
Hierarchies and Inflation in 
the Mirror Quintic

Ivonne Zavala
Swansea university

SPSC 2016 
Chengdu, China 

Based on:1605.03974
w/ Cabo-Bizet & Loaiza-Brito



•Flux compactifications in type IIB theory 

•Mirror quintic and its moduli space 

•Type IIB orientifolds of the mirror quintic 

➡ PF equations and solutions
➡ Vacua exploration: hierarchies and inflation  

Contents  

•Conclusions & Outlook



Introduction 

          string theory compactifications N = 1



Introduction 

D-Brane InflationD-Brane InflationD-Brane Inflation
Consider type II string theory com-

pactified on . (In what follows
we take )
A pair of -branes expanding the

full and wrapping dimen-
sions in the compact space. M4 X6

Y

The -branes are separated by a
distance in the compact
space.

Potential for the 4d scalar field as-
sociated to is calculable from string
theory, and is given by

( ; model dependent).
Y

One loop
open string

D−brane D−brane

closed 
Tree level

string

The distance between the branes plays the role of the inflaton field!

- String Theory in 10D: compactify on a 6D compact
  manifold

•Tori
•Calabi-Yau

          string theory compactifications N = 1



Introduction 

Flux compactifications in string theory 
[Giddings-Kachru-Polchisnki, ’01]



Introduction 

Flux compactifications in string theory 
[Giddings-Kachru-Polchisnki, ’01]

Calabi−Yau

D3

p−3

D3

y

4D

Warped Throat

DpIntroduce internal fluxes: 

Fn

Fn

•Fluxes backreact warping internal 
CY manifold: new avenues for 
phenomenology and cosmology! 

•Stabilise some of the moduli: 
dilaton & complex structure 

•Scale hierarchies á la Randall-
Sundrum generated

[Randall, Sundrum, ’99]



Type IIB flux compactifications

Consider type IIB string theory in 10D with localised 
sources: D-branes & Orientifolds 

Here gs denotes the string metric. We have also defined the combined three-flux, G(3) =

F(3) − τH(3), where as usual τ = C(0) + ie−φ, and

F̃(5) = F(5) −
1

2
C(2) ∧ H(3) +

1

2
B(2) ∧ F(3) . (2.2)

The term Sloc is the action of localized objects, such as branes, which will become important

shortly. The condition F̃(5) = ∗F̃(5) must as usual be imposed by hand on the equations of

motion.

We will be considering compactifications arising from F-theory, so it is particularly useful

to reformulate the action in an SL(2,Z) invariant form by defining the Einstein metric

gMN = e−φ/2gsMN , whence the action becomes

SIIB =
1

2κ10
2

∫
d10x

√
−g

{

R− ∂Mτ∂M τ̄

2(Im τ)2
− G(3) · G(3)

12 Im τ
−

F̃ 2
(5)

4 · 5!

}

+
1

8iκ10
2

∫ C(4) ∧ G(3) ∧ G(3)

Im τ
+ Sloc . (2.3)

Henceforth we use the Einstein metric throughout. Invariance under the SL(2,Z) transform

τ → aτ + b

cτ + d
, (2.4)

together with the transformation

G(3) →
G(3)

cτ + d
(2.5)

is readily checked.

Our interest is in warped metrics maintaining four-dimensional Poincaré symmetry, with

convenient parameterization

ds2
10 = e2A(y)ηµνdxµdxν + e−2A(y)g̃mndymdyn (2.6)

in terms of four-dimensional coordinates xµ and coordinates ym on the compact manifold

M6. The axion/dilaton will be allowed to vary over the compact manifold,

τ = τ(y) , (2.7)

and since we will consider D7-branes, monodromies of the form (2.4) will be allowed. To

maintain Poincaré invariance only compact components of G(3) are present, and furthermore,

with monodromies (2.5), these will transform in a non-trivial bundle over M6:

G(3) ∈ σ(Ω3 ⊗ L) , (2.8)

5

2 Type IIB flux compactifications

In this section we review the basic ingredients of four dimensional supergravity which arises from

the low energy limit of type IIB string theory compactified on Calabi-Yau (CY) orientifolds with

non-trivial RR and NSNS 3-form fluxes. Along the way we fix our notation and conventions.

2.1 N = 1 SUGRA

We start with the ten dimensional e↵ective supergravity action in the Einstein frame4 (see [1]) and

reducing to four dimensions. In four dimensions the action takes the form

S4 =

Z
d4x

p
g


M2

P l

2
R�M2

P l Kab̄ @µ�
a@µ�̄b̄ + V (�l)

�
, (2.1)

where M2
P l = 1/24 = V6/(210g

2
s) is the Planck scale, with 210 = (2⇡)7(↵0)4/2 ⌘ `8s/4⇡ with

`s =
p
2⇡↵0 the string scale and gs = he�i the string coupling. The indices a, b run over the moduli

fields present, which are the axio-dilaton ⌧ = C0 + i e�, complex structure, zi, i = 1, . . . , h(1,2) and

the Kähler moduli, Tm, m = 1, . . . , h(1,1). The Kähler potential for the moduli is found to be

K = � ln [�i (⌧ � ⌧̄)]� ln


�i

Z

CY
⌦ ^ ⌦̄

�
� 2 ln [V] , (2.2)

where ⌦ is the holomorphic (3, 0) form of the CY. The complex structure moduli can be described

by giving the periods of ⌦ over a canonical homology basis of the CY. In this work we choose a

canonical symplectic basis of H3(CY ) to be (AA, BB) and the cohomology basis dual to this to be

(↵A,�A) satisfying

Z

CY
↵A ^ �B = �BA = �

Z

CY
�B ^ ↵A ,

Z

CY
↵A ^ ↵A =

Z

CY
�B ^ �B = 0 , (2.3)

Z

A
↵A = �

Z

B
�B = �BA . (2.4)

With respect to this basis the periods ⇧ are defined as

⇧ =

✓
⇧A

⇧A

◆
=

✓ R
A⌦R
B ⌦

◆
. (2.5)

In terms of this basis, the holomorphic 3-form can be expanded as

⌦ = ⇧A↵A �⇧B�
B . (2.6)

4We use the conventions for transforming to the Einstein frame GE
MN = e(���0)/2Gs

MN , where GMN is the 10D
metric, he�i = e�0 = gs with � the dilation and gs is the string coupling. With this conventions the volumes are
conformal invariant.
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ds2
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in terms of four-dimensional coordinates xµ and coordinates ym on the compact manifold

M6. The axion/dilaton will be allowed to vary over the compact manifold,

τ = τ(y) , (2.7)

and since we will consider D7-branes, monodromies of the form (2.4) will be allowed. To
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with monodromies (2.5), these will transform in a non-trivial bundle over M6:

G(3) ∈ σ(Ω3 ⊗ L) , (2.8)
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maintain Poincaré invariance only compact components of G(3) are present, and furthermore,

with monodromies (2.5), these will transform in a non-trivial bundle over M6:

G(3) ∈ σ(Ω3 ⊗ L) , (2.8)

5

Here gs denotes the string metric. We have also defined the combined three-flux, G(3) =

F(3) − τH(3), where as usual τ = C(0) + ie−φ, and

F̃(5) = F(5) −
1

2
C(2) ∧ H(3) +

1

2
B(2) ∧ F(3) . (2.2)

The term Sloc is the action of localized objects, such as branes, which will become important

shortly. The condition F̃(5) = ∗F̃(5) must as usual be imposed by hand on the equations of

motion.

We will be considering compactifications arising from F-theory, so it is particularly useful

to reformulate the action in an SL(2,Z) invariant form by defining the Einstein metric

gMN = e−φ/2gsMN , whence the action becomes

SIIB =
1

2κ10
2

∫
d10x

√
−g

{

R− ∂Mτ∂M τ̄

2(Im τ)2
− G(3) · G(3)

12 Im τ
−

F̃ 2
(5)

4 · 5!

}

+
1

8iκ10
2

∫ C(4) ∧ G(3) ∧ G(3)

Im τ
+ Sloc . (2.3)

Henceforth we use the Einstein metric throughout. Invariance under the SL(2,Z) transform

τ → aτ + b

cτ + d
, (2.4)

together with the transformation

G(3) →
G(3)

cτ + d
(2.5)

is readily checked.

Our interest is in warped metrics maintaining four-dimensional Poincaré symmetry, with
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2 Type IIB flux compactifications

In this section we review the basic ingredients of four dimensional supergravity which arises from

the low energy limit of type IIB string theory compactified on Calabi-Yau (CY) orientifolds with

non-trivial RR and NSNS 3-form fluxes. Along the way we fix our notation and conventions.

2.1 N = 1 SUGRA

We start with the ten dimensional e↵ective supergravity action in the Einstein frame4 (see [1]) and

reducing to four dimensions. In four dimensions the action takes the form
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�
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P l = 1/24 = V6/(210g

2
s) is the Planck scale, with 210 = (2⇡)7(↵0)4/2 ⌘ `8s/4⇡ with

`s =
p
2⇡↵0 the string scale and gs = he�i the string coupling. The indices a, b run over the moduli

fields present, which are the axio-dilaton ⌧ = C0 + i e�, complex structure, zi, i = 1, . . . , h(1,2) and

the Kähler moduli, Tm, m = 1, . . . , h(1,1). The Kähler potential for the moduli is found to be
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where ⌦ is the holomorphic (3, 0) form of the CY. The complex structure moduli can be described

by giving the periods of ⌦ over a canonical homology basis of the CY. In this work we choose a

canonical symplectic basis of H3(CY ) to be (AA, BB) and the cohomology basis dual to this to be

(↵A,�A) satisfying
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With respect to this basis the periods ⇧ are defined as
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In terms of this basis, the holomorphic 3-form can be expanded as
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B . (2.6)

4We use the conventions for transforming to the Einstein frame GE
MN = e(���0)/2Gs

MN , where GMN is the 10D
metric, he�i = e�0 = gs with � the dilation and gs is the string coupling. With this conventions the volumes are
conformal invariant.
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states that the total D3 charge from supergravity backgrounds and localized sources vanishes.

In the next subsection, we will analyze the constraints (2.15, 2.24) further.

Finally, let us discuss the nature of the α′ expansion. The localized source in the Bianchi

identity (2.23) is of order Nα′2, where N is the characteristic D3 charge. It is not possible to

take N to be parametrically large, because the negative contributions to the Bianchi identity

are determined by the topology of the manifold. However, the Euler number (2.22) can be

quite large in a given example, and so we will treat N as an effective large parameter as in

ref. [4]. We will then treat Nα′2 as being of order one, but drop order α′ effects such as the

string corrections to the supergravity action. This is why we needed to keep the curvature

terms in the D7-brane action. The Bianchi identity then implies that G(3) = O(N1/2α′); the

factor of α′ is consistent with the quantization

1

2πα′

∫
F(3) ∈ 2πZ ,

1

2πα′

∫
H(3) ∈ 2πZ , (2.25)

and the number of 3-form flux units then scales as N1/2.

2.2 Special solutions

2.2.1 A BPS-like condition

With general negative tension sources, the constraints from the integrated field equations

appear to be rather weak. However, in the special case that

1

4
(Tm

m − T µ
µ )loc ≥ T3ρ

loc
3 (2.26)

for all localized sources, the global constraints determine the form of the solution completely.

In fact, the inequality (2.26) holds for all of the localized sources considered in this

paper. For D3-branes and O3 planes, whose integrated ρ3 is respectively +1 and −1
4 , the

stress tensor is

T 0
0 = T 1

1 = T 2
2 = T 3

3 = −T3ρ3 , Tm
m = 0 , (2.27)

and so the inequality is actually saturated. Anti-D3-branes satisfy the inequality but do

not saturate it. D5-branes wrapped on collapsed cycles also satisfy the inequality, as their

tension comes entirely from their induced D3 charge.

