(0)| T[S} Sx(b)]]0)

n n

N/dxa dry Dy (x2,)

O o0 1
~ [ [
Tb 0 0 Lt Il
n
t

_ 1
} ! change of variable 7" = . v = 1119
2

unregulated rapidity divergence ~ /

7

N
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+ Several rapidity regulators have been proposed
Tilting the Wilson line off light cone: Ji, Ma, Yuan (2004); Coliins (2011)

analytic regulator: Becher, Neubert (2009); Becher, Bell (2011); twO-l0Op
calculation: Gehrmann, Lubbert, Yang (2012,2014)

d d vV \“
/dk—>/dk k—+)

delta regulator: echevarria, Idilbi and Scimemi (2011); twoO-loop calculation:

Echevarria, Scimemi, Vladimirov (2015)

1 . 1
kt +ie kT 40
rapidity renormalization group: chiu, Jain, Neil, Rothstein (2011,2012); tWO-
|00p calculation: Luebbert, Oredsson, Stahlhofen (2016)

fat [ (57)
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An exponential regulator for rapidity
divergence and loop calculations
"without” loop diagrams

Y. Li, D. Neill, HX Zhu, 1604.00392

Y. Li, HX Zhu, 1604.01404

18



The rapidity renormalization group formalism

Chiu, Jain, Neill, Rothstein (2012)
rapidity scale

L [ T 5.
O_d2Q—*TdeQ2 f 2 (27’(’)2 1y [y 1\01, W,

known from quark/gluon form factor soft anomalous dimension

dln S| (b1, p,v) 1 /

RG equation: dln ILL2 — Fcusp I:Ofs (,u')] ]-n ﬁ — ’yS. [C.VS(,LL)} .
rapidity anomalous dim.
- : dn S, (b, pu,v b3/b1 g2 &y .
rapidity RG equation: dLh(n ;f ) = / ﬂ—/éFcusp as(f)] +yrlas(bo/|bL])]
w2

Evolution equation for beam function can be deduced from requiring physical cross
section is independent of both RG scale and rapidity scale

Bi=v — vv non-cusp hard anomalous dim.
By =v{ = + Boct
1 9 C ..
By =Y —~E + Biet + 28, (Cg — (e ) H finite terms of quark/gluon form factor

19



An exponential regulator for rapidity divergence

k+

For phase space integral in each sector (soft, collinear, anti-
collinear), insert an exponentially suppressing factor at large

energy AQ— |
d : d 0 Yo
/d K — ;12% d“K exp(—2e"? K"g) P
Laplace conjugate of total energy
Take soft function as an example n K=) k N
' 7

S(F1.m) = 5 30 r(0IT{S5(0),.(0))

exp [ — PO%bor — ib, - 734 X)X, |T{S1(0)S,(0)}]0)

Sp(x) = Pexp (z'g /_OOO dsn - A(x + sn)) :

20



One-loop soft function example

non-vanishing diagram at 1 loop /

51@,7):2(4@20@(“26%)2_d/2 / ( LLEPRTIPTES

47 27r)d—1
. exp (_QkOTe—WE b, /ﬁ) n-n T is our regulator
kTk—
integrating out angle, using the delta function
~ 7 b © [ dk, > dv 1 -
Sy (b =40, [ —p* J_(bk — — | — k g
(e =1¢0 (2) [ k) [ exp | (G v ) hure ]
v = exp(-2Y)

4 4 2 2 20,2 2 : 5J2_
6—2—|—Eln(,u7')—|—21n (u“7%) + 4Lis _b(2)7‘2 + 2¢o

gl(g_L,T) = Ca

After taking the 7 — 0 limit can identify 7 = 1!

