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Hard scattering factorization from effective field theory

Christian W. Bauer,1,* Sean Fleming,2,† Dan Pirjol,1,‡ Ira Z. Rothstein,2,§ and Iain W. Stewart1,!
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In this paper we show how gauge symmetries in an effective theory can be used to simplify proofs of
factorization formulas in highly energetic hadronic processes. We use the soft-collinear effective theory, gen-
eralized to deal with back-to-back jets of collinear particles. Our proofs do not depend on the choice of a
particular gauge, and the formalism is applicable to both exclusive and inclusive factorization. As examples we
treat the #-$ form factor ($$*→#0), light meson form factors ($*M→M ), as well as deep inelastic scat-
tering (e!p→e!X), the Drell-Yan process (pp̄→Xl"l!), and deeply virtual Compton scattering ($*p
→$ (*)p).

DOI: 10.1103/PhysRevD.66.014017 PACS number!s": 12.38.!t, 11.10.Lm, 11.15.Bt, 13.60.Hb

I. INTRODUCTION

The principle of factorization underlies all theoretical pre-
dictions for hadronic processes. Simply put, factorization is
the statement that short and long distance contributions to
physical processes can be separated, up to corrections sup-
pressed by powers of the relevant large scale in the process.
The predictive power gained from this result stems from the
fact that the incalculable long distance effects are universal,
defined in an unambiguous way in terms of matrix elements.
As a consequence, the nonperturbative long distance effects
can be extracted in one process and then used in another. In
general, proving factorization is a difficult task %1&. The
proof of factorization in Drell-Yan processes, for instance,
took several years to sort out %2& !for reviews on factorization
see %3–5&". Indeed, there are still some processes such as B
→## where a proof of factorization only exists at one loop
%6&.
Given that we would like to retain our predictive power

over the largest possible range of energies, we are compelled
to understand power corrections to the factorized rates.
These corrections are not necessarily universal, and as such,
the relevant size of the power corrections is process depen-
dent. In processes for which there exists an operator product
expansion !OPE", there is a systematic way in which to in-
clude power corrections. However, for a majority of observ-
ables we do not have an OPE at our disposal, and the nature
of the power correction is not always known. For instance, in
the case of shape variables there is still some ongoing dis-
cussion about the form of subleading corrections %7,8&.
The purpose of this paper is to show that an effective

theory framework can be used to simplify proofs of factor-
ization and describe processes with an operator formalism.
To do this we extend the soft-collinear effective theory
!SCET" developed in Refs. %9–13&, to high energy processes.
It should be emphasized that there are several other useful

advantages in using an effective field theory !EFT". For in-
stance, the EFT makes any symmetries which emerge in the
Q→' limit manifest in the Lagrangian and operators, and
allow statements to be made to all orders in perturbation
theory. The calculation of hard coefficients reduces to simple
matching calculations, where subtracting the EFT graphs au-
tomatically removes all infrared divergences from the QCD
calculation. Perhaps most importantly, it provides a frame-
work for systematically investigating power corrections. Fi-
nally, the EFT framework allows standard renormalization
group techniques to be used for the resummation of loga-
rithms that are often necessary in calculating rates for certain
high energy scattering events %9,10,14,15&. The factorization
formulas that we prove in this paper are not new, but serve to
illustrate our approach in familiar settings. The results are
valid to all orders in (s and leading order in the power ex-
pansion. The simplicity of our approach lies in the fact that
factorization occurs at the level of the SCET Lagrangian and
operators, and is facilitated by gauge symmetry in the EFT.
This provides the advantage that our proofs do not rely on
making use of Ward identities and induction, or on specify-
ing a particular gauge.1 Furthermore, it becomes rather
simple to derive factorization formulas for a myriad of pro-
cesses, since many results are universal. The examples given
here serve to illustrate these simplifications. Developments
on the issues of power corrections and resummations are left
to future publications.2
In Sec. II we review the construction of the SCET. The

formalism developed in Refs. %9–12& is extended to include
two types of collinear particles moving in opposite directions
in Sec. II B, and factorization for $* to two collinear states is
discussed as an example. In Sec. II C we define the nonper-
turbative matrix elements such as the parton distribution
functions that will be needed for the processes presented in
the paper, and in Sec. II D we discuss some of the symme-
tries in SCET that may be used to place restrictions on ma-

*Electronic address: bauer@einstein.ucsd.edu
†Electronic address: fleming@kayenta.phys.cmu.edu
‡Electronic address: pirjol@bose.ucsd.edu
§Electronic address: ira@cmuhep2.phys.cmu.edu
!Electronic address: iain@schwinger.ucsd.edu

1In fact our factorization proofs rely heavily on the gauge sym-
metry structure of SCET. When a gauge fixing term is required for
explicit calculations we use general covariant gauges.
2For recent work on subleading corrections in SCET for heavy-
to-light transitions see Ref. %16&.
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Transverse momentum resummation in soft collinear effective theory

Yang Gao, Chong Sheng Li,* and Jian Jun Liu†

Department of Physics, Peking University, Beijing 100871, China
(Received 21 July 2005; published 27 December 2005)

We present a universal formalism for transverse momentum resummation in the view of soft-collinear
effective theory (SCET), and establish the relation between our SCET formula and the well known
Collins-Soper-Sterman’s pQCD formula at the next-to-leading logarithmic order (NLLO). We also briefly
discuss the reformulation of joint resummation in SCET.