For D7-branes, the nonvanishing contributions to the two sides of the inequality come

from the curvature terms (2.20, 2.21). In the simple case of D7-branes wrapped on K3, the

property ∗R(2) = R(2) implies that the inequality is saturated. If a nontrivial gauge bundle

is introduced, the inequality is still respected as a consequence of FµνF µν ≥ Fµν(∗F )µν . For

9
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- RR&NSNS 3-form fluxes wrap internal 
3-cycles and are quantised as 

F3, H3



with the superpotential generated by the fluxes given by the Gukov-Vafa-Witten superpotential:

W =

Z

CY
G3 ^ ⌦ =

Z

CY
(F3 � ⌧H3) ^ ⌦ = (FA � ⌧HA)⇧A � (FB � ⌧HB)⇧

B = G⌃⇧ , (2.14)

where in an abuse of notation, we have defined
R
A,B G3 = G = (GA, GA) and FA, etc are defined

through (2.12) (that is e.g.
R
A F3 = MA(2⇡)2↵0 ⌘ FA).

Finally, we note that in these type of compactifications, the flux generated scalar potential is

independent of the Kähler moduli. Therefore, we will be dealing with a no-scale model, where the

scalar potential (2.8) simplifies to

V =
1

2210gs
eK

h
Kij̄DiWDiW

i
, (2.15)

where the indices run only over the axio-dilaton and the complex structure. As we already men-

tioned, we will be focusing on this because... argue again...

2.2 Tadpole conditions

The concrete orientifold compactification we will be working with, contains O3 and O7-planes.

In order to cancel tadpoles these set-up also include spacetime filling D7-branes, as well as D3-

branes. The 3-form fluxes moreover contribute to the D3-brane charge tadpole by (here T3 =

(gs(↵0)2(2⇡)3)�1 is the D3-brane tension)

Nflux =
1

2210T3

Z

CY
F3 ^H3 = � gs

(2⇡)4(↵0)2
F · ⌃ ·H . (2.16)

There are other sources for this tadpole; in particular, curvature couplings on wrapped D7-branes

also generate negative D3 charge. Requiring that the total sum of D3-brane content, the fluxes and

the D7-brane and )-plane configuration vanishes leads to the condition

Nflux +ND3 =
�

24
� NO3

4
. (2.17)

We will see in the concrete compactification we discuss below how this is modified (IZ: and why!?).

3 Orientifold compactifications of the mirror quintic

We consider now the explicit orientifold compactification of type IIB string theory in the mirror

quintic. We start by describing the properties of the CY manifold in detail. In particular, we

will describe the special points of this manifold, namely the orbifold, large complex structure and

conifold singularities. We will describe how to compute the periods for this manifold around all

the singular points, covering the full complex manifold. Moreover, we will be interested in the

monodromies around the conifold and the relevance of mapping the full moduli space. We will use

these results in the next section to explore new vacua and their properties, as well as potential

regions to realise large field inflation in this global compactification.
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Tadpole cancelation 

•The orientifold compactifications relevant for us 
contain O3/O7-planes. Need to cancel tadpoles

•Fluxes contribute to the D3-brane charge as well 
as D7-branes. 

•Requiring to cancel total charges in the internal 
CY space from D-branes, O-planes and fluxes:



4D              Supergravity 

2 Type IIB flux compactifications

In this section we review the basic ingredients of four dimensional supergravity which arises from

the low energy limit of type IIB string theory compactified on Calabi-Yau (CY) orientifolds with

non-trivial RR and NSNS 3-form fluxes. Along the way we fix our notation and conventions.

2.1 N = 1 SUGRA

We start with the ten dimensional e↵ective supergravity action in the Einstein frame4 (see [1]) and

reducing to four dimensions. In four dimensions the action takes the form

S4 =

Z
d4x

p
g


M2

P l

2
R�M2

P l Kab̄ @µ�
a@µ�̄b̄ + V (�l)

�
, (2.1)

where M2
P l = 1/24 = V6/(210g

2
s) is the Planck scale, with 210 = (2⇡)7(↵0)4/2 ⌘ `8s/4⇡ with

`s =
p
2⇡↵0 the string scale and gs = he�i the string coupling. The indices a, b run over the moduli

fields present, which are the axio-dilaton ⌧ = C0 + i e�, complex structure, zi, i = 1, . . . , h(1,2) and

the Kähler moduli, Tm, m = 1, . . . , h(1,1). The Kähler potential for the moduli is found to be

K = � ln [�i (⌧ � ⌧̄)]� ln


�i

Z

CY
⌦ ^ ⌦̄

�
� 2 ln [V] , (2.2)

where ⌦ is the holomorphic (3, 0) form of the CY. The complex structure moduli can be described

by giving the periods of ⌦ over a canonical homology basis of the CY. In this work we choose a

canonical symplectic basis of H3(CY ) to be (AA, BB) and the cohomology basis dual to this to be

(↵A,�A) satisfying

Z

CY
↵A ^ �B = �BA = �

Z

CY
�B ^ ↵A ,

Z

CY
↵A ^ ↵A =

Z

CY
�B ^ �B = 0 , (2.3)

Z

A
↵A = �

Z

B
�B = �BA . (2.4)

With respect to this basis the periods ⇧ are defined as

⇧ =

✓
⇧A

⇧A

◆
=

✓ R
A⌦R
B ⌦

◆
. (2.5)

In terms of this basis, the holomorphic 3-form can be expanded as

⌦ = ⇧A↵A �⇧B�
B . (2.6)

4We use the conventions for transforming to the Einstein frame GE
MN = e(���0)/2Gs

MN , where GMN is the 10D
metric, he�i = e�0 = gs with � the dilation and gs is the string coupling. With this conventions the volumes are
conformal invariant.
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The effective 4D action takes the form 

where the flux potential is given by 

h2,1 = 1, C0
111 = 5, c1 = 50

24 , n11 = �11
2 and �(W3) = 200. We are interested however on other

critical points, in particular the conifold, close to which the periods have to be determined, and

one needs to obtain their expressions in terms of the integer symplectic basis (2.9).

Turning on fluxes in the di↵erent 3-cycles of an orientifold CY, generates a four dimensional

scalar potential for the axio-dilaton and the complex structure moduli, given by [1],

V =
1

2210

Z

CY
d6y

p
g̃
G(3) · Ḡ(3)

12 Im ⌧
� i

4210 Im ⌧

Z

CY
G3 ^ Ḡ3 , (2.10)

where the inner product of the three-form fluxes is performed using g̃mn given by Eq. (3.7) below.

The first contribution comes from the fluxes and the second from the branes and orientifold charges.

The 3-form flux G(3) is defined in terms of the RR, NS-NS flux and dilaton as:

G(3) = F(3) � ⌧H(3) , (2.11)

with

F(3) = F I
(3)↵I � F(3)I�

I , H(3) = HI
(3)↵I �H(3)I�

I , (2.12)

so that

G(3) = F(3) � ⌧H(3) = GI↵I �GI�
I , (2.13)

with GI = F I
(3) � ⌧HI

(3) and GI = F(3)I � ⌧H(3)I .

The F(3), H(3) fluxes on the 3-cycles of the orientifold CY are quantised as

1

(2⇡)2↵0

Z

AI

F(3) = M I ,
1

(2⇡)2↵0

Z

AI

H(3) = N I ,

1

(2⇡)2↵0

Z

BI

F(3) = MI ,
1

(2⇡)2↵0

Z

BI

H(3) = NI . (2.14)

Note that due to the Dirac quantization condition the fluxes need to be defined with respect to an

integral basis of H3(CY,Z) given in (2.9). The scalar potential (2.10) can be written in an N = 1

supergravity form as

V =
1

2210gs
eK

h
Kab̄DaWDb̄W � |W |2

i
, (2.15)

The scalar potential (2.15) depends on the superpotential W and the Kähler potential. In (2.15)

the indices a, b denotes the moduli fields, Kab̄ is the inverse metric in field space and DaW =

@aW + @aKW is the supersymmetric covariant derivative of W . The superpotential generated by

the fluxes is given by the Gukov-Vafa-Witten (GVW) superpotential [3]:

W =

Z

CY
G(3) ^ ⌦ =

Z

CY
(F(3) � ⌧H(3)) ^ ⌦, (2.16)

= (F I
(3) � ⌧HI

(3))FI � (F(3)I � ⌧H(3)I)X I = G⌃⇧ ,
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with the superpotential generated by the fluxes given by the Gukov-Vafa-Witten superpotential:
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where in an abuse of notation, we have defined
R
A,B G3 = G = (GA, GA) and FA, etc are defined

through (2.12) (that is e.g.
R
A F3 = MA(2⇡)2↵0 ⌘ FA).

Finally, we note that in these type of compactifications, the flux generated scalar potential is

independent of the Kähler moduli. Therefore, we will be dealing with a no-scale model, where the

scalar potential (2.8) simplifies to

V =
1

2210gs
eK

h
Kij̄DiWDiW

i
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where the indices run only over the axio-dilaton and the complex structure. As we already men-

tioned, we will be focusing on this because... argue again...

2.2 Tadpole conditions

The concrete orientifold compactification we will be working with, contains O3 and O7-planes.

In order to cancel tadpoles these set-up also include spacetime filling D7-branes, as well as D3-

branes. The 3-form fluxes moreover contribute to the D3-brane charge tadpole by (here T3 =

(gs(↵0)2(2⇡)3)�1 is the D3-brane tension)

Nflux =
1

2210T3

Z

CY
F3 ^H3 = � gs

(2⇡)4(↵0)2
F · ⌃ ·H . (2.16)

There are other sources for this tadpole; in particular, curvature couplings on wrapped D7-branes

also generate negative D3 charge. Requiring that the total sum of D3-brane content, the fluxes and

the D7-brane and )-plane configuration vanishes leads to the condition

Nflux +ND3 =
�

24
� NO3

4
. (2.17)

We will see in the concrete compactification we discuss below how this is modified (IZ: and why!?).

3 Orientifold compactifications of the mirror quintic

We consider now the explicit orientifold compactification of type IIB string theory in the mirror

quintic. We start by describing the properties of the CY manifold in detail. In particular, we

will describe the special points of this manifold, namely the orbifold, large complex structure and

conifold singularities. We will describe how to compute the periods for this manifold around all

the singular points, covering the full complex manifold. Moreover, we will be interested in the

monodromies around the conifold and the relevance of mapping the full moduli space. We will use

these results in the next section to explore new vacua and their properties, as well as potential

regions to realise large field inflation in this global compactification.
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The periods of the CY

•The    complex structure moduli are described in 
terms of the periods of ⌦

In terms of the periods the Kähler potential for the complex structure can now be written as

Kcs = � ln
�
�i ⇧̄T ⌃⇧

�
(2.7)

where ⌃ denotes the symplectic matrix, defined as

⌃ =

✓
0 I
�I 0

◆
.

Wrapping fluxes around the di↵erent 3-cycles of an orientifold CY, generates a four dimensional

scalar potential (see (2.1)) for the axio-dilaton and the complex structure moduli, given by [1],

(IZ: Note for us: V should have units of Mass4. We see that this is the case, since

210 / (↵0)4, while the fluxes have units of [G3] = [F3] = [H3] = L2, since Flux3 / ↵0, )
V / (↵0)�2, ) [V ] = M4 as it should)

V = � 1

2210 g
2
s

Z

CY

gsG3 · Ḡ3

Im ⌧
, (2.8)

where the 3-form flux G3 is defined in terms of the RR, NSNS flux and dilaton as:

G3 = F3 � ⌧H3 . (2.9)

and can be expand in terms of the basis above as follows IZ: note that G,F,H have units

F3 = FA↵A � FB�
B , H3 = HA↵A �HB�

B , (2.10)

so that

G3 = F3 � ⌧H3 = GA↵A �GB↵
B , (2.11)

with

The F3, H3 fluxes wrapping around the 3-cycles of the orientifold CY are quantised as

(IZ: Note for us: while as said above [Flux] = L2, [M,N ] = 1 as it should. See also

below )

1

(2⇡)2↵0

Z

A
F3 = MA ,

1

(2⇡)2↵0

Z

A
H3 = NA ,

1

(2⇡)2↵0

Z

B
F3 = MA ,

1

(2⇡)2↵0

Z

B
H3 = NA , (2.12)

The scalar potential (2.8) can be written in an N = 1 supergravity form,

(IZ: Note for us: Again, the units are here correct so long as we use the K and W

as we define above/below. We should stick to this to be sure units and factors of gs

are correct (see e.g. Conlon’s thesis) )

V =
1

2210gs
eK

h
Kab̄DaWDbW � |W |2

i
(2.13)
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Z

CY
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�
� 2 ln [V] , (2.2)

where ⌦ is the holomorphic (3, 0) form of the CY. The complex structure moduli can be described

by giving the periods of ⌦ over a canonical homology basis of the CY. In this work we choose a

canonical symplectic basis of H3(CY ) to be (AA, BB) and the cohomology basis dual to this to be

(↵A,�A) satisfying

Z

CY
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Z
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◆
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4We use the conventions for transforming to the Einstein frame GE
MN = e(���0)/2Gs

MN , where GMN is the 10D
metric, he�i = e�0 = gs with � the dilation and gs is the string coupling. With this conventions the volumes are
conformal invariant.
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with k = 1 + h2,1.