5’2 2 5’2 2 5’2 2
21n2<25)4ln<%5>1n<g;>2(2}
0 0 0

21

Sf_(glay—lmu) = Cq




Relation to fully differential soft function

S(F1,m) = 5 3 (0T {SH0)S.(0)} exp | — PObor — iF1 - B ] IX.)(X.IT{S](0)S4 (0)}[0)

\

identical up to analytical continuation = b" =b" =ibyT by = 27"

Sep.(bTh7,b.) = & Ztr (0|T{S%(0)S,,(0)} exp [ib+7?_ /2 +ib"Pt/2 —ib, -734 X ) (X | T{ST(0)S5(0)}]0)
Mantry, Petriello (2009)

Two-loop results for fully differential soft function available Y. Li, Mantry, Petriello (2011)

w2 b'z
sV(b,p) = {2 In®L+4 — 2 + ng( )}

7 1 v 41 5= C(&)

(2) - —— —_— - - —— —
s (bvll) C} \} { ln L ln L- (27 6Ll2( )) InL 162 432 + 2% 36
W

b b~

l (s

)~ SLi(GEA) + 18ya(oth )}+

~ 2
C;C,.{ lL+(6——x—)l’L+(lyﬂ——((3)«r Ll ))lnL

72 24
607  67x Mg _‘ (67 n2 b2 1., B

2
L0, 3~ 1) Lialga) + f3Lis(ga) — sLisGGa)

324 864 T2

13

- D3S1aleke) ~ Sualek=) - L) b (43)
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Rewrite the result in terms of Harmonic Polylogarithms (HPLs) Remiddi, Vermaseren (1999)

.. ] ] . Yoodt
HPLs are generalization of classical polylogarithms Li,(u) = / dt7L1n—1(t)
0

Defined by iterated integral:

“dt Yoodt
Ho,i(u) = 7[‘[@5(?5) Hy,5(u) = 1—_tHw(t)
0 0

dt

example: Hl)O’Ojl(U) = H173(’UJ) = / 1—t 070’1(t) transcendental Welght {Hl,g(U)} =4
0 _

s ()

S(EJ_,T,,LL) = exp[ e s (1) as (1)

2 3
Sl(bL,T,,u)—l—< 0 > SQ(bL,T,N)—F( ) S3(by,7, 1) + O(ay)
T 47

Non-Abelian exponentiation. Gathered (1983); Frenkel, Taylor (1984)

Sl(l;L,T,,u — 7'_1) =cj +4C,H,

- 208 44 44
SQ(bJ_,T,ILL = ’7'_1) :CS —+ OACa( — 8C2H2 i THQ -+ €H3 — 8H4 — €H2’1 — 8H2’2
40 8 8
~16H3, — 16H2,1,1) n OaNf( _ 2 H, —°H, 42 2,1)

9 3 3
b2
Hy=Hg | — 5=
( b372> -




Bootstrap program for scattering amplitude

Dixon, Drummond, Golden, Goncharov, Henn, Papathanasiou, Paulos, Spradlin, Volovich, Vergu ... D, S

Six gluon amplitudes in planar N=4 Supersymmetric Yang-Mills Theory «

AgAHv(e; Sij) = A?Ds(e; Sij) €xXp {RG(ul,ug,ug)}
/ \

all order ansatz remainder function

3
R( (w1, w2, us) Z( 2z ) —§L11(1—1/u ))

=i

2 4

4 2 7
——(Zngl—l/u ) +—7 +ﬁ] +E

simplicity of the two-loop remainder function trigger many works on bootstrapping
higher-loop remainder function without actually calculating Feynman diagrams

Goncharov, Spradlin, Vergu, Volovich (2010)

Identify and build up

the relevant space of Using formal constraints

(branch cut structure) and

transcendental matching onto physical limit check the result
functions. Construct ' (multi-Regge, near collinear) '
the ansatz.

24



Usually, bootstrap is difficult for QCD: complicated rational
coefficients; transcendental functions with different degrees of
transcendental weight appear

In general integrability is lost in QCD. Much less physical boundary
available.

But the fully differential soft function is special. Its exceptional
simplicity makes it a good candidate for bootstrap.