DOI: 10.1103/PhysRevD.72.114020 PACS numbers: 12.38.!t, 11.10.Lm, 11.15.Bt, 13.60.Hb

I. INTRODUCTION

Recently, the soft-collinear effective theory (SCET) has
made great simplifications on the proof of factorization in
B meson decays [1] and high energy hard scattering pro-
cesses [2,3], including resummation of large logarithms in
certain regions of phase space, for example, e"e! annihi-
lation into two jets of thrust T ! 1 [3], the deep inelastic
scattering (DIS) in the threshold region x! 1 [4] and
Drell-Yan (DY) process in the case of z! 1 [5]. The
reason for these facts is that SCET can be viewed as an
operator realization of the pQCD analysis when the modes
participating the interactions of interest are soft and col-
linear, just like chiral dynamics vs. QCD at low energy
region. This effective field theory (EFT) provides a simple
and systematic method for factorization of hard, collinear
and usoft or soft degrees of freedom at operator level,
especially usoft modes can be decoupled from collinear
modes in the Lagrangian at leading order by making a field
redefinition, and the large double logarithms such as
#!slog2 Q2

!2$n, where Q;! are two typical scales that char-
acterize a process, can be resummed naturally through the
running of renormalization group equation (RGE).

However, all the above works have not discussed the
transverse momentum (QT) distributions of high energy
hard scattering processes. In this paper, we will investigate
the resummedQT distributions [6], taking the Higgs-boson
production via gluon fusion in small QT region [7,8] as an
example, within the framework of SCET. It can be seen
that in SCET the QT resummation formula automatically
separates the process-dependent Wilson coefficient and
universal anomalous dimension of the effective operator
in a process, which once has been studied by the authors of
[9] within the Collins-Soper-Sterman (CSS) frame.

The paper is organized as follows. In Sec. II we start by
reviewing the basic steps for factorization and resumma-
tion in SCET. In Sec. III we apply it to derive the QT
distribution at smallQT region directly, which confirms the
CSS formula. In Sec. IV, we also discuss a similar formula

for joint resummation. Section V contains our concluding
remarks. The details of calculation are given in the
Appendix.

II. PRELIMINARIES

SCET is appropriate for the kinematic regions of col-
linear and usoft (soft) modes with momenta scaling: pc %
#p"; p!; p?$ % #n & p; "n & p; p?$ 'Q#"2; 1;"$ and pus '
Q#"2;"2;"2$ or ps 'Q#";";"$, where "( 1 is the scal-
ing parameter, and the lightlike vectors n % #1; 0; 0; 1$,
"n % #1; 0; 0;!1$ satisfy n & "n % 2, and the perpendicular
components of any four vector V are defined by V#? %
V# ! #n & V$ "n#=2! # "n & V$n#=2.

In constructing SCET, one should first identify the scal-
ing of all possible modes of initial and final states with soft
and collinear degrees of freedom, then integrate other
degrees of freedom, and the remaining modes must repro-
duce all the infrared physics of the full theory in the region
where SCET is valid, which is ensured by the method of
regions for Feynman integrals with massless quarks and
gluons1 [10]. The EFT describing the usoft (soft) and col-
linear modes is known as SCETI#II$, and to distinguish the
two theories, the scaling parameter corresponding to
SCETII is denoted by $' "2, i.e., pc 'Q#$2; 1;$$ and
ps 'Q#$;$;$$.

The elements of SCETI consist of usoft sectors fqus; Ausg
and collinear sectors f%n; Ang moving in the n direction,
which are expanded as

&n#x$ %
X

~p
e!i~p&x&n;p#x$; p % ~p" k; (1)

where k'Q"2 resides in the space-time dependence of
&n;p#x$, i.e., @&n;p#x$ ' #Q"2$&n;p#x$, and ~p'Q#0; 1;"$
is called label momentum, and the label operators "P , P?
are defined by picking out ~p!, ~p? momenta for collinear
fields &n#x$,2 respectively. The Wilson line for n-collinear
fields has the form of

*Electronic address: csli@pku.edu.cn
†Present address: Department of Physics, Tsinghua University,

Beijing 100084, China

1In the presence of masses, the regions analysis is very
complicated, and we only discuss the massless case.

2The convention &n#x$ % &n;p#x$ for collinear fields will be
used for convenience.
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Universal two-loop IR
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Two-Loop Divergences of QCD Scattering Amplitudes with Massive Partons

Andrea Ferroglia, Matthias Neubert, Ben D. Pecjak, and Li Lin Yang
Institut für Physik (THEP), Johannes Gutenberg-Universität, D-55099 Mainz, Germany

(Received 28 July 2009; published 12 November 2009)

We provide a complete description of the two-loop infrared singularities of scattering amplitudes with

an arbitrary number of massive and massless partons in non-Abelian gauge theories. To this end, we

calculate the two universal functions that completely specify the structure of three-parton correlations in

the soft anomalous-dimension matrix at two-loop order in closed analytic form. Both functions are found

to be suppressed like Oðm4=s2Þ in the limit of small parton masses, in accordance with mass factorization

theorems. On the other hand, they are unsuppressed near the threshold for pair production of two heavy

particles. As an application, we calculate the two-loop anomalous-dimension matrix for q !q ! t!t near
threshold and show that it is not diagonal in the s-channel singlet-octet basis.