In the following we shortly review the integral symplectic basis (2.5) which is required for flux

quantization. This basis is the one employed through the paper in all the di↵erent patches in

the CS moduli space. Special geometry implies the existence of a holomorphic prepotential F ,

which is homogeneous of degree two in the X I . The FI are given as derivatives FI = @F
@XI

. The

prepotential determines the periods, the couplings, as well as the Kähler potential, see e.g. [39].

Mirror symmetry implies that at the large radius point of a CY 3-fold M3, corresponding to the

large complex structure (LCS) point on the mirror W3 the prepotential reads as follows [39, 40]
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where i, j, k = 1, . . . , h2,1, qi = exp(2⇡iti), f(q) represents the instanton contributions, C0
ijk, cij , ni

and � are topological data of the manifold [34]. The integral basis for the periods at the LCS point
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The mirror map reads ti = X i

X 0 = 1
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�
log(zi) + ⌃i(z)

�
, i = 1, . . . , h2,1, where zi are the complex

structure moduli and ⌃i(z) are power series in zi. In Section 2.2 we describe such LCS point for

the CY 3-fold mirror of the quintic on P4 which is the compactification employed. For this case

6

The indices I and J run from 0 to h2,1. With respect to this basis the CY periods are defined

as

⇧ =

✓
X I

FI

◆
=

✓ R
AI ⌦R
BI

⌦

◆
, (2.5)

and consequently, the holomorphic 3-form can be expanded as

⌦ = X I↵I � FI�
I . (2.6)

Similarly the Kähler potential for the complex structure moduli is given by

KCS = � ln
�
�i ⇧̄T ⌃⇧

�
, (2.7)

where ⌃ denotes the symplectic matrix, defined as

⌃ =

✓
0 k⇥k

� k⇥k 0

◆
,

with k = 1 + h2,1.

In the following we shortly review the integral symplectic basis (2.5) which is required for flux

quantization. This basis is the one employed through the paper in all the di↵erent patches in

the CS moduli space. Special geometry implies the existence of a holomorphic prepotential F ,

which is homogeneous of degree two in the X I . The FI are given as derivatives FI = @F
@XI

. The

prepotential determines the periods, the couplings, as well as the Kähler potential, see e.g. [39].

Mirror symmetry implies that at the large radius point of a CY 3-fold M3, corresponding to the

large complex structure (LCS) point on the mirror W3 the prepotential reads as follows [39, 40]

F = �
C0
ijkX iX jX k

3!X 0
+ nij

X iX j

2
+ ciX iX 0 � i

�⇣(3)

2(2⇡)3
(X 0)2 + (X 0)2f(q)

= (X 0)2 eF = (X 0)2
"
�
C0
ijkt

itjtk

3!
+ nij

titj

2
+ cit

i � i
�⇣(3)

2(2⇡)3
+ f(q)

#
, (2.8)

where i, j, k = 1, . . . , h2,1, qi = exp(2⇡iti), f(q) represents the instanton contributions, C0
ijk, cij , ni

and � are topological data of the manifold [34]. The integral basis for the periods at the LCS point

is then given by

⇧LCS =

0

BB@

X 0

X i

F0

Fi

1

CCA = X 0

0

BBB@

1
ti

2 eF � ti@i eF
@ eF
@ti

1

CCCA
= X 0

0

BBBB@

1
ti

C0
ijk

3! titjtk + citi � i�⇣(3)(2⇡)3 + f(q)

�C0
ijk

2 titj + nijtj + ci + @if(q)

1

CCCCA
. (2.9)

The mirror map reads ti = X i

X 0 = 1
2⇡i

�
log(zi) + ⌃i(z)

�
, i = 1, . . . , h2,1, where zi are the complex

structure moduli and ⌃i(z) are power series in zi. In Section 2.2 we describe such LCS point for

the CY 3-fold mirror of the quintic on P4 which is the compactification employed. For this case

6

The indices I and J run from 0 to h2,1. With respect to this basis the CY periods are defined

as

⇧ =

✓
X I

FI

◆
=

✓ R
AI ⌦R
BI

⌦

◆
, (2.5)

and consequently, the holomorphic 3-form can be expanded as

⌦ = X I↵I � FI�
I . (2.6)

Similarly the Kähler potential for the complex structure moduli is given by

KCS = � ln
�
�i ⇧̄T ⌃⇧

�
, (2.7)

where ⌃ denotes the symplectic matrix, defined as

⌃ =

✓
0 k⇥k

� k⇥k 0

◆
,

with k = 1 + h2,1.

In the following we shortly review the integral symplectic basis (2.5) which is required for flux

quantization. This basis is the one employed through the paper in all the di↵erent patches in

the CS moduli space. Special geometry implies the existence of a holomorphic prepotential F ,

which is homogeneous of degree two in the X I . The FI are given as derivatives FI = @F
@XI

. The

prepotential determines the periods, the couplings, as well as the Kähler potential, see e.g. [39].

Mirror symmetry implies that at the large radius point of a CY 3-fold M3, corresponding to the

large complex structure (LCS) point on the mirror W3 the prepotential reads as follows [39, 40]

F = �
C0
ijkX iX jX k

3!X 0
+ nij

X iX j

2
+ ciX iX 0 � i

�⇣(3)

2(2⇡)3
(X 0)2 + (X 0)2f(q)

= (X 0)2 eF = (X 0)2
"
�
C0
ijkt

itjtk

3!
+ nij

titj

2
+ cit

i � i
�⇣(3)

2(2⇡)3
+ f(q)

#
, (2.8)

where i, j, k = 1, . . . , h2,1, qi = exp(2⇡iti), f(q) represents the instanton contributions, C0
ijk, cij , ni

and � are topological data of the manifold [34]. The integral basis for the periods at the LCS point

is then given by

⇧LCS =

0

BB@

X 0

X i

F0

Fi

1

CCA = X 0

0

BBB@

1
ti

2 eF � ti@i eF
@ eF
@ti

1

CCCA
= X 0

0

BBBB@

1
ti

C0
ijk

3! titjtk + citi � i�⇣(3)(2⇡)3 + f(q)

�C0
ijk

2 titj + nijtj + ci + @if(q)

1

CCCCA
. (2.9)

The mirror map reads ti = X i

X 0 = 1
2⇡i

�
log(zi) + ⌃i(z)

�
, i = 1, . . . , h2,1, where zi are the complex

structure moduli and ⌃i(z) are power series in zi. In Section 2.2 we describe such LCS point for

the CY 3-fold mirror of the quintic on P4 which is the compactification employed. For this case

6

The indices I and J run from 0 to h2,1. With respect to this basis the CY periods are defined

as

⇧ =

✓
X I

FI

◆
=

✓ R
AI ⌦R
BI

⌦

◆
, (2.5)

and consequently, the holomorphic 3-form can be expanded as

⌦ = X I↵I � FI�
I . (2.6)

Similarly the Kähler potential for the complex structure moduli is given by

KCS = � ln
�
�i ⇧̄T ⌃⇧

�
, (2.7)

where ⌃ denotes the symplectic matrix, defined as

⌃ =

✓
0 k⇥k

� k⇥k 0

◆
,

with k = 1 + h2,1.

In the following we shortly review the integral symplectic basis (2.5) which is required for flux

quantization. This basis is the one employed through the paper in all the di↵erent patches in

the CS moduli space. Special geometry implies the existence of a holomorphic prepotential F ,

which is homogeneous of degree two in the X I . The FI are given as derivatives FI = @F
@XI

. The

prepotential determines the periods, the couplings, as well as the Kähler potential, see e.g. [39].

Mirror symmetry implies that at the large radius point of a CY 3-fold M3, corresponding to the

large complex structure (LCS) point on the mirror W3 the prepotential reads as follows [39, 40]

F = �
C0
ijkX iX jX k

3!X 0
+ nij

X iX j

2
+ ciX iX 0 � i

�⇣(3)

2(2⇡)3
(X 0)2 + (X 0)2f(q)

= (X 0)2 eF = (X 0)2
"
�
C0
ijkt

itjtk

3!
+ nij

titj

2
+ cit

i � i
�⇣(3)

2(2⇡)3
+ f(q)

#
, (2.8)

where i, j, k = 1, . . . , h2,1, qi = exp(2⇡iti), f(q) represents the instanton contributions, C0
ijk, cij , ni

and � are topological data of the manifold [34]. The integral basis for the periods at the LCS point

is then given by

⇧LCS =

0

BB@

X 0

X i

F0

Fi

1

CCA = X 0

0

BBB@

1
ti

2 eF � ti@i eF
@ eF
@ti

1

CCCA
= X 0

0

BBBB@

1
ti

C0
ijk

3! titjtk + citi � i�⇣(3)(2⇡)3 + f(q)

�C0
ijk

2 titj + nijtj + ci + @if(q)

1

CCCCA
. (2.9)

The mirror map reads ti = X i

X 0 = 1
2⇡i

�
log(zi) + ⌃i(z)

�
, i = 1, . . . , h2,1, where zi are the complex

structure moduli and ⌃i(z) are power series in zi. In Section 2.2 we describe such LCS point for

the CY 3-fold mirror of the quintic on P4 which is the compactification employed. For this case

6

h2,1

b3 = 2h2,1 + 2

its dual basis,                ,  and 

point.

2 Type IIB flux compactification on the mirror quintic

In this section we review the basic ingredients of four dimensional supergravity which arises from the

low energy limit of type IIB string theory compactified on Calabi-Yau (CY) orientifolds with non-

trivial RR and NS-NS 3-form fluxes. We describe the integral symplectic basis for the CY periods,

which is required for flux quantization. Along the way we fix our notation and conventions.

2.1 N = 1 SUGRA

We start with the ten dimensional e↵ective supergravity action in the Einstein frame8 including

fluxes and focus on the e↵ective four dimensional action after dimensionally reducing it (see [1] for

details). That is, in four dimensions we are interested in the action

S4 =

Z
d4x

p
g


M2

P l

2
R�M2

P l Kab̄ @µ�
a@µ�̄b̄ + V (�l)

�
, (2.1)

where M2
P l = 1/24 = V6/(210g

2
s) is the Planck scale, V6 is the dimensionfull 6D volume,210 =

(2⇡)7(↵0)4/2 ⌘ `8s/4⇡, `s =
p
2⇡↵0 the string scale and gs = he�i the string coupling. The indices

a, b run over the moduli fields present, which are the axio-dilaton ⌧ = C0 + i e�, the complex

structure zi, i = 1, . . . , h2,1 and the Kähler moduli, Tm, m = 1, . . . , h1,1. The Kähler potential for

the moduli is given by

K = � ln [�i (⌧ � ⌧̄)]� ln


i

Z

CY
⌦ ^ ⌦̄

�
� 2 ln [V] , (2.2)

where ⌦ is the holomorphic (3, 0) form of the CY and V is the dimensionless volume defined in

terms of the dimensionless Kähler moduli Tm.