25



Bootstrapping the fully differential soft function

S(EJ_a T) — é Ztr<0|T{S§z(O)S’n(O)} eXp { T 7DObOT — igj_ ) 73J_} |Xs><Xs’T{S;[L(O)Sﬁ(O)}‘O>

dlnS(by, T, p)
d1n p?

will only concentrateon S(b,, 7, u=71"")

= Tousp [ovs ()] (1" 7%) — s [evs ()]

26



Ansatz for all orders fully differential soft function

A simple ansatz based on one and two loop “data”
ri: rational number

SL(EJ_a T, b — T_l)iCSL -+ Z TZFz(iC)
i Fi: HPLs, production of zeta value and HPL

examples of Fi: Hyoo01(x) = Hy (3Ho,01,01(x) = (3Hs 9

»  Weight vector draw from {0, 1}

Last entry of the weight vector = 1; guaranteed by the branch cut
structure of the integrals

First entry: empirically observation from one and two loops

27



Constraint: linearity of Log[7] divergence

2 3
S0 = exp | 581 o) + (U2 Salbrr) + (S2)) SafBrrn) + O(ad)

Bootstrap the soft function on the exponent

» At each order on the exponent, should only contain single log of
rapidity divergence due to Non-Abelian Exponentiation theorem

It turns out that such simple requirement already impose very

strong constraint _
fixed by RG

One-loop ansatz: S(by, 7, 1) = Co [2I0%(p272) + 2C5 + 71 Ho]
: : : . b2
Using lim; o Ha(x) = lim, o Liz (—bgj) :-— (o + O(7)

"1 = 4 One-loop for free!

28



Threshold expansion

e
At higher loops, the single logarithmic rapidity divergence

constraint is not enough. Expansion around threshold
- 1 S _
S(b1,7) = = > tr(0IT{SL(0)Sa(0)} exp | — P hor —ibu - P |X,)(X,|T{S}(0)Sr(0)}0)
X
expanding in small impact parameter\‘

S(br, 7 ) = [ EE0(k0)0(k?) exp(—2k07~LeE) 3000 by kL) S(k,u)

fully differential soft function
in momentum space

ORI fom) (52)" (k- — k)"

(2m)!

odd power vanish, only even power

. m 1-3-5...(2m—1)
f(2m) = (-1) 4L (di12)(di+4).. (d F2m—2)

SELr) =3 L) g2y / T 0k0)0(k?) exp (- 2k ) (k= — K2y Sk, 1)

= (2m)!

29



All three-loop ingredients are known!

~ o) m) o d ) 0 B
S = 3 T 62)" [ a0 exp (- 250 )

- k2)m‘§(k7 :UJ)

All integrals available:
+ Tree-level triple real emission
+ Anastasiou, Duhr, Dulat, Herzog, Mistlberger (2013
+ HXZ (2015)
+ One-loop double real emission

+ Anastasiou, Duhr, Dulat, Furlan, Herzog, Mistlberger
(2015)
+ Y. Li, von Manteuffel, Schabinger, HXZ (2014)

+ Two-loop single emission
+ Y. Li, HXZ (2013)
= Duhr, Gehrmann (2013)

h
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Three ansatz for QCD:
Sgmsat2(by 7, 1) = C,C3 (7“8C2H2+7“17C2H3+7‘18C2H2,1+T36CQH4+7“37C2H3,1+

r38C2Ho o + 13902 Ho 1.1 + 119C3Ho + 140C3H3 + 141(3H2 1 + 142CaHy + 11 Ho +
roHs+r3sHo 1 +raHy+1r5Hs 1 +r6Hoo+1r7Ho 11 +19Hs +1r10Ha1 +111Hs 2+
r12H3 1 1+1r13Ho 3+1r14Ho 2 1+115Ho 1 2+116H2 11,1 +1r20He+121Hs 1+722H4 2+
rosHa 11 +1roaHz 3 +1ro5Hgz o1 +126H3 12 +127H3 11,1 + 12824 +129H2 31 +

r3oHo22+131Ho211+1r32H213+1r33H2121+1r3aH2 112 +7“35H2,1,1,1,1) +.
momentum-space fully differential soft function

[k o(k) H(kQ)exp( 21" ) (kT k= — K225 (k, 1)

27)a

+ Number of Independent coefficients = 31

+ Using constraint from single logarithmic

rapidity divergence, independent coefficients § Computing ..

time remaining:

reduced to 27

» Requires inserting momentum numerator (pT
operator) to the power of 27! The rough
estimate of computer resource consumed as
function of the power N of the numerator J SRR RN \\\\\\\\\\;_‘1
increases factorial, N!