DOI: 10.1103/PhysRevLett.103.201601 PACS numbers: 11.15.Bt, 12.38.Bx, 12.38.Cy, 13.87.#a

Introduction.—Recently, much progress has been
achieved in the understanding of the infrared (ir) singular-
ities of massless scattering amplitudes in unbroken non-
Abelian gauge theories. While factorization proofs guar-
antee the absence of ir divergences in inclusive observables
[1], in many cases large Sudakov logarithms remain after
this cancellation. A detailed control over the structure of ir
poles in the virtual corrections to scattering amplitudes is a
prerequisite for the resummation of these logarithms be-
yond the leading order [2–5]. Catani was the first to predict
the singularities of two-loop scattering amplitudes apart
from the 1=! pole term [6], whose general form was only
understood much later in [7–9]. In recent work [10], it was
shown that the ir singularities of on-shell amplitudes in
massless QCD can be derived from the ultraviolet (uv)
poles of operator matrix elements in soft-collinear effective
theory (SCET). They can be subtracted by means of a
multiplicative renormalization factor, whose structure is
constrained by the renormalization group. It was proposed
in this paper that the simplicity of the corresponding
anomalous-dimension matrix holds not only at one- and
two-loop order, but may in fact be an exact result of
perturbation theory. This possibility was raised indepen-
dently in [11]. Detailed theoretical arguments supporting
this conjecture were presented in [12], where constraints
derived from soft-collinear factorization, the non-Abelian
exponentiation theorem, and the behavior of scattering
amplitudes in two-parton collinear limits were studied.

It is relevant for many physical applications to general-
ize these results to the case of massive partons. The ir
singularities of one-loop amplitudes containing massive
partons were obtained some time ago in [13], but until
very recently, little was known about higher-loop results. A
major step toward solving the problem of finding the ir
divergences of generic two-loop scattering processes with
both massive and massless partons has been taken in
[14,15]. The simplicity of the anomalous-dimension ma-
trix observed in the massless case no longer persists in
the presence of massive partons. While the non-Abelian

exponentiation theorem still restricts the allowed color
structures, important constraints from soft-collinear factor-
ization and two-parton collinear limits are lost. At two-
loop order, two different types of three-parton color and
momentum correlations appear, whose effects can be pa-
rametrized in terms of two universal process-independent
functions "hhh and "hhl [15] (called F1 and f2 in that
paper). Apart from some symmetry properties, the precise
form of these functions was left unspecified in [14,15]. In
this Letter, we calculate these functions at two-loop order
and study their properties in some detail.
The results obtained in this Letter provide a completely

general, unified, and analytic description of the ir singu-
larities arising up to two-loop order in arbitrary scattering
amplitudes with massive and massless external legs in
unbroken gauge theories such as QCD and QED. The
improved theoretical precision made possible by our cal-
culation will have an impact on a broad range of precision
phenomenological studies of collider processes accessible
at the Tevatron and the LHC. In particular, the anomalous-
dimension matrices derived in Eq. (2) below form the basis
for the systematic resummation at next-to-next-to-leading
logarithmic (NNLL) order of large Sudakov logarithms
affecting the rates for such processes. We hope that in
the future this will allow for rigorous calculations of jet
cross sections without recourse to phenomenological
parton-shower models. At the same time, the unexpected
simplicity of our results (4) and (6) for the novel three-
parton correlation terms hints at a hidden underlying struc-
ture of the relevant Wilson-line loop integrals, which de-
serves to be further explored in future work.
Anomalous-dimension matrix.—We denote by

jMnð!; fpg; fmgÞi a uv-renormalized on-shell n-parton
scattering amplitude with ir singularities regularized in
d ¼ 4# 2! dimensions. Here fpg % fp1; . . . ; png and

fmg % fm1; . . . ; mng denote the momenta and masses of
the external partons. The amplitude is a function of the
Lorentz invariants sij % 2#ijpi & pj þ i0 and p2

i ¼ m2
i ,

where the sign factor #ij ¼ þ1 if the momenta pi and
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pj are both incoming or outgoing, and !ij ¼ "1 other-
wise. For massive partons we define four velocities vi ¼
pi=mi with v2

i ¼ 1 and v0
i # 1. We further define the

recoil variables wij $ "!ijvi % vj " i0. We use the
color-space formalism [16], in which n-particle amplitudes
are treated as vectors in color space. Ti is the color gen-
erator associated with the ith parton and acts as a matrix on
its color index. The product Ti % Tj $ Ta

i T
a
j is summed

over a. Generators associated with different particles com-
mute, and T2

i ¼ Ci is given in terms of the eigenvalue of
the quadratic Casimir operator of the corresponding color
representation, i.e., Cq ¼ C !q ¼ CF for quarks and Cg ¼
CA for gluons. Below, we will label massive partons with
capitalized indices (I; J; . . . ) and massless ones with low-
ercase indices (i; j; . . . ).

It was shown in [10,12,15] that the ir poles of such
amplitudes can be removed by a multiplicative renormal-
ization factor Z"1ð"; fpg; fmg;#Þ, which acts as a matrix on

the color indices of the partons. More precisely, the product
Z"1jMni is finite for " ! 0 after the coupling constant

$QCD
s used in the calculation of the scattering amplitudes is

properly matched onto the coupling $s in the effective
theory, in which the heavy partons are integrated out
[15]. The relation

Z"1 d

d ln#
Zð"; fpg; fmg;#Þ ¼ "!ðfpg; fmg;#Þ (1)

links the renormalization factor to a universal anomalous-
dimension matrix !, which governs the scale dependence
of effective-theory operators built out of collinear SCET
fields for the massless partons and soft heavy-quark
effective-theory fields for the massive ones. For the case
of massless partons, the anomalous dimension has been
calculated at two-loop order in [8,9] and was found to
contain only two-parton color-dipole correlations. It has
recently been conjectured that this result may hold to all
orders of perturbation theory [10–12]. On the other hand,
when massive partons are involved in the scattering pro-
cess, then starting at two-loop order, correlations involving
more than two partons appear [14]. At two-loop order,
the general structure of the anomalous-dimension matrix
is [15]