The complex structure moduli can be parameterised by the integrals of ⌦ over a canonical

homology basis of the CY. These are known as the periods, ⇧ of the CY. In this work according

to [38] we use the canonical integral symplectic basis (↵I ,�I) on H3(CY,Z) and its dual homology

basis (AI , BI) of H3(CY,Z) satisfying
Z

CY
↵I ^ �J = �JI = �

Z

CY
�J ^ ↵I ,

Z

CY
↵I ^ ↵J =

Z

CY
�I ^ �J = 0 , (2.3)

Z

AJ

↵I = �
Z

BI

�J = �JI . (2.4)

8
We use the conventions for transforming to the Einstein frame GE

MN = e(���0)/2Gs
MN , where GMN is the 10D

metric, he�i = e�0
= gs with � the dilaton and gs is the string coupling. With these conventions the volumes are

conformally invariant.

5

• In terms of the periods

h2,1 = 1, C0
111 = 5, c1 = 50

24 , n11 = �11
2 and �(W3) = 200. We are interested however on other

critical points, in particular the conifold, close to which the periods have to be determined, and

one needs to obtain their expressions in terms of the integer symplectic basis (2.9).

Turning on fluxes in the di↵erent 3-cycles of an orientifold CY, generates a four dimensional

scalar potential for the axio-dilaton and the complex structure moduli, given by [1],

V =
1

2210

Z

CY
d6y

p
g̃
G(3) · Ḡ(3)

12 Im ⌧
� i

4210 Im ⌧

Z

CY
G3 ^ Ḡ3 , (2.10)

where the inner product of the three-form fluxes is performed using g̃mn given by Eq. (3.7) below.

The first contribution comes from the fluxes and the second from the branes and orientifold charges.

The 3-form flux G(3) is defined in terms of the RR, NS-NS flux and dilaton as:

G(3) = F(3) � ⌧H(3) , (2.11)

with

F(3) = F I
(3)↵I � F(3)I�

I , H(3) = HI
(3)↵I �H(3)I�

I , (2.12)

so that

G(3) = F(3) � ⌧H(3) = GI↵I �GI�
I , (2.13)

with GI = F I
(3) � ⌧HI

(3) and GI = F(3)I � ⌧H(3)I .

The F(3), H(3) fluxes on the 3-cycles of the orientifold CY are quantised as

1

(2⇡)2↵0

Z

AI

F(3) = M I ,
1

(2⇡)2↵0

Z

AI

H(3) = N I ,

1

(2⇡)2↵0

Z

BI

F(3) = MI ,
1

(2⇡)2↵0

Z

BI

H(3) = NI . (2.14)

Note that due to the Dirac quantization condition the fluxes need to be defined with respect to an

integral basis of H3(CY,Z) given in (2.9). The scalar potential (2.10) can be written in an N = 1

supergravity form as

V =
1

2210gs
eK

h
Kab̄DaWDb̄W � |W |2

i
, (2.15)

The scalar potential (2.15) depends on the superpotential W and the Kähler potential. In (2.15)

the indices a, b denotes the moduli fields, Kab̄ is the inverse metric in field space and DaW =

@aW + @aKW is the supersymmetric covariant derivative of W . The superpotential generated by

the fluxes is given by the Gukov-Vafa-Witten (GVW) superpotential [3]:

W =

Z

CY
G(3) ^ ⌦ =

Z

CY
(F(3) � ⌧H(3)) ^ ⌦, (2.16)

= (F I
(3) � ⌧HI

(3))FI � (F(3)I � ⌧H(3)I)X I = G⌃⇧ ,
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W =

H3(CY )

H3(CY )



๏ The quintic       is given as the general quintic 
hypersurface  in     . 

The quintic and its mirror I

We consider type IIB orientifold compactification on 
the mirror of the quintic 

๏ It has 101 complex structure moduli and 1 Kähler. 
That is  

[Candelas-de la Ossa-Green-Parkes, ’91]

h1,1 = 1 , h2,1 = 101 , � = �200

P4

M3

P4



modded out by the        symmetry:            
and     determines the complex structure of 

The quintic and its mirror II

๏ The mirror quintic threefold      is given as the 
hypersurface 

[Candelas-de la Ossa-Green-Parkes, ’91]

Z3
5 M3/Z3

5

๏ It has                                               and  h1,1 = 101 , h2,1 = 1 , � = 200 b3 = 4

P =
X

k

x

5
k � 5 

Y
xk = 0

 W

W



➡ This restricts            to a point, the conifold point. 

Critical points in the CS moduli space of

๏ The conifold and LCS arise when            and                  P = 0 dP = 0

 5 = 1

➡ The point             , corresponds to the large complex 
structure point where  the variety degenerates to 

๏  The point            in moduli space is an orbifold 
singularity 

 5 = 1

x1x2x3x4x5 = 0

 = 0

W

The mirror quintic has three critical points: conifold, large 
complex structure and orbifold



Critical points in the CS moduli space of

Parameterising the modulus     by the coordinate        
as

zC

zC = 1�  �5

 

the singular points are located at: 

๏ the conifold:

๏ the LCS:

๏ the orbifold:

zC = 1

zC = 0

zC = 1

The quintic and its mirror

N.G.Cabo Bizet (U.Gto) Type IIB vacua near critical points October 2, 2015 15 / 30



๏ The monodromies around the critical points satisfy

Monodromies

๏ Transport of the periods around the critical points 
lead to specific monodromy transformations:

๏ The monoromies around the singular points satisfy

The mirror of the quintic CY threefold is obtained by modding out a Z3
5 symmetry from a one

parameter family of polynomials on P4. This family is given by

W =

(
(x1, x2, x3, x4, x5) 2 P4, P =

5X

k=1

x5k � 5 
Y

xk = 0

)
. (2.20)

W has a Z3
5 symmetry generated by phase rotations xl ! e

2⇡ig
(k)
l

5 xl, l = 1, ..., 5 with g(1) =

(0, 1, 0, 0, 4), g(2) = (0, 0, 1, 0, 4) and g(3) = (0, 0, 0, 1, 4). The symmetry [32] is modded out to

obtain the mirror quintic manifold: W /Z3
5. In the mirror manifold, the parameter of the invariant

deformation  constitutes the single complex structure modulus. As dictated by mirror symmetry,

the mirror quintic has h1,1 = 101 Kähler moduli, a single complex structure modulus, h2,1 =

1, which we denote by z =  5 and Euler number � = +200. It also has Betti number b3 =
P3

i=0 h
3�i,i = 4, that is, four 3-cycles where the three-form fluxes can be turned on. Therefore it

has four periods (2.5), which are all functions of the single complex structure modulus z. There

are three critical points in the complex structure moduli space, the orbifold, the conifold and the

large complex structure. Both the conifold and the large complex structure points arise when

P = dP = 0 . (2.21)

The conifold arises at the locus 8i 5x5i � 5 x1x2x3x4x5 = 0, which is satisfied for  5 = 1 and

|xi| = 1. At this point the CY has a nodal singularity. The modulus  can be parametrized

by the coordinate zC given as zC = 1 �  �5. At the point  ! 1, the manifold degenerates to

x1x2x3x4x5 = 0. This is the large complex structure point (LCS) also called the maximal unipotent

monodromy (MUM) point located at zC = 1. Finally the point  = 0 corresponds to an specially

symmetric point, the orbifold, located at zC = 1. Transport of the periods around the critical

points  0 = 0, 1,1, lead to specific monodromy transformations:

⇧ ! µ⇧ , (2.22)

where µ is the monodromy transformation matrix. We denote the monodromies around the conifold,

the large complex structure and the orbifold points by µC , µM and µO respectively. The monodromy

around the LCS ( 0 = 1) fulfills the condition (µM � 1)4 = 0, which means that this is a point

of maximal unipotent monodromy. The monodromy µM is of infinite order, which implies that

at every turn around  0 = 1 the periods acquire di↵erent values. Around the orbifold point

( 0 = 0) the monodromy satisfies µ5
O = 1, and it is therefore of order 5. Finally, around the

conifold point  0 = 1, we have (µC � 1)2 = 0 and this point is unipotent. Also µC is of infinite

order. The periods (2.5) obey Picard-Fuchs (PF) equations, whose solutions give the dependence on

the complex structure modulus that will be explored in Section 2.3. From the explicit expressions

of the periods the matrices µO, µC , µM can be obtained in any given basis, we will write them in

terms of the integral symplectic basis in (2.39) and (2.40).
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3�i,i = 4, that is, four 3-cycles where the three-form fluxes can be turned on. Therefore it

has four periods (2.5), which are all functions of the single complex structure modulus z. There

are three critical points in the complex structure moduli space, the orbifold, the conifold and the

large complex structure. Both the conifold and the large complex structure points arise when

P = dP = 0 . (2.21)

The conifold arises at the locus 8i 5x5i � 5 x1x2x3x4x5 = 0, which is satisfied for  5 = 1 and

|xi| = 1. At this point the CY has a nodal singularity. The modulus  can be parametrized

by the coordinate zC given as zC = 1 �  �5. At the point  ! 1, the manifold degenerates to

x1x2x3x4x5 = 0. This is the large complex structure point (LCS) also called the maximal unipotent

monodromy (MUM) point located at zC = 1. Finally the point  = 0 corresponds to an specially

symmetric point, the orbifold, located at zC = 1. Transport of the periods around the critical

points  0 = 0, 1,1, lead to specific monodromy transformations:

⇧ ! µ⇧ , (2.22)

where µ is the monodromy transformation matrix. We denote the monodromies around the conifold,

the large complex structure and the orbifold points by µC , µM and µO respectively. The monodromy

around the LCS ( 0 = 1) fulfills the condition (µM � 1)4 = 0, which means that this is a point

of maximal unipotent monodromy. The monodromy µM is of infinite order, which implies that

at every turn around  0 = 1 the periods acquire di↵erent values. Around the orbifold point

( 0 = 0) the monodromy satisfies µ5
O = 1, and it is therefore of order 5. Finally, around the

conifold point  0 = 1, we have (µC � 1)2 = 0 and this point is unipotent. Also µC is of infinite

order. The periods (2.5) obey Picard-Fuchs (PF) equations, whose solutions give the dependence on

the complex structure modulus that will be explored in Section 2.3. From the explicit expressions

of the periods the matrices µO, µC , µM can be obtained in any given basis, we will write them in

terms of the integral symplectic basis in (2.39) and (2.40).
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Figure 2: The figure represents three paths leading to monodromies around the critical points of
the CS moduli space of the mirror of the quintic CY on P4 on the complex zM -plane. The paths
around the LCS, conifold and orbifold points leading to monodromies µM , µC and µO are green,
pink and blue respectively.

2.4 Symmetries of the potential

In this section we review the symmetries of the Kähler potential due to transformations of the

moduli and how these are broken by the superpotential generated by the fluxes.

First of all, there is a shift symmetry in the real part of the axio-dilation, the 0-form C0 ! C0+b,

which is part of the SL(2,Z) symmetry of the theory (see e.g. [45]). Under this shift symmetry,

the 3-form flux G(3) remains invariant, which requires F(3) to transform. Therefore, by keeping the

fluxes fixed and transforming the axio-dilaton, the shift symmetry is spontaneously broken.