31



Principle of maximal transcendentality

Kotikov, Lipatov, Onishchenko, Velizhanin (2002-2004)

+ This is where maximal supersymmetric Yang-Mills
(N=4 SYM) can help

+ It was observed by Kotikov et al. that the most
complicated contributions (the highest
transcendental-weight part) in N=4 SYM and QCD
are the same for Mellin-moment of DGLAP kernel.
This is called principle of maximal
transcendentality

» In SCET threshold soft function, the same
principle is also known to work Y. Li, von Manteuffel, Scharbinger, HXZ (2014)

S.V. = GN=4(Z, 0) =D, + a{ llGD2 + 8C2D0] CA} + 0,2{ [1282)4 — 160¢(2D; + 312¢3D; — 244D0:| Cﬁ}

T 03{ [512D6 - 3584<2D4 -+ 11584C3D3 — 4928C4D2

« .2 .
+ (—23203 G2y 11904(,,) D, + (132;643 - 80224") Dol cji} (6.3)

= leading transcendental part of QCD
32




Tackling the N=4 part first

Ansatz for three-loop N=4 SYM. Only 16 “independent” coefficients.

Sé\f=4([;b¢7 n) = C3 (7“36C2H4+7“37C2H3,1+7“38C2H2,2+7“39C2H2,1,1+7“40C3H3+

r41C3Ho 1 +1a2CaHo+190He+121Hs 1 +120Hy 2+123Ha 1 1+724H3 3+795 H3 2.1+
rogH3 1.2+ 1r27H3 111 +1rog8Ho a+129H231+130H22+731H22 1,1 +132H2 13+

r33Ho 121 +73aHo 112+ 7”35H2,1,1,1,1)
All unknown determined by threshold expansion up to 11 power. Three-loop results:

Sé\[:4(5l77_71“ =771 = Cg’N:4 + Ng (16<2H4 + 48C2Ho 2 + 64C2H3 1 +

96CoH2 11+ 12004 Ho +48He +24Ho 4 +40H3 3 +72Hy o +128H5 1 +16Ho 1 3 +
56H9 99 +80Ho 31 +80H3 10+ 144H3 01 +224H, 11 +64Ho 112 +96Ho 121 +

160Hs 511 + 256H51 11 + 192H2,1,1,1,1)
One and two loops
S'l/\r=4(7', g_j_, U= T_].) =C';N=4 -+ 4NCH2
N=4/_ T =1\ —_SN=4 2( - - _ _
Sy (1,b,p=7"1) =c, + N, 8CoHy — 8Hy —8Hy9 — 16H3 1 — 16Hy ;1 4

Interesting alternating overall sign.
33



QCD = ([N=4]) + (QCD - [N=4])

transcendental weight N=4 SYM QCD

6 b - G
5 b
b

4

3

=D ==

2

By doing a maximal supersymmetric decomposition (transcendental weight
decomposition), the number of “independent” coefficients to be fixed reduced to 15,
which is manageable by our computer.



S§’nsatz(g¢, T, 1) = C,C% (T8C2H2+7“17C2H3+7“18C2H2,1+7“36C2H4+7“37C2H3,1+
r38C2Ho o + 13902 Ho 1.1 + 119C3Ho + 140C3H3 + 141(3H2 1 + 142CaHy + 11 Ho +
roHs+r3sHo 1 +raHy+1r5Hs 1 +r6Hoo+1r7Ho 11 +19Hs +1r10Ha1 +111Hs 2+
r1oHz 1 1+1r13Ho 3+ 114 Ho 2 1+1r15Ho 1 2+116H2 1,11+ 720 He+121 Hp 1+T22Ha o+
rogH4 11 +1r2aHg 3 +1rosHz o1 +126H3 12 +127H3 11,1 + 12824 +129H2 31 +

r3oHo22+131Ho211+1r32H213+1r33H2 121 +1r3aHa112+ 7“35H2,1,1,1,1) +...