! ¼
X

ði;jÞ

Ti % Tj

2
%cuspð$sÞ ln

#2

"sij
þ
X

i

%ið$sÞ "
X

ðI;JÞ

TI % TJ

2
%cuspð&IJ;$sÞ þ

X

I

%Ið$sÞ þ
X

I;j

TI % Tj%cuspð$sÞ ln
mI#

"sIj

þ
X

ðI;J;KÞ
ifabcTa

IT
b
JT

c
K%hhhð&IJ;&JK;&KIÞ þ

X

ðI;JÞ

X

k

ifabcTa
IT

b
JT

c
k%hhl

!
&IJ; ln

"!JkvJ % pk

"!IkvI % pk

"
: (2)

The one- and two-parton terms depicted in the first line
start at one-loop order, while the three-parton terms in the
second line appear at Oð$2

sÞ. The notation (i; j; . . . ) etc.
means that the corresponding sum extends over tuples of
distinct parton indices. The cusp angles &IJ are defined via

cosh&IJ ¼
"sIJ
2mImJ

¼ wIJ: (3)

They are associated with the hyperbolic angles formed by
the timelike Wilson lines of two heavy partons. The physi-
cally allowed values arewIJ # 1 (one parton incoming and
one outgoing), corresponding to &IJ # 0, or wIJ ) "1
(both partons incoming or outgoing), corresponding to
&IJ ¼ i'" b with real b # 0. These possibilities corre-
spond to spacelike and timelike kinematics, respectively.
Since in a three-parton configuration there is always at
least one pair of partons either incoming or outgoing, at
least one of the wIJ or vI % pk variables must be timelike,
and hence the functions %hhh and %hhl have nonzero imagi-
nary parts.

The anomalous-dimension coefficients %cuspð$sÞ and
%ið$sÞ (for i¼q, g) in (2) have been determined to three-
loop order in [12] by considering the case of the massless
quark and gluon form factors [17]. Similarly, the coeffi-
cients %Ið$sÞ for massive quarks and color-octet partons
such as gluinos have been extracted at two-loop order in
[15] using the known two-loop anomalous dimension of
heavy-lightcurrentsin SCET [18]. In addition, the velocity-

dependent function %cuspð&;$sÞ has been derived from the
known two-loop anomalous dimension of a current com-
posed of two heavy quarks moving at different velocity
[19,20]. Here we complete the calculation of the two-loop
anomalous-dimension matrix by deriving closed analytic
expressions for the universal functions %hhh and %hhl,
which parametrize the three-parton correlations in (2).
Calculation of the three-parton terms.—In order to cal-

culate the function %hhh, we compute the two-loop vacuum
matrix element of the operator Os ¼ Sv1

Sv2
Sv3

, which
consists of three soft Wilson lines along the directions
of the velocities of three massive partons, without impos-
ing color conservation. The anomalous dimension of this
operator contains a three-parton term given by
6ifabcTa

1T
b
2T

c
3%hhhð&12;&23;&31Þ. The function %hhh fol-

lows from the coefficient of the 1=" pole in the bare matrix
element of Os. We will then obtain %hhl from a limiting
procedure.
The operator Os is renormalized multiplicatively so that

OsZs is uv finite, where Zs is linked to the anomalous
dimension in the same way as shown in (1). In order to
calculate the two-loop Zs factor, we have evaluated the
two-loop nonplanar and planar graphs shown in the first
row of Fig. 1 as well as the one-loop counterterm diagrams
depicted in the second row. Contrary to a statement made
in [14], we find that %hhh receives contributions from all
five diagrams, not just from the nonplanar graph. The most
challenging technical aspect of the analysis is the calcula-
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T (top) and

yt (bottom) of the top quarks or antiquarks. The inner (outer) error bars indicate the statistical
(combined statistical and systematic) uncertainty. The data are compared to predictions from
POWHEG V2 + PYTHIA8, MG5 aMC@NLO + PYTHIA8 [FxFx], MG5 aMC@NLO + PYTHIA8
[MLM], and POWHEG V2 + HERWIG++ (left), and to beyond-NLO QCD calculations [17–20]
(right), when available.
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Figure 5. Di↵erential distributions with µf,0 = M/2 at NLO+NNLL (blue band) compared

to the NLO calculation (red band). The uncertainty bands are generated through scale

variations of µf , µs and µh as explained in the text.

NLO+NLL, NLO+NNLL and nNLO predictions discussed below through the matching

procedure.

The comparison between the NLO and the NLO+NNLL calculations of the di↵er-

ential distributions can be found in Figure 5. We see that the NLO+NNLL uncertainty

band is included in the NLO scale uncertainty band in almost all bins of the distri-

butions considered here. The exception is the bins in the far tail of the M and Mtt̄

distributions, where the NLO+NNLL band is not completely included in the NLO one,
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Associated production of a top pair and a W boson at

next-to-next-to-leading logarithmic accuracy
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Abstract: We consider soft gluon emission corrections to the production of a top-antitop

pair in association with a W boson at the Large Hadron Collider. We obtain a soft-gluon re-

summation formula for this production process which is valid up to next-to-next-to-leading

logarithmic accuracy. We evaluate the soft gluon resummation formula in Mellin space

by means of an in-house parton level Monte Carlo code which allows us to obtain predic-

tions for the total cross section as well as for several differential distributions. We study the

impact of the soft-gluon resummation corrections in comparison to fixed order calculations.
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Renormalization group improved predictions
for tt̄W! production at hadron colliders

Hai Tao Li,1 Chong Sheng Li,1,2,* and Shi Ang Li1
1School of Physics and State Key Laboratory of Nuclear Physics and Technology,

Peking University, Beijing 100871, China
2Center for High Energy Physics, Peking University, Beijing 100871, China
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We study the factorization and resummation of the tt̄W! production at hadron colliders. The cross
section in the threshold limit can be factorized into a convolution of hard and soft functions and parton
distribution functions with the soft-collinear effective theory. We calculate the next-to-leading order soft
function for the associated production of the heavy quark pair and colorless particle, and we perform the
resummation calculation with the next-to-next-to-leading logarithm accuracy. Our results show that
the resummation effects reduce the dependence of the cross section on the scales significantly and increase
the total cross section by 7%–13% compared with NLO QCD results.