Similarly, there is a shift symmetry in the phase of the complex structure when going around

the conifold, ✓ ! ✓ + 2⇡n (z = rei✓), with n 2 Z. This is a monodromy shift given by n powers of

µC in (2.39) under which the period ⇧3 transforms as

⇧3 ! ⇧3 � n⇧1, (2.41)

while the Kähler potential (2.7) remains invariant since µT
C⌃µC = ⌃. On the other hand, it is easy

to check that the superpotential transforms as

W ! W � nG1⇧1. (2.42)

If we also transform the fluxes as (recall that the subindices here denote the component of the flux

vector, (2.1))

G3 ! G3 � nG1, (2.43)
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From (2.37) one can write the explicit form of the monodromy in this basis10. In this way it is

possible to compute the periods fully in the vicinity of all of the singular points,  = 0, 1,1,

which are zO = 0, zC = 0 and zM = 0. We obtain the transition matrices to connect the three

convergence regions by taking sample points that lay at the intersection of the convergence regions of

the orbifold-conifold and conifold-LCS and orbifold-LCS. These are shown in Appendix A. Changes

of variables from (2.37), (2.36) and (2.35) are made to express the periods in the integral symplectic

basis of [32] given in (2.9). The periods in this integral symplectic basis for the three coordinates

patches ⇧C ,⇧M and ⇧O are given in formulae (A.5) (A.7) and (A.6) respectively. These explicit

formulae in the three di↵erent variables allow us to determine the periods, and therefore the scalar

potential, in the full CS moduli space up to an arbitrary order.

In the integral symplectic basis the period near the conifold ⇧C,3 can be expressed as

⇧C,3 = � 1

2⇡i
⇧C,1 ln zC +Q(zC), (2.38)

where Q(z) is a power series in z. This can be seen from (A.5). From (2.38) one reads the

monodromy around the conifold which is given by

µC =

0

BB@

1 0 0 0
0 1 0 0
�1 0 1 0
0 0 0 1

1

CCA . (2.39)

The periods in the integral symplectic basis in the LCS- and orbifold convergence regions are given

to first orders in (A.7) and (A.6). From these expressions one can compute the monodromy matrices

around the LCS- and the orbifold point on this basis as

µM =

0

BB@

1 �1 5 3
0 1 �8 5
0 0 1 0
0 0 1 1

1

CCA , µO =

0

BB@

1 �1 5 3
0 1 �8 5
�1 1 �4 3
0 0 1 1

1

CCA . (2.40)

The relation between monodromies around the three critical points is given by µC · µM · µ�1
O = .

In Figure 2 we represent three di↵erent paths in CS moduli space giving rise to conifold, LCS and

orbifold monodromies.
10

The LCS monodromy in the basis (2.37) is given by

0

BB@

1 0 0 0

2⇡i 1 0 0

�10⇡2
10⇡i 1 0

� 20i⇡3

3 �10⇡2
2⇡i 1

1

CCA .
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Picard-Fuchs equations 

The periods obey the differential Picard-Fuchs (PF) 
equations, which in coordinates                     near the 
LCS point take the form

single parameter z = rei✓, defined as z = 1 � 55 �5, such that the conifold singularity is located

at z = 0. Under a monodromy, z ! e2⇡inz.

The periods as functions of z( ) satisfy a generalised hypergeometric function or Piccard-Fuchs

(PF) equation:

(✓4 � z(✓ + a1)(✓ + a2)(✓ + a3)(✓ + a4))⇧i = 0, (3.5)

with ✓ = z@z and ak = k/5.

We solve these equations in the next section to cover the full moduli space near all the singular

points, etc.

In any case, it can be found that the general form of the periods becomes:

⇧ =

✓
⇧A

⇧A

◆
=

0

BB@

⇧1(z)
⇧2(z)

1
2⇡i⇧

1(z) log z +Q(z)
⇧2(z)

1

CCA

where the periods defined above and Q(z) are infinite series on z, which we compute from solving

the PF equations.

3.2 PF equations, periods, transition functions etc

3.3 Tadpole conditions

Please check this section

In this section we summarise the tadpole and orientifol projections for the mirror quintic com-

pactification we are considering.

Orientifold projections

A symmetry of the mirror quintic in P4 that gives rise to O7 planes is z1 $ z2 [5]

(z, z, z3, z4, z5) 2 P4 with 2z5 + z53 + z54 + z55 �  z2z3z4z5 = 0. (3.6)

The dimensional counting goes as 4� 1� 1 = 2 complex internal dimensions, to give rise to an O7

plane. The locus (1,�1, 0, 0, 0), which is fixed under z1 $ z2 constitutes an O3 plane.

The D3 tadpole cancellation condition in presence of O3/O7 planes and D3/D7 branes, and

absence of the brane fluxes reads [6]

Nflux =
NO3

2
� 2ND3 � 2ND3 +

�(DO7)

6
+
X

a

(Qa
D7

+Q0a
D7

), (3.7)

=
NO3

2
� 2ND3 � 2ND3 +

�(DO7)

6
+
X

a

Na
�(Da)

12
,
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where and 

๏ To explore the solutions near the orbiofold point, 
convenient to make change of variables 

๏ While near the conifold, convenient variables are 

M31 =

0

BB@

216.553 12.3363 16.3118 3.71533
12.3363 303.401 4.46636 �17.6443
16.3118 4.46636 258 0
3.71533 �17.6443 0 258

1

CCA

M32 =

0

BB@

225.389 �13.6865 �13.3175 �0.552013
�13.6865 293.204 �0.211469 14.2335
�13.3175 �0.211469 258. 0
�0.552013 14.2335 0 258

1

CCA

M33 =

0

BB@

709711. �99716.9 5801.58 136538
�99716.9 769766. �144339. �35012
5801.58 �144339. 32000 0
136538. �35012. 0 32000

1

CCA

M34 =

0

BB@

354.855 �49.8584 2.90079 68.269
�49.8584 384.883 �72.1697 �17.506
2.90079 �72.1697 16 0.
68.269 �17.506 0 16

1

CCA

The slow-roll parameters are given by [?]

✏ =
M2

p

4

gmn@mV @nV

V 2
, Nm

n =
gmkV;nk

V
, V;nk = @n@kV � �l

nk@lV. (C.8)

where gmn is the inverse metric and �l
nk are the Christo↵el symbol for the scalar fields. The

parameter ⌘ is the min eigenvalue of Nm
n . The expressions can also be written locally in the

canonical normalization, for example ✏ with gmn = eimein as f i = eam�
m reads

✏ =
M2

p

2

@iV @iV

V 2
, (C.9)

C.1 Piccard-Fuchs di↵erential equations

The periods obey a di↵erential Piccard-Fuchs (PF) equation, which in the coordinates z =  �5 is

given by

(✓4 � z(✓ + a1)(✓ + a2)(✓ + a3)(✓ + a4))⇧i = 0, (C.10)

with ✓ = z@z and ak = k/5. The variables zM =  �55�5.

To explore solutions near the orbifold is convenient to make the change of variables zO = 55/z

(�z0/5
5✓4O + (a1 � ✓O)(a2 � ✓O)(a3 � ✓O)(a4 � ✓O))⇧

O
i = 0, (C.11)

with ✓O = zO@zO .
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Near the conifold convenient variables are given by zC = 1� z to give the PF equation

(✓4C � (1� zC)(a1 � ✓C)(a2 � ✓C)(a3 � ✓C)(a4 � ✓C))⇧
C
i = 0, (C.12)

with ✓C = (zC � 1)@zC .

We will also write the PF equations in the vicinity of a point which lies on the conifold conver-

gence boundary, i.e. the conifold coordinates of that point are z0C = ei↵, and the coordinates of a

given point in the conifold and ↵ coordinates relate as zC = z↵ + ei↵. This will allow us to study

the potential with precision in such modulus region.

(✓4↵ � (1� z↵ � ei↵)(a1 � ✓↵)(a2 � ✓↵)(a3 � ✓↵)(a4 � ✓↵))⇧
↵
i = 0, (C.13)

with ✓↵ = (z↵ + ei↵ � 1)@z↵ . The point ↵ = ⇡ is the MUM point.

We solve the PF equations in the vicinity of a point ei↵ in conifold coordinates. For this set of

points there is a convergence of the mum and coniflod series.

z↵ = ei↵ � ei⇡/3, (C.14)

zM = 1� ei↵,

zC = ei↵,�⇡/3 < ↵ < ⇡/3.

C.2 Monodromies

Change of period basis from the conifold to the MUM point.

⇧ = M ·⇧C . (C.15)

Monodromy around the conifold on the conifold basis

Tcon =

0

BB@

1 0 0 0
0 1 0 0
0 0 1 0
0 2⇡i 0 1

1

CCA

Monodromy on the symplectic basis around the cornfield

T =

0

BB@

1 0 0 0
0 1 0 0
�1 0 1 0
0 0 0 1

1

CCA

The monodromy leaves invariant the simpliectic matrix

T † · ⌃ · T = ⌃. (C.16)
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zM = (5 )�5

In what follows we assume for our study that by incorporating the necessary number of D3-

branes and by computing the Euler number of the divisors in the mirror quintic, it is possible to

cancel the tadpole (2.24) or (2.27) for any flux configuration.

2.3 Picard-Fuchs equations

In this section we write the Picard-Fuchs (PF) equations, which are fourth order di↵erential equa-

tions, satisfied by the periods, in four di↵erent coordinates systems. Three of those correspond

to convenient coordinates near the critical points of the complex structure moduli space: the orb-

ifold, conifold and large complex structure points. The other coordinates system is defined near

a regular point in the CS moduli space. This system is convenient to study the periods close to

the boundaries of convergence from the critical points patches. We describe the power series and

logarithmic solutions in each of the patches and the method to obtain the transition matrices to the

integral symplectic basis (2.9). This moduli space has been studied previously in [33, 38]. In [33]

the periods near the conifold were obtained. Here we are interested in having the period series up

to an arbitrary order in all di↵erent patches, and for this we also compute the transition matrices

between all of those patches.

Let us start by looking at the PF equations on the vicinity of the LCS point. A change of

coordinates from  to  �5 in W /Z3
5 was used in [38]. Here we instead use the variable zM =

 �55�5. We label the variable with a subindex M because the LCS ( = 1 i.e. zM = 0) is a point

of MUM. Using this variable, the PF equation takes the form

(✓4M � zM (✓M + a1)(✓M + a2)(✓M + a3)(✓M + a4))⇡M,i = 0, i = 1, 2, 3, 4, (2.28)

with ⇡M,i the solutions on the LCS basis, ✓M = zM@zM and ak = k/5, k = 1, 2, 3, 4.

The next change of variables we do is zO = 1/zM . We denote this as the orbifold basis since

the orbifold point is located at zO = 0. The PF equations in these coordinates read

(�zO/5
5✓4O + (a1 � ✓O)(a2 � ✓O)(a3 � ✓O)(a4 � ✓O))⇡O,i = 0, i = 1, 2, 3, 4, (2.29)

with ✓O = zO@zO and ⇡O,i the solutions in the orbifold basis.

The most relevant coordinate system for our discussion, is defined as zC = (1� zM55) denoting

the conifold basis with the conifold singularity located at zC = 0. Making the change of variables

in (2.28) we obtain the PF equations

(✓4C � (1� zC)(a1 � ✓C)(a2 � ✓C)(a3 � ✓C)(a4 � ✓C))⇡C,i = 0, i = 1, 2, 34, (2.30)

where ⇡C,i are the solutions in the conifold basis and ✓C = (zC � 1)@zC . The three di↵erent

coordinates are related to each other via zM = 1/zO = 5�5(1 � zC). In the coordinates described

above around the conifold, LCS and orbifold points, the convergence radii of the period series
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✓ = zM@zM
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5✓4O + (a1 � ✓O)(a2 � ✓O)(a3 � ✓O)(a4 � ✓O))⇡O,i = 0, i = 1, 2, 3, 4, (2.29)
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above around the conifold, LCS and orbifold points, the convergence radii of the period series
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solution are 1, 5�5 and 55 respectively. Let us also write the PF equations in the vicinity of

an arbitrary point lying on the boundary of the conifold convergence region. That is, we write

the conifold coordinates of that point as z0C = ei↵. These new coordinates allow us to study the

potential with precision close to the limit of convergence of the conifold coordinates. We represent

the critical points as well as this regular point in Figure 1.

The coordinates of a given point in the conifold and ↵ coordinates are related as zC = z↵+ ei↵.