Compare with threshold expansion to fixed unknown coefficients. Amounts to solving
system of linear equations.

S??CD(EJ_aTyﬂ = 7'—1) = CaCi [x <—% _ 176C3 + 120C4 + 4%%)4—562 (% . 44C3 + 3OC4 o 1’;_?4>_|_

81 1458 144 20736 5625

3 (1304¢, _ 176Cs | 40Cs _ 35647\ .4 (2039¢, _ 15Cs _ 200297\, 5 (66149¢, _ 176(s | 24Cs _ 276151309
v ( 5 T 73 T 16 + = T 2% T 5 40500000

6 [ 26399¢2  44(¢s 10¢4 46359709 7
X < 2700 9 + 3 19440000 —|—O(£IZ)

+ But the equations have no solution !

‘1 Reboot required [
I Your system of equations
has NO solution!

You must restart your computer or Windows will stop
working,

+ The problem could potentially due to the

incompleteness our ansatz
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QCD = ([N=4]) + (QCD - [N=4])

transcendental weight N=4 SYM QCD pure gluon fermion scalar

6 G- @G
5 G G
ap G

B
=D ==

[N=4 SYM] =1 gluon + 4 majorana fermion + 3 complex scalar

To resolve the problem, we decided to calculate the less complicated part, the part that
at least involve one fermion loop using Feynman diagrams.
Direct calculation will also real what function is missing in our ansatz.



5d(K - Zz k’L)

n

representative &

three-loop
fermionic contribution /

n n

+ many other diagrams

Systematic way to compute these contribution based on
differential equation for Feynman integral Kotikov; Gehrmann, Remiddi; ...
n n

%n/‘j%:zigt )

Com Ko7 HXZ (2015)

n

]

Indeed we found functions that are not captured by our original ansatz

We get the full results either by direct calculation (with the known
highest transcendental part), or by bootstrap with the improved ansatz
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Full three-loop soft function

Sg,'}\)r’:‘; =C§,N=4 + Nf (16C2H4 + 48C2H2,2 + 64C2H3 1 + 96C2H2,1,1 + 12004 Hy + 48Hg + 24 Ho 4 + 40H3 3

p=v

-+ 72H4,2 + 128H5,1 + 16H2,1,3 + 56H2,2,2 + 80H2‘,3,1 -+ 80H3,1,2 + 144H3,2,1 + 224H4,1,1
-+ 64H2,1,1,2 -1 96H2,1,2,1 -+ 160H2,2,1,1 -1- 256H3,1,1,1 -+ 192H2,1,1,1,1)

R eNe: . 1072 88
SE-D- = n N3A (S§,'2;4($)‘#_V - 03,N=4> +C,C4 [— 5 CoHo — 176(3H2 — E‘C2H3 + 88C2H2,
30790 7120 104 440 8 H 7120 1072 88
a1 H; + 7113 - TH4 - THS -3 (Hl,l — #) ~ 57 Hjy ), — 9 Hjy o — ?Hz,s
3112 352 392 88 352 352
- H3 1 —88H39 — —Hy1— —Hs11+ —H12+ ——H221+ —H3z1,1+352H21,1,1
9 3 3 ¥ 3 3
160 16 7988 23 3 64 80 8 Hiq
2 — o NNl Baall, 10 Bty N Wi Bt =1 + = (Hy, - UL
+ CaCang 9 CoHy+ 3 GoH3 =16(2H> 4 g1 Ha ==, Hjy 3 4+ 3 5 + 3 ( 1,1 . )
2312 160 16 224 64 5 16 64
N Hy 4 ——Hpop+ —Hyg+ ———Hy, + 16Hs 5 + —Hy 1 — “=Hy 14— —Hy19 — —H
+ 57 12,1 + g 112.2 + 3 12,3 + 3 131 + 16 H3 2 + 3 41— o211 — 5 H212 — S H22
64 400 160 32 160 32 32
— —Hs3 11— 64H Can’| —Hy + —Hs+ —Hy — —Hs1— —H —H
3 3,11 2,1,1,1| + nf( 31 2+ 57 g g 4T otz s + 9 2,1,1)
110
-+ CaC'an (32C3H2 — TH2 — 8H3 + 8H2,1) (8)
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Rapidity anomalous dimension @ 3 loop