DOI: 10.1103/PhysRevD.90.094009 PACS numbers: 12.38.Cy, 14.65.Ha

I. INTRODUCTION

The top quark is the most massive known particle. And
due to its large mass, the top quark plays a special role in
the Standard Model (SM). The top quark pair production
in association with the vector boson is one of the key
processes to measure top quark properties. Furthermore,
these processes can also lead to final states that contain
same-sign leptons, which are rare events in the SM, and an
important background in searches for new physics, such as
supersymmetry and the Randall-Sundrum model. Recently
the charge asymmetry between the t and t̄ quarks has been
studied with the QCD next-to-leading order (NLO) accu-
racy [1]. The authors pointed out that the tt̄W! events
provide larger charge asymmetry with respect to tt̄ and tt̄Z
production, which is also sensitive to the new physics. On
the other hand, the LHC already has the ability to
distinguish the tt̄VðW!; ZÞ signals from the SM back-
grounds [2,3]. With increasing precision of measurements
in the near future, it is necessary to make more accurate
predictions for these processes.
The calculations of the tt̄V production are similar to the

massive bottom quark pair production associated with a
vector boson. The QCD NLO corrections to the massive
bb̄ and W or Z boson associated production have been
investigated in the last several years [4–7]. The NLO
corrections to the tt̄W! and tt̄Z production were also
studied in Refs. [8–11]. And the NLO corrections to the
production and decay of tt̄W! are available in [7].
Recently, the computations for both the tt̄W! and tt̄Z
production at the QCD NLO level with parton shower were
presented in Ref. [12]. However, the cross sections for the
tt̄W! production still suffer from large uncertainties, about
!10%, caused by the renormalization and factorization
scales, even including QCD NLO effects. As we know, the

perturbative QCD calculations lead to the functions
singular at the edge of the phase space and produce
logarithms. In general, these logarithms can induce large
corrections and bring large uncertainties in the fixed-order
calculations. To improve the theoretical predictions, these
logarithms must be resummed to all orders.
In this paper, we study the threshold resummation for the

tt̄W! production at hadron colliders, within the framework
of the soft-collinear effective theory (SCET) [13–16]. In
general, there are several threshold parameters used in soft
gluon resummation. These parameters vanish in the limit
where real gluon emission is soft or collinear. As for top
quark pair production, the threshold parameter could be

βt ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4m2

t
ŝ

q
, ð1 − zÞ ¼ 1 −M2=ŝ and s4 ¼ ŝþ t̂þ û,

which correspond to the production threshold kinematics
[17], pair-invariant mass (PIM) kinematics [18,19], and
single particle inclusive(1PI) kinematics [20,21], respec-
tively. The production threshold kinematics cannot be
directly used in the resummation for tt̄W! production
and we do not consider this case in this paper. As shown in
Ref. [21], the resummation predictions in 1PI kinematics
are susceptible to large power corrections at the LHC, and
the results in PIM kinematics seem more reliable for top
quark pair production. Therefore, for tt̄W! production at
the LHC, we choose the PIM kinematics threshold where
ð1 − zÞ ¼ 1 −M2=ŝ → 0 with M the invariant mass of the
tt̄W!. In this case, the logarithms αns ½lnmð1 − zÞ=ð1 − zÞ'þ
with m ≤ 2n − 1 are induced in the perturbative expansion
of the strong coupling constant αs, which could spoil the
convergence of the expansion. These logarithms can be
resummed to to all orders in αs using renormalization group
method. In general, in this threshold limit, the cross section
can be factorized into a convolution of hard and soft
functions as [22–33]. The cross section for tt̄W! produc-
tion can be written as*csli@pku.edu.cn

PHYSICAL REVIEW D 90, 094009 (2014)

1550-7998=2014=90(9)=094009(12) 094009-1 © 2014 American Physical Society



Top pair pT: new 
complications

11

Original formalism of QT resummation 
only works for colorless final states!

Collins, Soper, Sterman, Catani, de Florian, Grazzini, …

New framework based on SCET and HQET, 
working for generic processes
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We develop a framework for a systematic resummation of the transverse momentum distribution of top-

quark pairs produced at hadron colliders based on effective field theory. Compared to Drell-Yan and Higgs

production, a novel soft function matrix is required to account for the soft gluon emissions from the final

states. We calculate this soft function at the next-to-leading order, and perform the resummation at the

next-to-next-to-leading logarithmic accuracy. We compare our results with parton shower programs and

with the experimental data at the Tevatron and the LHC. We also discuss the implications for the top quark

charge asymmetry.

DOI: 10.1103/PhysRevLett.110.082001 PACS numbers: 14.65.Ha, 12.38.Cy

The top quark is of special importance in the standard
model (SM). Because of its large mass, it couples strongly
to the Higgs boson, and is crucial to the hierarchy problem.
New physics (NP) models aiming at solving the hierarchy
problem often predict top partners which exhibit similar
properties as the top quark and may decay into it. Possible
new heavy resonances usually prefer to decay into top
quark pairs. Therefore, studying the top quarks can on
one hand help in understanding the nature of electroweak
symmetry breaking, and, on the other hand, probe NP
beyond the SM.