Making this change of variable in (2.30) one obtains the PF equations in terms of the z↵ coordinates:

(✓4↵ � (1� z↵ � ei↵)(a1 � ✓↵)(a2 � ✓↵)(a3 � ✓↵)(a4 � ✓↵))⇡
↵
i = 0, i = 1, 2, 3, 4, (2.31)

where ⇡↵
i are the solutions in the regular point basis and ✓↵ = (z↵ + ei↵ � 1)@z↵ . The point ↵ = ⇡

constitutes the LCS point. The convergence radius of the series power solutions around ei↵ is 1. We

solve the PF equations in the vicinity of the points ei↵. For this set of points, there is convergence

of both the LCS and conifold coordinate series when �⇡/3 < ↵ < ⇡/3. This reads

z↵ = ei↵ � ei⇡/3, zM = 1� ei↵, zC = ei↵, �⇡/3 < ↵ < ⇡/3 .

This extra coordinate system serves in the study of vacua which are very close to the conifold or

LCS convergence regions. We use them to discard fake solutions appearing as a consequence of

cutting the series of the periods without achieving convergence.
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๏ The case           serves to construct the logarithmic 
solution

Power series solutions 

Near the conifold the solutions are found by making a 
power series ansatz: 

๏ The solutions for    are                 . We obtain three 
power series solutions for                 and a logarithmic 
solution for          . This vanishes when 

x = 0, 12, 2

x = 0, 1, 2
x = 1

x = 1

zC ! 0

lim
n!1

|cn/cn+1| = 1

One obtains a set of recursive equations for the 
coefficients to each order of the expansion.

๏ The convergence of the power series is 
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Power series solutions 
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In the sympectic basis the periods near the conifold 
take form 

In a similar form, we find the periods          in the 
vicinity of all special points

We also determine the transition matrices 
to connect the convergence regions. 
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๏ Flux compactification on the mirror quintic: no-scale 
model with a single complex structure    (and the 
axio-dilaton   ) 

Mirror quintic vacua 

๏ To explore vacua, we want to map the full moduli 
space of CY, the mirror quintic: 

๏ To map the full CY moduli space we solve the 
periods as functions of the CS near all the critical 
points as well as far from them 
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Symmetries of the potential I

The no-scale            sugra potential 

V =
eK

22
10 gs

h
Kab̄DaWDbW

i

๏ K and W are invariant under a shift of the axion 
Here gs denotes the string metric. We have also defined the combined three-flux, G(3) =

F(3) − τH(3), where as usual τ = C(0) + ie−φ, and

F̃(5) = F(5) −
1

2
C(2) ∧ H(3) +

1

2
B(2) ∧ F(3) . (2.2)

The term Sloc is the action of localized objects, such as branes, which will become important

shortly. The condition F̃(5) = ∗F̃(5) must as usual be imposed by hand on the equations of

motion.

We will be considering compactifications arising from F-theory, so it is particularly useful

to reformulate the action in an SL(2,Z) invariant form by defining the Einstein metric

gMN = e−φ/2gsMN , whence the action becomes

SIIB =
1

2κ10
2

∫
d10x

√
−g

{

R− ∂Mτ∂M τ̄

2(Im τ)2
− G(3) · G(3)

12 Im τ
−

F̃ 2
(5)

4 · 5!

}

+
1

8iκ10
2

∫ C(4) ∧ G(3) ∧ G(3)

Im τ
+ Sloc . (2.3)

Henceforth we use the Einstein metric throughout. Invariance under the SL(2,Z) transform

τ → aτ + b

cτ + d
, (2.4)

together with the transformation

G(3) →
G(3)

cτ + d
(2.5)

is readily checked.

Our interest is in warped metrics maintaining four-dimensional Poincaré symmetry, with

convenient parameterization

ds2
10 = e2A(y)ηµνdxµdxν + e−2A(y)g̃mndymdyn (2.6)

in terms of four-dimensional coordinates xµ and coordinates ym on the compact manifold

M6. The axion/dilaton will be allowed to vary over the compact manifold,

τ = τ(y) , (2.7)

and since we will consider D7-branes, monodromies of the form (2.4) will be allowed. To

maintain Poincaré invariance only compact components of G(3) are present, and furthermore,

with monodromies (2.5), these will transform in a non-trivial bundle over M6:

G(3) ∈ σ(Ω3 ⊗ L) , (2.8)
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G3 ! G3

G3 = F3 � ⌧H3

(F3 ! F3 + bH3)C0 ! C0 + b ,

C0

N = 1

broken spontaneously by the fluxes



But shifting also the flux,                           the 
superpotential remains invariant   

K remains invariant, since                    while  

Symmetries of the potential II

๏ Under a shift of the CS phase, monodromy, by n 
powers of  

Figure 2: The figure represents three paths leading to monodromies around the critical points of
the CS moduli space of the mirror of the quintic CY on P4 on the complex zM -plane. The paths
around the LCS, conifold and orbifold points leading to monodromies µM , µC and µO are green,
pink and blue respectively.

2.4 Symmetries of the potential

In this section we review the symmetries of the Kähler potential due to transformations of the

moduli and how these are broken by the superpotential generated by the fluxes.

First of all, there is a shift symmetry in the real part of the axio-dilation, the 0-form C0 ! C0+b,

which is part of the SL(2,Z) symmetry of the theory (see e.g. [45]). Under this shift symmetry,

the 3-form flux G(3) remains invariant, which requires F(3) to transform. Therefore, by keeping the

fluxes fixed and transforming the axio-dilaton, the shift symmetry is spontaneously broken.

Similarly, there is a shift symmetry in the phase of the complex structure when going around

the conifold, ✓ ! ✓ + 2⇡n (z = rei✓), with n 2 Z. This is a monodromy shift given by n powers of

µC in (2.39) under which the period ⇧3 transforms as

⇧3 ! ⇧3 � n⇧1, (2.41)

while the Kähler potential (2.7) remains invariant since µT
C⌃µC = ⌃. On the other hand, it is easy

to check that the superpotential transforms as

W ! W � nG1⇧1. (2.42)

If we also transform the fluxes as (recall that the subindices here denote the component of the flux

vector, (2.1))

G3 ! G3 � nG1, (2.43)
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Here gs denotes the string metric. We have also defined the combined three-flux, G(3) =

F(3) − τH(3), where as usual τ = C(0) + ie−φ, and

F̃(5) = F(5) −
1

2
C(2) ∧ H(3) +

1

2
B(2) ∧ F(3) . (2.2)

The term Sloc is the action of localized objects, such as branes, which will become important

shortly. The condition F̃(5) = ∗F̃(5) must as usual be imposed by hand on the equations of

motion.

We will be considering compactifications arising from F-theory, so it is particularly useful

to reformulate the action in an SL(2,Z) invariant form by defining the Einstein metric

gMN = e−φ/2gsMN , whence the action becomes

SIIB =
1

2κ10
2

∫
d10x

√
−g

{

R− ∂Mτ∂M τ̄

2(Im τ)2
− G(3) · G(3)

12 Im τ
−

F̃ 2
(5)

4 · 5!

}

+
1

8iκ10
2

∫ C(4) ∧ G(3) ∧ G(3)

Im τ
+ Sloc . (2.3)

Henceforth we use the Einstein metric throughout. Invariance under the SL(2,Z) transform

τ → aτ + b

cτ + d
, (2.4)

together with the transformation

G(3) →
G(3)

cτ + d
(2.5)

is readily checked.

Our interest is in warped metrics maintaining four-dimensional Poincaré symmetry, with

convenient parameterization

ds2
10 = e2A(y)ηµνdxµdxν + e−2A(y)g̃mndymdyn (2.6)

in terms of four-dimensional coordinates xµ and coordinates ym on the compact manifold

M6. The axion/dilaton will be allowed to vary over the compact manifold,

τ = τ(y) , (2.7)

and since we will consider D7-branes, monodromies of the form (2.4) will be allowed. To

maintain Poincaré invariance only compact components of G(3) are present, and furthermore,

with monodromies (2.5), these will transform in a non-trivial bundle over M6:

G(3) ∈ σ(Ω3 ⊗ L) , (2.8)

5

In GKP only leading term in series of periods was kept. 
Assuming further                                        exponential 
hierarchies  were found solving for 

[Giddings-Kachru-Polchisnki, ’01]

D⌧W = DzW = 0

F1, H3, H4 6= 0, H3 � H4

eAmin ⇠ z1/3C ⇠ e�2⇡H3/H4
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‣ We find an order one correction to original 

GKP result, at leading order, due to 
neglected terms in 

[Giddings-Kachru-Polchisnki, ’01]

D⌧W = DzW = 0

where we used (3.9) and W0 in (3.12).

Substituting the value of ⇧1 at the conifold point, ⇧0
1 = 0, neglecting O(z) and for the moment,

�0 terms (which are O
⇣
H3
H4

⌘
) one gets12

zold = exp

✓
H3

H4

@z⇧0
1⇧̄

0
3

�⇧̄0
2

◆
= exp

✓
�⌧0

H3

F1

@z⇧0
1

�

◆
. (3.13)

This is the result obtained in [1], written in our notation. Let us now see how this result changes

when we include the corrections due to the parameter �0. When we take into account this correction,

(3.13) becomes

znew = exp
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H4

@z⇧0
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�⇧̄0
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� �0
�

◆
. (3.14)

Therefore we see that there is an extra factor exp
⇣
� �0

�

⌘
⇠ 20, due to the neglected terms con-

tributing to DzW = 0. Using the expressions above, we can now check the e↵ects of the corrections

due to �0. We show this in Figure 3. We compare first the full value of ⌧0 (3.9) at the minimum as

a function of H3 (the two plots in the first line) with respect to the approximated value obtained in

[1], which corresponds to the constant red line in the plots. As can be seen, ⌧0 converges rapidly to

the approximated value at the minimum as the flux is increased. Notice also that a small pertur-

bative value of gs depends on the smallness of the ratio F1/H4. Next we do the same for |z0| (first
plot in the second row). Here it is clear that the approximated value (dotted orange line) for |z0|
does not converge to the actual value (blue continuous line) even when the flux increases. In the

last two pictures we plot instead the true value at the vacuum (the dots) and the �0 corrected value

znew (orange continuous line). The convergence is almost instantaneous. Therefore, we see that

the estimated value for |z0| is better represented by our corrected expression (3.14). In Appendix

B we write the correction (3.14) in the notation of [1].

More generic flux configurations

We now give a condition for general configurations of fluxes that can be used for finding vacua with

hierarchies. In doing this, the fluxes F3 and H3 play an important role, because it is possible to

leave the value of the axio-dilaton fixed, by varying these fluxes, as was done in [1] for H3. The

solution for z0, with |z0| ⌧ 1 at the minimum for arbitrary fluxes was given in [2] and there it was

also found that the density of vacua near the conifold is high. Here we will see how varying F3 and

H3, one can move close to the conifold point and that the true vacua approach to z0 only if the

condition |z0| ⌧ 1 is satisfied.

12
The derivative of K reads @zK = � ⇧̄T⌃@z⇧

⇧̄T⌃⇧
, and closed to the conifold its more relevant contribution would come

from

¯

⇧1@z⇧3 ⇠ ¯

⇧

0
1� ln z, but ¯

⇧

0
1 = 0. Therefore the most relevant contribution is the constant term @zK0.
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‣ We find vacua with hierarchies keeping up to oder 600 
in the series and for more general flux configurations 

�0 ⇠ O(1) [Blumenhagen et al. ’16]

F1, H3, H4 6= 0, H3 � H4

eAmin ⇠ z1/3C ⇠ e�2⇡H3/H4

zC ⇠ e�2⇡H3/H4��0 ,



GKP solution Corrected solution zC ⇠ e�2⇡H/F��0

Figure 3: The plots on the first row show t1 and gs vacua true values (dots) for the set of fluxes
F1 = 80, H4 = 1 and variableH3, with the red line representing the hierarchical solution of [1]. First
plot on the second row represents the absolute value of |zold| (3.13) for the solution of [1] (dashed
line) compared with the true vacua solutions |z0| (dots). Second plot on that row represents |znew|,
the corrected equation (3.14) (yellow line) compared with the true vacuum |z0|(dots).
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Figure 4: The first plot shows the exact |z0| for vacua solutions vs. H3 (blue dots) together with
approximation (3.17) (red line). The second plot is a zoom of the first, showing more clearly the
di↵erence between the exact solution and the approximation. The third and fourth plots show the
exact vacua solutions (dots) and the approximation (3.17) vs. F3, and its zoom. Turning on H3

and F3, leaves gs fixed and leads to vacua close to the conifold. This implies a hierarchy between
the four and six dimensional scales.
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Approximated solution near the conifold point
Full solution (order 600)



Quintic vacua

๏ Several stable Minkowski vacua at non-trivial 
monodromy close to the conifold,                     
(all have          ): n > 1✓ ! ✓ + 2⇡n ,gs < 1

r = |z| < 1

3. Inflationary regions are present for small and “large” values of the distance to the conifold

r = |z0|. This was checked starting with a given order in the series expansion, and holds for

an arbitrary order. No Minkowski vacua were found for the choices of fluxes in these cases.