SJ_(EJ_,,LL, V) — lim7—>0 S(gLaTalLL) o

S(1.7) = = S (0T {000 (0)} exp [ — P hr — B, - P || X.) (X |T{S](0)Sa(0)}0)

C
X
The rapidity renormalization group
dlnSJ_(gJ_ o) V) bg/gidﬂ2 -
Y Y —
= —7I Q -+ as(bg /1D
d1n 2 /:U’2 Ia2 CUSP[ S(N)] VR[ S( /’ m
one and two loops known. Direct calculation:
VE =0 Luebbert, Oredsson, Stahlhofen (2016)
! 308 1190 also extractable from:
Y1 =CaCx (285 - W) + 27anf + Davies, Webber, Stirling (1985)
+ @razzini, de Florian (2000)
VB =C,C3 <_1_;6g3g2 + 63;)3(2 + 1232278C3 + 44¢C4 — 192¢5 — 297720929> = Gehrmann, Lubbert, Yang (2012,2014)
Echevarria, Scimemi, Vladimirov (2015)
824¢s  904(s 62626
+ CaCAnf (— ST 97 + 8(4 + 99 ) ~+ ¢fBo

32¢s 1856 304¢3 1711 New three loop results!

2 N S — — — e
+ Ca,'nzf( 9 7990 ) + CaCFNf< 9 1664 + o7 )
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Non-perturbative rapidity anomalous dimension?

— lim v? ¢
TR = u1—>oo 1?2

» At strong coupling not calculable from QCD, but feasible in planar
N=4 SYM

»  Amounts to a “soap bubble” calculation
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The application of three-loop rapidity
anomalous dimension to Higgs
production at small pT

work in progress
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Small pT cross section for Higgs production

»  There are many different ways to perform pT resummation for
Higgs production. We follow neill, Rothstein, Vaidya (2015)

d?o may SR
d2(_’?T / ta / o 0 ($a3§‘b S )JO / (27’(’)2 c +

d?c

d2Q,

n.s.

W i B ) (O (e )| S5 ) B o @uB ) B, (0 QuBop)
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The beam function (with exponential regulator)

af R NG}
o "X g bbb
B2\ (2,0,Q, 1, v) .Bg/w<x,b,cz,u,u>+< et ) v (2,0,Q, 1, v)

1
dz
Bg/N(x7b7Q7:UJ7V) — E / 7]gj(2,b,Q,/L,V)fj/N(x/Z,,u)—l—-..
j T

Need two-loop results for lgj. Three-loop scale dependent part from
iterated solution of differential (Splitting func. @3loop. moch, vogt,

Vermaseren (2004))

Two ways to obtain Ilg;:

direct calculation L. L. vang, HXZ (in preparation)

or using that S| B ® B is independent of rapidity regulator

(Gehrmann, Luebbert, Yang (2012,2014)