If a heavy resonance decays into a top quark pair, the
kinematics of the t!t system will then carry the information
of the resonance. It is therefore worthwhile to study the t!t
pair as a whole instead of as individual top quarks. One
important example is the invariant mass of the t!t pair,
which is very sensitive to new physics contributions.
Precision predictions for this distribution have been
achieved in Ref. [1]. Besides the invariant mass, another
important variable is the transverse momentum qT of the t!t
system, which has been recently measured by both the
CMS and the ATLAS Collaborations at the LHC [2,3].
One reason to study this distribution is that the top quark
charge asymmetry exhibits intriguing dependence on qT
[4]. In particular, it was shown that the asymmetry can be
enhanced by restricting to the small qT region [5]. The top
quark charge asymmetry has received much attention
recently, due to the deviation from the SM observed at
the Tevatron [4,6]. Many NPmodels have been proposed to
explain this discrepancy (see, e.g., Ref. [7], and references
therein). Studying the qT-dependent asymmetry will help
to clarify which model is the correct one. Similar to the
asymmetry, it has been shown recently [8] that vetoing
the t!t transverse momentum can enhance the sensitivity of
the invariant mass distribution to the effects of NP which
couples mainly to quarks. This finding makes the small qT
region even more important.

Making precise predictions for the small qT region,
however, is theoretically challenging. As is well known
in the case of Drell-Yan and Higgs production, soft and
collinear gluon emissions give rise to large logarithms of
the form lnðq2T=Q2Þ at each order in the perturbation theory,
where Q # qT is a typical hard scale of the process. The
fixed-order predictions are therefore not reliable in this
region. For the case of Drell-Yan and Higgs production,
the method to deal with this problem is the so-called
Collins-Soper-Sterman (CSS) formalism [9], in which the
large logarithms can be resummed to all orders in the
strong coupling !s. For t!t production, on the other hand,
the CSS formalism cannot be directly applied due to gluon
emissions from the top quarks in the final state. Therefore,
for observables sensitive to the small qT region in t!t
production, current experimental groups usually rely on
parton shower (PS) programs, which only achieve resum-
mation at the leading logarithmic level. Reference [10]
attempted a next-to-leading logarithmic (NLL) resumma-
tion by modifying the CSS formalism. However, they did
not consider color mixing between singlet and octet final
states, and they missed the contributions from initial-final
gluon exchange.
In this Letter, we develop a framework for qT resumma-

tion in t!t production based on the soft-collinear effective
theory [11]. The framework is built upon the works [12],
which systematically resum the large logarithms to arbi-
trary accuracy. A novel feature of our framework is the
appearance of a transverse soft function matrix, which
describes color exchange among the initial state and final
state particles. Using the available ingredients, we perform
the resummation at the next-to-next-to-leading logarithmic
(NNLL) accuracy.
We consider the process N1ðP1Þ þ N2ðP2Þ! tðp3Þþ

!tðp4Þ þ X. We denote the transverse momentum of the t!t
pair as qT . In the small qT region, the differential cross
section can be written as

PRL 110, 082001 (2013) P HY S I CA L R EV I EW LE T T E R S
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We present the complete calculation of the top-quark decay width at next-to-next-to-leading order in

QCD, including next-to-leading electroweak corrections as well as finite bottom quark mass andW boson

width effects. In particular, we also show the first results of the fully differential decay rates for the top-

quark semileptonic decay t ! Wþðlþ!Þb at next-to-next-to-leading order in QCD. Our method is based

on the understanding of the invariant mass distribution of the final-state jet in the singular limit from

effective field theory. Our result can be used to study arbitrary infrared-safe observables of top-quark

decay with the highest perturbative accuracy.

DOI: 10.1103/PhysRevLett.110.042001 PACS numbers: 12.38.Bx, 14.65.Ha

Introduction.—The top quark is the heaviest fermion in
the standard model (SM), and frequently plays an impor-
tant role in many extensions of the SM. Therefore, detailed
studies of its production and decay are highly desirable.
Their precise measurements at the LHC will be crucial for
the understanding of electroweak symmetry breaking and
also searching for new physics. Due to its large mass, the
lifetime of the top quark is much smaller than the typical
time scale of hadronization. For this reason, the top quark
can be treated as a free particle in good approximation, and
perturbative calculations of higher order quantum correc-
tions to its decay rate can be performed.

Within the SM, the next-to-leading order (NLO) quan-
tum chromodynamics (QCD) corrections to the top-quark
decay width, !t, were calculated more than 20 years ago
[1]. Employing the method developed in Ref. [2], the next-
to-next-to-leading order (NNLO) QCD corrections to !t

were calculated in Ref. [3], in the limit ofmt $ mW . Later,
the finite W boson mass effect in the NNLO computation
was taken into account in Refs. [4,5] based on the calcu-
lations of top-quark self-energy as an expansion in
m2

W=m
2
t . All the previous calculations at NNLO concen-

trate only on the inclusive decay width, but the differential
decay rate is also of substantial interest, especially when
considering the measurement of top-quark mass [6] and
electroweak (EW) couplings [7]. In particular, it is an
important ingredient in a fully differential calculation of
top-quark pair production [8] and decay at NNLO in QCD.
To the best of our knowledge, such a calculation has not
been finished so far and is the subject of this Letter, in
addition to the total decay width of the top quark.