In one case we found a de Sitter vacuum. We discuss this in Section 3.3.

In all solutions, the values of the fluxes can be tuned to achieve a perturbative value of gs,

gs < 1. We now discuss these cases in more detail.

I. Minkowski vacua

We present here the flux configurations for which there are stable Minkowski vacua in a region close

to the conifold point (r < 1). Some generic features about these solutions are the following:

• We found several Minkowski exact vacua within the conifold convergence region using the pe-

riod series expansion ⇧C(zC) in (A.5). The order in the period’s series expansion is increased

up to achieve convergence. In some cases we stopped at order 200, but we have obtained the

period series up to order 600. In Table 3.1 we present 14 of these vacua.

r ✓ t1 t2 (F1, H1) (F2, H2) (F3, H3) (F4, H4)

1 0.00387722 -7.01112 -2.965416 3.421883 (40,0) (0,0) (0,16) (0,1)
2 0.289795 -3.90606 -7.0416876 7.0353577 (80,0) (0,0) (0,8) (0,1)
3 0.289795 -3.90606 -176.04219 175.88394 (2000,0) (0,0) (0,8) (0,1)
4 0.289795 -3.90606 -4.40105 4.3971 (50,0) (0,0) (0,8) (0,1)
5 0.476018 -21.5600 -3.54466 5.02946 (9*10,1) (0,0) (27*10,16) (0,2)
6 0.26791 -2.65769 -1.13736 2.11955 (20,0) (0,0) (0,8) (0,1)
7 0.0038772 -7.01111 -4.44813 5.13282 (60,0) (0,0) (0,16) (0,1)
8 0.0553517 -1.88428 -5.51566 20.8484 (200,1) (30,1) (2,10) (2,1)
9 2.07602 · 10�6 -13.6039 -5.96259 6.84777 (80,0) (0,0) (0,30) (0,1)
10 0.160500 1.7234 0.407671 0.81259 (37, 9) (11, 2) (1, 31) (3, 5)
11 0.000301 7.2269 -1.22438 44.711 (16, 2) (7, 7) (1,�8) (4,�1)
12 6.28576 · 10�8 �4.06 123.57 124.58 (36, 2) (107, 0) (0, 5) (0, 1)
13 8.91875 · 10�7 �47.91 -4.75 1.56681 (2, 0) (4,�2) (1, 3) (1, 0)
14 0.03351 6.28319 �3 3.71019 (3,�1) (3, 0) (1, 1) (0, 0)

Table 3.1: The table shows the values of the moduli at the minima of the scalar potential V in the
conifold convergence region. Solutions for fluxes where Hi and Fi are proportional, have the same
z and have values of ⌧ related as in (3.18). Here zC = rei✓, ⌧ = t1 + it2 and the fluxes are given in
string units.

• Solutions where the vacuum lies very close to the conifold point present a large hierarchy

between the internal and the macroscopic dimensions, confirming the results of [1] up to the

correction (3.14). These were found considering only the leading contribution to the periods
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⌧ = t1 + it2 = C0 + ig�1
sz = rei✓ ,

๏ Several “fake” Minkowski vacua appear: moduli 
vevs depend on order of series. 



Prospects for large field inflation 

๏ Due to the shift symmetry in the CS moduli they 
have recently been used as potential inflatons in 
string theory:

where the (discrete) shift symmetry for the CS is 
broken by fluxes

[Silverstein et al. ‘08-’14]

natural inflation & [Freese-Frieman-Linto, ’90]

๏ Most works so far keep only leading order terms 
in periods’ series expansion near the large 
complex structure point and freeze most moduli 
except the (shift symmetric) inflaton

[Kaloper, Sorbo. ’09]
axion monodromy



๏ We look for inflationary trajectories first along the 
shift symmetric directions, in the full 4D moduli 
space: C0, ✓ (⌧ = C0 + ig�1

s , z = rei✓)

keeping up to order 600 in the series expansions

Inflation in the mirror quintic 

Figure 5: Vacuum solutions vs. the order in the period expansion for two sets of non-zero fluxes.
The vacuum solution on the left does not converge inside the conifold convergence region after
order 200th, and thus does not correspond to a true vacuum. Instead, the solution on the right
converges very quickly to a stable value.

by a shift. Following this line of thought, we first let the fields evolve and look for regions in the

moduli space where the generalised slow roll conditions for multi-field inflation are satisfied mostly

along the axionic directions: the complex structure phase ✓ and Re(⌧). The multi-field slow-roll

parameters are given by (see e.g. [47]):

✏ = M2
P l

Kij̄riVrj̄V

V 2
, ⌘ = min eigenvector

"
Kij̄rirj̄V

V

#
, (3.19)

where r is the covariant derivative in the moduli space.

Using this approach, we did not find field regions where ✓ and Re(⌧) have long displacements and

slow-roll parameters are small. This check was done at an arbitrary order in the series expansion of

the periods. This can be understood in the following way. From the form of K and W , considering

all fields but ✓ fixed, it is easy to see that, due to the presence of the logarithms in the periods, the

scalar potential will contain powers of ✓, besides sines and cosines, giving

V (✓) ⇠ A+B ✓2 + C ✓ cos ✓ + . . . (3.20)

where A,B depend on the other moduli and the fluxes, and the dots include further mixed terms,

including sines and cosines multiplied by powers of ✓. This rather generic form of the potential for

the complex structure axion was pointed out in [28]. However, while in [28] it is argued that this

kind of potential can give rise to natural inflation, in several cases we find that the modulations

of the potential along the ✓-direction, are too high to allow for slow roll inflation. Moreover the

amplitude of the oscillations increases with |✓| (see Figs. 6 and 7). However, as pointed out in [48],

it is possible that more general slow-roll regions appear in this direction, allowing for inflation.

We also calculated ✏ assuming single-field inflation along the ✓ direction, keeping all other moduli

fixed. We found that in some cases it was possible to get ✏ ⌧ 1, however the r direction was highly
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๏ We do this by looking for regions where at the 
multifield slow roll conditions are satisfied:

✏ ⌧ 1 ⌘ ⌧ 1

where:



๏ We look for inflationary trajectories first along the 
shift symmetric directions, in the full 4D moduli 
space: C0, ✓

keeping up to order 600 in the series expansions

Inflation in the mirror quintic 

๏ We do this by looking for regions where at the 
multifield slow roll conditions are satisfied:

Figure 8: The value of ✏ vs. the order in the periods’ series expansion. The fluxes are the same
that in Fig.9. The values of the moduli for each case are given above the figures. This shows that
✏’s convergence is slow as we increase the order in the series expansion. The values of ✏ can di↵er
in a 92% from the order 20 to the order 100. Convergence is achieved: the value of ✏ at order 80
di↵ers from the order 100 by 6⇥ 10�4%.

4 Conclusions

We explored the moduli space of no-scale type IIB orientifold flux compactification on the mirror

quintic Calabi-Yau 3-fold. For the complex structure modulus, we solved the Picard-Fuchs equations

in four convergence regions: the orbifold, the conifold, the large complex structure points patches

and in a regular point patch. This allowed us to have exact expressions for the periods in the whole

complex structure moduli space. The solutions to the PF equations have been previously studied

in the literature [33, 38], and we have extended this study in the present work by computing them

to all orders in the series required to achieve convergence.

Using these solutions we explored the four dimensional moduli space composed of the complex

structure modulus z and the axio-dilaton ⌧ . We searched for Minkowski vacua, vacua with hierar-

chies and regions with small multi-field slow-roll inflationary parameters ✏, ⌘ (defined in eq. (3.19)).

We gave special attention to the periods in the conifold convergence region, where we compared

vacua obtained using the series expansion to an arbitrary order approximation with those obtained

using an approximation near the conifold point. We found that Minkowski vacua are in general

absent in the fundamental domain of ✓ = arg(z), while vacua appear generically when monodromies

around the conifold are taken. We pointed out the importance of considering higher order terms in

the periods’ series expansion in z to ensure the existence of the vacua. Specifically, we found that

some Minkowski vacua appearing at leading order near the conifold, disappear when higher order

terms in z are considered. These fake vacua turn out to be an e↵ect of the approximation, and by

careful analysis in a di↵erent patch (in the vicinity of the orbifold, LCS, or a regular point) they

can be discarded.
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effect on expansion 
order on ✏

(⌧ = C0 + ig�1
s , z = rei✓)



Inflation in the mirror quintic 

๏ In this case we did not find regions with small slow-
roll parameters 

Figure 5: Vacuum solutions vs. the order in the period expansion for two sets of non-zero fluxes.
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order 200th, and thus does not correspond to a true vacuum. Instead, the solution on the right
converges very quickly to a stable value.

by a shift. Following this line of thought, we first let the fields evolve and look for regions in the

moduli space where the generalised slow roll conditions for multi-field inflation are satisfied mostly

along the axionic directions: the complex structure phase ✓ and Re(⌧). The multi-field slow-roll

parameters are given by (see e.g. [47]):

✏ = M2
P l

Kij̄riVrj̄V

V 2
, ⌘ = min eigenvector

"
Kij̄rirj̄V

V

#
, (3.19)

where r is the covariant derivative in the moduli space.

Using this approach, we did not find field regions where ✓ and Re(⌧) have long displacements and

slow-roll parameters are small. This check was done at an arbitrary order in the series expansion of

the periods. This can be understood in the following way. From the form of K and W , considering

all fields but ✓ fixed, it is easy to see that, due to the presence of the logarithms in the periods, the

scalar potential will contain powers of ✓, besides sines and cosines, giving

V (✓) ⇠ A+B ✓2 + C ✓ cos ✓ + . . . (3.20)

where A,B depend on the other moduli and the fluxes, and the dots include further mixed terms,

including sines and cosines multiplied by powers of ✓. This rather generic form of the potential for

the complex structure axion was pointed out in [28]. However, while in [28] it is argued that this

kind of potential can give rise to natural inflation, in several cases we find that the modulations

of the potential along the ✓-direction, are too high to allow for slow roll inflation. Moreover the

amplitude of the oscillations increases with |✓| (see Figs. 6 and 7). However, as pointed out in [48],

it is possible that more general slow-roll regions appear in this direction, allowing for inflation.

We also calculated ✏ assuming single-field inflation along the ✓ direction, keeping all other moduli
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๏ Scalar potential has generic form:
[Kobayashi,Oikawa,Otsuka,’15]

⇒ oscillatory term generically too large

Figure 7: Scalar potential vs. ✓ and the rest of the moduli fixed at their vev’s for a configuration
with non-zero fluxes F1 = H1 = 1, F4 = H2 = �10, F2 = F3 = 0, H3 = H4 = 1 and a Minkowski
vacuum. The values for the rest of the moduli are: t1 = �6.28, t2 = 16, ✓0 = �12, r0 = 0.4. The
figures show the scalar potential approximations to order 1, 4, 200 in z from left to right and up to
down. The last plot indicates the di↵erence between order 200 and the order one calculation. The
✓ asymmetry arises due to the odd powers of ✓ multiplying oscillatory functions appearing in the
potential. Here again V0 = ↵02/(2210gs) and the fluxes are given in string units.