_ 52 2 52 2 2
Icgcll):<—21n2 LM + 21n LM lnM

52 2 gz 2
F 4l A By g L —2g2> Cpd(l— 2)

i b2 22 2o Q b2
Zero-bin subtraction crucial. . 5%_52 P () 4+ 205 (1 — 2)
Example: quark beam func. ’ Y Y
before and after zero-bin sub. zero-bin sub: 1) = <+21n Gz + 3 g >0F5(1 —2)

b2 MQ
43 —In —le P (2) 4+ 20p(1 — 2)
0

qq



The hierarchy of scales

(0092 hard




The singular terms through to N3LO

3 - ; ] —r 1 r r T 1 r r r 1] — 71 r r T r 1 r
g AT S BT TEE - NLO,
L '
p) L N I A R B L L = NNLOg
- 1
: " """ - N3LOS ]
> . '
55 1 - '“ ~¢"- . . 8 Tev . . -
= 9 ESF '
'gd - 18T e ~
N 1, ...7:-.!-.,_---
- D R _ L RTINS ——
% _g‘ 0 _ . .' | ol L)
: (|
L
-1 __ ;; -
.
2 ] ; | | | | | I
0 10 20 30 40 50 60 70
qar (GBV) 1
Three-loop results fully capture the singular limit of qT->0 down to ag —

dqT
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The singular terms through to N3LO

8 TeV

_2_....|....|....|....|....

3— T — T T [ T T T T [ T T T T ] — T T T T [ T T T 1

| AR S TP - NLOj

5[ === NNLOg
----- - N3LOg

NLO full
NNLO full .

0 10 20 30 40
qr (GeV)

50 60

at small pT singular term hard to distinguish from full QCD.
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(pb/GeV)

0.6 —

N3LL resumed prediction

0.5}

0.4}

----- NLL+NLO _
-------- NNLL+NNLO -
— N3LL+NNLO _

----- 2x—quark mass effect -

-------- pOwWer corr. :

llllllllllllllllllllllllllllllllllllll
) |
| }
g o
) )
\ )
p 1

50 60 70

w/o profile scale



(pb/GeV)

Hard scale variation

02f

00—

031

0.1}

0.6 i ! ! ! | ! ! ! ! | ! ! ! ! | ! ! ! ! | ! ! ! ! | ! ! ! ! | ! ! ! !
- — NLL+NLO
0.5} _'
' I NNLL+NNLO -
04} blue

— N3LL+NNLO -

8 TeV

-..
-
T
-
N

10

20 30 40 70

qr (GeV)
w/o profile scale
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Soft and beam U variation

0.6_ ! ! ! | ! ! ! ! | ! ! ! ! | ! ! ! ! | ! ! ! ! | ! ! ! ! | ! ! ! !
- — NLL+NLO

0.5 red

— NNLL+NNLO -

blue

041 — N3LL+NLO

031

! ~~~
., - softlbeam u scale variat

_ 8 TeV
W T 20 30 w0 s e 70
B [éﬂ/ d o (Gew) w/o profile scale
s € [ 2/
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Higgs pT at 8 TeV

.6 ——————— T T
L ' — NLL+NLO

0.5 - | | _'

' —— NNLL+NNLO

04l | | :

> N — N3LL+NNLO -

< ¥ :

2 03 KW = NLO full -

%\§ NN_LOfull_f

L In oyl ?.
0.1-8 TeV resumed+fixed order .
f : w/o N.P. corr.
W T T T2 30 w0 s e 70
qr (GeV)

combined hard, beam and soft scale variation
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o Lov | . — NLL+NLO
1.0+ -
- — NNLL+NNLO -
—~ 08} -
S - — N3LL+NNLO
<) - \ \ _
s 06] = "N NLO full -
§ |
5| 8

04

N

Higgs pT at 13 TeV

0.2_ ! . '.'~,.
I3 TeV resumed+fixed order "~ -
ool .  WloN.P.corr. . . = | B
10 20 30 40 50 60 70
qr (GeV)

combined hard, beam and soft scale variation
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Summary

Anomalous dimension for rapidity divergence in transverse-
momentum resummation calculated to three loops for the first
time, with indispensable input from

The rapidity renormalization group formalism from Soft-
Collinear Effective Theory

The exponential regulator and the “data” for two-loop fully
differential soft function

Ideas from scattering amplitude community (bootstrap program,
N=4 SYM)

Three-loop threshold integrals calculated in the past years

Resummation for differential observable (Higgs pT) at hadron
collider now extended to Next-to-Next-to-Next-to Leading Log level
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