The formalism.—We consider the SM top-quark decay,

t ! Wþ þ bþ X; (1)

where X represents any other parton in the final state.
NNLO QCD corrections to this process consists of three

parts: two-loop virtual contribution (X contains nothing),
one-loop real-virtual contribution (X contains 1 parton),
and tree-level double real contribution (X contains 2 par-
tons). While the amplitudes for each part are well defined,
integrals over the phase space induce infrared singularities,
which must be extracted to cancel against those from
virtual corrections in order to obtain a finite result. In
particular, the double real contribution is the primary ob-
stacle for obtaining fully differential NNLO corrections. In
the past decade significant efforts have been devoted to
solving this problem, and fully differential corrections
have been obtained for a number of important processes
using quite different methods [8–10]. In this Letter, we
solve this problem for processes of heavy-to-light decay at
NNLO in QCD, using a phase space slicing method
inspired by a factorization formula for heavy-to-light cur-
rent in the soft-collinear effective theory (SCET) [11].
Below we describe our method.
To begin with, we set bottom quark mass mb ¼ 0 in the

NLO and NNLO QCD calculations. Effects of finite mb

are small and will be considered later as a correction to the
leading order (LO) results. We cluster all the partons in the
final state into a single jet, letting " ¼ ðpb þ pXÞ2=m2

t ,
which measures the invariant mass of the jet. In the limit
of " ! 0, only soft radiations and (or) radiations collinear
to the b quark are allowed. In this region, d!t

d" obeys a
factorization formula [12]:

1

!ð0Þ
t

d!t

d"
¼ H

!
x & m2

W

m2
t
;#

"Z
dkdm2Jðm2;#ÞSðk;#Þ

' $
!
"(m2 þ 2EJk

m2
t

"
þ ) ) ) ; (2)

where we have neglected nonsingular terms in ". !ð0Þ
t is the

top-quark decay width at LO, # is the renormalization
scale, and EJ ¼ ðm2

t (m2
WÞ=ð2mtÞ is the energy of the
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Charm-Quark Production in Deep-Inelastic Neutrino Scattering
at Next-to-Next-to-Leading Order in QCD
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We present a fully differential next-to-next-to-leading order calculation of charm-quark production in
charged-current deep-inelastic scattering, with full charm-quark mass dependence. The next-to-next-to-
leading order corrections in perturbative quantum chromodynamics are found to be comparable in size to
the next-to-leading order corrections in certain kinematic regions. We compare our predictions with data on
dimuon production in (anti)neutrino scattering from a heavy nucleus. Our results can be used to improve
the extraction of the parton distribution function of a strange quark in the nucleon.

DOI: 10.1103/PhysRevLett.116.212002

Introduction.—Charm-quark (c) production in deep-
inelastic scattering (DIS) of a neutrino from a heavy nucleus
provides direct access to the strange-quark (s) content
of the nucleon. At lowest order, the relevant partonic process
is neutrino interaction with a strange quark, νs → cl,
mediated by weak vector boson W exchange. Another
source of constraints is charm-quark production in associ-
ation with aW boson at hadron colliders, gs → cW. The DIS
data determine parton distribution functions (PDFs) in the
nucleon whose detailed understanding is vital for precise
predictions at theLargeHadronCollider (LHC).The strange-
quark PDF can play an important role in LHC phenomenol-
ogy, contributing, for example, to the total PDF uncertainty
in W or Z boson production [1,2], and to systematic
uncertainties in precise measurements of the W boson mass
and weak-mixing angle [3–5]. It is estimated that the PDF
uncertainty of the strange quark alone could lead to an
uncertainty of about 10 MeV on the W boson mass
measurement at the LHC [6]. From the theoretical point
of view, it is important to test whether the strange PDFs are
suppressed compared to those of other light sea quarks,
related to the larger mass of the strange quark, as suggested
by various models [7–9], and to establish whether there is a
difference between the strange- and antistrange-quark PDFs.
In this Letter, we report on a complete calculation at

next-to-next-to-leading order (NNLO) in pertubative quan-
tum chromodynamics (QCD) of charm-quark production in
DIS of a neutrino from a nucleon. Our calculation is based
on a phase-space slicing method and uses a fully differ-
ential Monte Carlo integration. It maintains the exact mass
dependence and all kinematic information at the parton
level. The NNLO corrections can change the cross sections
by up to 10%, depending on the kinematic region consid-
ered. Our results show that the next-to-leading-order (NLO)
predictions underestimate the perturbative uncertainties

owing to accidental cancellations at that order. Our calcu-
lation is an important ingredient for future global analyses
of PDFs at NNLO in QCD, especially for extracting the
strange quark PDFs. The results can also be used to correct
for acceptance in experimental analyses. In this Letter, we
show comparisons of our results with data from the NuTeV
and NOMAD collaborations [10,11], indicating that, once
the NNLO corrections are included, slightly higher strange-
ness PDFs are preferred in the low-x region than those
based on a NLO analysis.
Ours is the first complete NNLO calculation of QCD

corrections to charm-quark production in weak charged-
current deep-inelastic scattering. In all current analyses
which include charm-quark production data in neutrino
DIS, the hard-scattering cross sections are calculated
only at NLO [12–14], without including an estimation
of the remaining higher-order perturbative uncertainties.
Approximate NNLO [15] results are available for a very
largemomentum transfer. However, for neutrino DIS experi-
ments [10,11,16,17], the typical momentum transfer is small
and the exact charm-quark mass dependence must be kept
[15,18]. Recently, Oðα3sÞ results [19] became available for
structure function xF3 at large momentum transfer.
In the Letter, we outline the method used in the

calculation, present our numerical results showing their
stability under parameter variation, and then compare our
results with data in the kinematic regions of the exper-
imental acceptance.
Method.—The process of interest is the production

of a charm quark in DIS, νμðpνμÞ þ NðpNÞ → μ−ðpμ−Þþ
cðpcÞ þ XðpXÞ, where X represents the final hadronic
state, excluding the charm quark. We work in the region
where the momentum transfer Q2 ¼ −q2 ¼ −ðpνμ − pμ−Þ2

is much larger than the perturbative scale, Λ2
QCD, and

perturbative QCD can be trusted. The calculation of
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Resummation prediction on the jet mass spectrum in

one-jet inclusive production at the LHC
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Abstract: We study the factorization and resummation prediction on the jet mass spec-

trum in one-jet inclusive production at the LHC based on soft-collinear effective theory.