Note that the distance between critical points of the complex structure moduli space is finite.

Therefore the displacements of the canonical field for r, �r, are bounded in MP l units. We

show this in Figure 14 where we plot the evolution of the locally normalised canonical fields

�r and �✓ vs. the moduli r and ✓ for the conifold and the orbifold convergence regions.
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Explore scalar potential in all possible directions

Inflation in the mirror quintic 

For configurations of fluxes with vacua near 
the conifold             no regions with|z| ⌧ 1,

Inflationary regions exist for configurations of 
fluxes with no Minkowski vacua. 

    One was found with a dS vacum 

✏ , ⌘ ⌧ 1

F1, H1 F2, H2 F3, H3 F4, H4

1,1 0,-10 0,1 -10,1
2,4 2,4 1,2 3,1
1,3 0,0 10,2 0,1
2,4 0,0 6,2 0,2

43,10 193,64 198,-10 -10,-10
90,3 193,165 -10,0 -10,0

Table 3.2: Configurations of fluxes for which inflationary regions appear, but there are no Minkowski
vacua.

The slow-roll conditions found for this type of flux configurations occurred in general in a

multifield fashion. For example in Figure 9 the ⌘-eigenvector along the minimum ⌘-eigenvalue

(⌘min) is given mostly in the r direction. On the other hand in Figure 10 and Figure 12 the

dominant contributions to the ⌘min eigenvector are given by t1 and t2. Finally in Figure 11

the dominant contribution is given mostly along the direction of t1. In Figs. 9-13 we give an

estimate of the displacements of the canonical fields �r,�✓,�t1 ,�t2 defined as

@µ�✓ = MP l

p
Kzz̄ r @µ✓, @µ�r = MP l

p
Kzz̄ @µr,

@µ�t1 = MP l
@µt1
2t2

, @µ�t2 = MP l
@µt2
2t2

,

in the inflationary region. We evaluate the quantities above locally14 in order to estimate the

displacements of the canonical fields on the slow-roll region.

There seems to be no pattern indicating that slow-roll regions occurs along a preferred direc-

tion. In particularly it doesn’t occur necessarily along a direction with a shift symmetry. For

example we did not find flux configurations with slow-roll conditions where ✓ is the dominant

slow-roll direction. This observation indicates that to achieve slow-roll along ✓ one would

require a careful fine tuning of the fluxes, which will be hard to do as they are integers.

3. Finally, we also explored slow-roll conditions on the orbifold convergence region. This ex-

ploration is motivated by our findings that the flat directions on the previous cases seem to

extend for larger values of rC , going outside the conifold convergence region with boundary at

rC = 1. In Figure13 we show the density plots of ✏ on six di↵erent planes of the moduli space

in the orbifold convergence region, for the same flux configuration as in Figure 12. For this

configuration there is a saddle point inside the orbifold convergence region. However there

are no Minkowski nor dS vacua.
14
By locally here we mean that the values of the other moduli are frozen when defining the canonical field for

a single modulus. For example for small field displacements �r, �✓, �t1, �t2 around the point r0, ✓0, t1,0 and t2,0 the

canonical fields are given by @µ�t1 = @µ
t1
2t02

+O(�t1, �t2), @µ�t2 = @µ
t2
2t02

+O(�t1, �t2) @µ�r = @µ(

p
K0

zz̄r)+O(�r, �✓),

@µ�✓ = @µ(

p
K0

zz̄r0✓) +O(�r, �✓).
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• Possible to stabilise to dS 
when NP terms for Kähler 
moduli are included

[Saltman, Silverstein,’04]



Figure 9: ✏ density plot for the flux configuration F1 = H1 = H3 = H4 = 1, F4 = H2 = �10,
F2 = F3 = 0. The CS modulus is in the conifold patch zC = rei✓ and evaluations are performed to
order 200 in the period series expansion ⇧C . The projections on the di↵erent planes are made by
fixing the values of the moduli at t1 = �6.28, t2 = 16, r = 0.4, ✓ = �12, respectively. The smaller
values of ✏ in this region turned out be of order ✏ ⇠ 0.05. In this region we also find ⌘ < 1. A sample
⌘ eigenvalue is ⌘100 ⇠ �0.07 for the point r = 0.37, t1, ✓ as before and t2 = 9, corresponding to
the eigenvector ⇠ (0.12, 0.004, 0.99, 0.09), which indicates that the r direction is the dominant one
along the inflationary direction. For the canonically normalized fields, the displacements in Planck
units on the represented region are of order ��r ⇠ 0.1MP l, ��✓ ⇠ 0.3MP l, ��t2 ⇠ 0.79MP l,
��t1 ⇠ 0.78MP l.
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Figure 9: ✏ density plot for the flux configuration F1 = H1 = H3 = H4 = 1, F4 = H2 = �10,
F2 = F3 = 0. The CS modulus is in the conifold patch zC = rei✓ and evaluations are performed to
order 200 in the period series expansion ⇧C . The projections on the di↵erent planes are made by
fixing the values of the moduli at t1 = �6.28, t2 = 16, r = 0.4, ✓ = �12, respectively. The smaller
values of ✏ in this region turned out be of order ✏ ⇠ 0.05. In this region we also find ⌘ < 1. A sample
⌘ eigenvalue is ⌘100 ⇠ �0.07 for the point r = 0.37, t1, ✓ as before and t2 = 9, corresponding to
the eigenvector ⇠ (0.12, 0.004, 0.99, 0.09), which indicates that the r direction is the dominant one
along the inflationary direction. For the canonically normalized fields, the displacements in Planck
units on the represented region are of order ��r ⇠ 0.1MP l, ��✓ ⇠ 0.3MP l, ��t2 ⇠ 0.79MP l,
��t1 ⇠ 0.78MP l.
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Example of flux 
configuration with small 
slow-roll parameters: 

F1 = H1 = H3 = H4 = 1,

Eigenvector along     
dominated by   direction 

v⌘ ⇠ (0.12, 0.004, 0.99, 0.09)

= (t1, t2, r, ✓)

⌘

r

F4 = H2 = �10



Inflation in the mirror quintic 

Motivated by these results we explore slow-roll in 
the orbifold convergence region r > rC

F1 = 2, H1 = 4, F3 = 6, H3 = 2, H4 = 2,

Figure 13: ✏ density plots on the six planes for the same flux configuration as in Fig. 12 in the orbifold
series convergence region. The CS modulus is in the orbifold patch zO = rei✓ and evaluations are
performed to order 200 in the period series expansion ⇧O. A sample minimum ⌘ eigenvalue is
-0.016, for the point t01 = 1.010, ✓0 = 0.7178, t02 = 3.68 and r0 = 2000 with eigenvector ⇠
(0.8, 0.6,�0.00023, 0.3). There is a saddle of the potential at r = 1135.59, p = �1.078, t1 = 0.8071,
t2 = 1.625, with eigenvector ⇠ (0.036, 0.0355, 0.002,�0.999) giving that the unstable direction is
mostly ✓. For the canonically normalized fields the displacements in Planck units of the represented
region are ��r ⇠ 0.037MP l, ��✓ ⇠ 0.19MP l, ��t2 ⇠ 0.49MP l, ��t1 ⇠ 0.29MP l.
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performed to order 200 in the period series expansion ⇧O. A sample minimum ⌘ eigenvalue is
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(0.8, 0.6,�0.00023, 0.3). There is a saddle of the potential at r = 1135.59, p = �1.078, t1 = 0.8071,
t2 = 1.625, with eigenvector ⇠ (0.036, 0.0355, 0.002,�0.999) giving that the unstable direction is
mostly ✓. For the canonically normalized fields the displacements in Planck units of the represented
region are ��r ⇠ 0.037MP l, ��✓ ⇠ 0.19MP l, ��t2 ⇠ 0.49MP l, ��t1 ⇠ 0.29MP l.
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(again no minima)



๏ We mapped the whole moduli space of 
the complex structure: near and away 
from the singular points                   

๏ We studied vacua of explicit type IIB orientifold flux 
compactifications on the mirror quintic

Summary

The quintic and its mirror
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LCS = 0, 1,1

๏ We did this by solving the PF equations to higher 
order in the series expansion (till convergence is 
achieved) around the singular and regular points  
and the transition matrices 



Summary: hierarchies

๏ Found an order one correction to GKP vacua 
with hierarchies near the conifold point with and 
without higher order terms 

๏ Apparent vacua at leading order vanish as higher 
order terms are included.

๏ Vacua generically for non-trivial monodromies

Figure 5: Vacuum solutions vs. the order in the period expansion for two sets of non-zero fluxes.
The vacuum solution on the left does not converge inside the conifold convergence region after
order 200th, and thus does not correspond to a true vacuum. Instead, the solution on the right
converges very quickly to a stable value.

by a shift. Following this line of thought, we first let the fields evolve and look for regions in the

moduli space where the generalised slow roll conditions for multi-field inflation are satisfied mostly

along the axionic directions: the complex structure phase ✓ and Re(⌧). The multi-field slow-roll

parameters are given by (see e.g. [47]):

✏ = M2
P l

Kij̄riVrj̄V

V 2
, ⌘ = min eigenvector

"
Kij̄rirj̄V

V

#
, (3.19)

where r is the covariant derivative in the moduli space.

Using this approach, we did not find field regions where ✓ and Re(⌧) have long displacements and

slow-roll parameters are small. This check was done at an arbitrary order in the series expansion of

the periods. This can be understood in the following way. From the form of K and W , considering

all fields but ✓ fixed, it is easy to see that, due to the presence of the logarithms in the periods, the

scalar potential will contain powers of ✓, besides sines and cosines, giving

V (✓) ⇠ A+B ✓2 + C ✓ cos ✓ + . . . (3.20)

where A,B depend on the other moduli and the fluxes, and the dots include further mixed terms,

including sines and cosines multiplied by powers of ✓. This rather generic form of the potential for

the complex structure axion was pointed out in [28]. However, while in [28] it is argued that this

kind of potential can give rise to natural inflation, in several cases we find that the modulations

of the potential along the ✓-direction, are too high to allow for slow roll inflation. Moreover the

amplitude of the oscillations increases with |✓| (see Figs. 6 and 7). However, as pointed out in [48],

it is possible that more general slow-roll regions appear in this direction, allowing for inflation.

We also calculated ✏ assuming single-field inflation along the ✓ direction, keeping all other moduli

fixed. We found that in some cases it was possible to get ✏ ⌧ 1, however the r direction was highly
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๏ Oscillatory terms not small 
enough to realise monomial slow-
roll inflation. But more general 
inflation could be possible: 

๏ Inflationary regions found for flux configurations with 
no Minkowski minima. 

๏ One example found with dS vacuum!

Summary: inflation

Figure 6: Scalar potential vs. ✓ and the rest of the moduli fixed at their vev’s for a configuration
with non-zero fluxes F1 = 20, H3 = 8, H4 = 1 and a Minkowski vacuum. Here V0 = ↵02/(2210gs)
and the fluxes are given in string units. The values of the other moduli are set at r0 = 0.26791, t1 =
�1.13736, t2 = 2.11955. The figures show the scalar potential approximations to order 1, 4, 200 in
z from left to right and up to down. The last plot indicates the di↵erence between order 200 and
the order one calculation.
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๏ No inflationary regions along 
shift symmetric directions. 

    Inflation occurs along a linear     
   combination of all moduli.

[Parameswaran, Tasinato, IZ, ’16]
bumpy inflation 



Outlook

๏ Kähler moduli stabilisation. LV not possible. 
[a la Denef et al. ’04]

๏ Multi-field natural inflation (large effective 
decay constant increases with      . They have                  

                  we have                  ) [a la McAllister et al. ’14-’15]

h1,1

h1,1 = 50, h1,1 = 101!

๏ Beyond slow-roll inflation with sharp cliffs and 
gentle plateaus in the potential: reduced field 
ranges,    and       . Distinctive features:

[Parameswaran, Tasinato, IZ, ’16]

r Vinf ↵s