The soft function with anti-kT algorithm is calculated at next-to-leading order and its

validity is demonstrated by checking the agreement between the expanded leading singu-

lar terms with the exact fixed-order result. The large logarithms lnn
(
m2

J/p
2
T

)
and the

global logarithms lnn
(
s4/p2T

)
in the process are resummed to all order at next-to-leading

logarithmic and next-to-next-to-leading logarithmic level, respectively. The cross section

is enhanced by about 23% from the next-to-leading logarithmic level to next-to-next-to-

leading logarithmic level. Comparing our resummation predictions with those from Monte

Carlo tool PYTHIA and ATLAS data at the 7TeV LHC, we find that the peak positions

of the jet mass spectra agree with those from PYTHIA at parton level, and the predictions

of the jet mass spectra with non-perturbative effects are in coincidence with the ATLAS

data. We also show the predictions at the future 13TeV LHC.
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Figure 1. The illustrative picture for dijet production at the LHC. The blue and red arcs denote
the collinear and soft gluons, respectively.

spectrum of QCD background must be calculated precisely. Actually, the jet invariant mass

were explored in both ATALS and CMS collaborations at the 7TeV LHC [20, 39]. From

these results, we can see that the jet mass mJ peaks at about 50GeV, which can be much

smaller than the transverse momenta of jet pT . Therefore there exist large logarithmic

terms αn
s

m2
J
lnm
(
m2

J/p
2
T

)
with m ≤ 2n − 1 in the perturbative calculations near the peak

region, which need to be resummed to all order in order to give reliable predictions.

In this paper, we study one of the simplest jet substructures, i.e. the invariant mass

of a jet, and investigate the factorization and resummation prediction on the jet mass

spectrum in SCET for one-jet inclusive production at the LHC. Compared with direct

photon process [28], the factorization formula for dijet process is more complicated due

to the nontrivial color structure and associating soft radiation. The illustrative picture of

this process is shown in figure 1. Since the soft radiation can either be inside or outside

the cone of the measured jet, there are two kinematic variables which can lead to large

logarithms at threshold limit: one is the invariant massmJ of the measured jet, and another

is the invariant mass
√
s4 of the partonic system that recoils against the observed jet. In

the threshold region m2
J → 0 and s4 → 0, both of the large logarithms lnn

(
m2

J/p
2
T

)
and

lnn
(
s4/p2T

)
need to be resummed to all order. In the threshold limits, the cross section can

be factorized as

σ = fPa ⊗ fPb
⊗H ⊗ S ⊗ Jobs. ⊗ J rec. , (1.1)

where H, S, J , fP are the hard function, soft function, jet function and parton distribution

function (PDF), respectively. Both of the hard and soft function are matrices in color space.

The hard function includes the short distance contributions arising from virtual corrections.

The jet function presents the collinear radiation in the jet. The indices “obs.” and “rec.”

denote the observed jet and the recoiled one, respectively. The effects from soft gluon

emission are incorporated in the soft function and its phase space is constrained by the jet

algorithms. It is noteworthy that the large angle soft gluon arising from the initial state

radiation (ISR) and recoiled final state radiation are taken into account in this formalism.

In contrast to the cone algorithm adopted in ref. [28], we choose anti-kT algorithm [40] to
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Figure 8. Comparison between theoretical predictions and ATLAS data at the 7TeV LHC. The
label MI in the plots denotes the multiparton interactions. The blue lines represent our NNLLp +
NLO predictions, and the black solid lines represent the results with non-pertubative effects. The
red solid, green dashed and green solid histograms represent the results from PYTHIA.

In figure 9, we give our RG improved predictions at the 13TeV LHC. Comparing with

the results at the 7TeV LHC, the jet mass spectra at parton level in the same kinematic

region shift to right by about 5GeV. The reason is that the dominated contributions is

from qg → qg and gg → gg channel for 7TeV and 13TeV LHC, respectively, and the

latter channel gives more gluon final states, the average jet mass of which is larger than

the one of quark final states. After including the non-perturbative effects (hadronization

and multiparton interaction), the PYTHIA results are closer to the SCET predictions with

Ω = 4.5GeV than Ω = 3GeV, which implies that the non-perturbative effects become

more significant at hadron colliders with higher CM energy.

Moreover, we can see this more clearly with the mean values of the jet mass squared,

defined as

⟨M2⟩ ≡
∫

m2
J
1

σ

dσ

dmJ
dmJ , (8.4)

which can be changed by non-perturbative effects in collisions. In table 2, we list the mean

jet mass squared at parton level, including hadronization, and both hadronization and
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Summary

SCET and HQET have become indispensable tools for 
LHC physics 

Notable contributions from Chinese physicists in 
various aspects: top quark physics, Higgs physics, jet 
physics, …  

Keep working!
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Thank you for listening 
and happy 70th birthday 
to Prof. Chong Sheng Li!


