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Outline

® Standard Cosmology

® Cosmological problems
= [nflation

® Slow-roll parameters

® Quantum Fluctuations and Power
Spectrum

® [nflationary models



The Universe

= Universe (
® The first woro

-

F ). Two words in Chinese

means all spaces around us

® The second word means the whole time
® Universe: All spaces and the whole time
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Hubble’s Law

= Expanding Universe
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T = 2.72548 + 0.00057 °K
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I-"Kcmb

Universe 380,000 years old,13.7 billion years ago arxiv: 1502.01582



Big Bang Cosmology

® Big Bang (Hoyle 1949)
® Prediction of CMB (Gamov): confirmed in 1965
= Explanation of the primordial abundances of

elements o e Rt
" Thermal history
- 10

10-10 10-®
baryon—to—photon ratio 7



Standard Cosmology

® Robertson-Walker

dr?
1 — Kr2

ds* = —dt* + a*(t) ( + 12(df* + sin* 9d¢2))

Scale factor Spatial curvature

" Energy-momentum tensor

T,uv — pg;ﬂ/ - (IO T p)U,LLUI/

=0 — p+3=(p+p)=0  p= f(p)



Equation of state

® Dust w="
p

w=0, pxa’

® Radiation

w=1/3, poxa*ocThyg

—3(14+w
More general p X a (1+w)
Neutrinos Dark Atoms Dark
10% Matter 4.6% Energy
63% 72%
Dark
Photons Matter
15% 23%
Atoms
12%

13.7 BILLION YEARS AGO

{Universe 380,000 years old) TODAY



The evolution of different matter

Radiation
Matter
m——— Curvature
Dark Energy

10

Ina



Standard cosmology

" Einstein’s general relativity G, = 87GT,,

" Friedmann equation e
HrG=37




Standard cosmology

" Friedmann Ea. (g>2+ K  87G

a a? 3

® Acceleration ; 4.¢

B 3
. 3 (p + 3p)

" Energy conservation
ﬁ+3%(P+P):O p=f(p)

® Deceleration parameter




Matter domination

" Friedmann equation

. 2
SN 2|y %o
(&) =3 [1- 200+ 200 (%)
Qo =1— Q0 =1-—2q
® Einstein-de Sitter universe

K=0, Q=0 @=1/2, Q=1

(2) -m() wo-a(3)




Radiation dominated

" radiation w=p/p=1/3 = po (%)’
a

L 87TG,O,,«0

— =, pr + 3pr = 2p;
qo SH(% 0
K 87TG;0T0
Hi+ — =
0F a’ 3

Qpo=1-Q=1—-qo

a : ao 2
(L) = 1-a+a(2)]
ap a

1/2
l—g¢q
a(t) = ag(2Hoqy*t)"/? (1 o 5 Hot)
do




Summary

" Einstein equation G,, = 8rGT,,
" FRW metric

dr?
2 2 2
ds” = —dt* + a*(t) (1—K7°2
(d)2 K 8SrG
_ ‘I'_:—/O

a a? 3

+ r*(df? + sin® 9dgb2))

G
p+3a(p+p)=0

" MD p(t)ca™, aft) oct??
" RD p(t) xa™, a(t) o t/?
" CMB T =2.72548°K



Horizons

® Particle horizon: The boundary between
observable universe and the regions that

light has not reached (unobservable)

dpu(t) = /0 " Jamdr = a(®) /O t aﬁ:)

dr?
1 — Kr?

ds* = —dt* + a*(t) ( + 1?(df* + sin” 9dgb2))
(1) = { 2o "(a/ao)*? = 2Hy ' (1 + 2)7/%, MD,
P He(afag)? = Hy'(1+ 2)72, RD,

K =0 deOCH_l

ao
Redshift 1+ 2 = E



Event horizon

" The boundary In space-time beyond which
events cannot affect an outside observer

dpn(t) = a(t) f o

¢ oa(t’)

de-Sitter Universe  a(t) = ag exp(Ht)
dpp(t) = H™*

For matter or radiation domination, there is no event horizon



Apparent horizon

® The boundary between light rays that are
directed outwards and moving outwards,
and those directed outward but moving
Inward.

= Apparent horizons are observer dependent

O\ 12
dap = (H2 -+ —)

a2

dagy=H ', K=0




Hubble horizons

" Hubble horizon dyg oc H™*
® Co-moving Hubble horizons dx/a

1/2

di/a x a Matter domination

dig/a o< a  Radiation domination

1

di/a xa - de-Sitter, inflation

® Co-moving particle horizon

1/2

dpr/a < a Matter domination

dprr/a < a  Radiation domination



t =10"%%, 2ct = 107%°m
to = 10%s, 2¢ty = 10°'m = 10*Mpc ¢

Eventual location of
the Milky Way Galaxy

A

\

Edge of the N

S i observable U
G - universe <

1032 sec
(a) Before inflation (b) After inflation

Copyright © 2008 Pearson Education, Inc., publishing as Pearson Addison-Wesley.




Horizon problem

" z4 = 1100 the angle subtended by the horizon

(14 2q) Y? = 1.6°
In(aH)™?

horizon exit horizon re-entry

Ina



Flatness problem

" Why Qx ~0 at the beginning
Curvature density
Ox(2) = —K/(a*H?) = Qgo(1 + 2)*/E*(2)

MD
E?(2) = (1+2)°, Qg(z) = Qxo/(1+2)
Matter-Radiation Equality Qg ~ 10™*Qgq

RD
E*(z) ~ (1+2)",  Qx(z) ~ Qxo/(1+2)°



Problems

® Flatness Problem: Why does the universe
appear so flat? not clearly open or closed

® Relics Problem: Why do we see no
monopoles?

® Horizon Problem

The Universe looks the same everywhere in the sky that we look? The entire
universe must have been at uniform temperature near beginning, There has

not been enough time since the big bang for light to travel between two parts
on opposite horizons

® Dark energy: repulsive force
® Dark matter




Inflation Theory

® Guth (1980s): The Universe expanded

exponentially fast at very early time
F i H ,
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Inflationary Solutions

® Horizon Problem: Observable universe was
extremely small before inflation, all regions
could be In causal contact

10%*m = 30 Mpc

Eventual location of
the Milky Way Galaxy

Edge of the
o 2 observable
R universe 4

-32 F/l g il
10-32 b 138 billion years

(a) Before inflation (b) After inflation (c) Today




Inflationary solution

In(aH)™?

horizon exit horizon re-entry

Ina



Inflationary Solution

® Flatness: Inflation pushes the Universe
towards flatness (stretch away any
unevenness)

Longer inflation ==  Flatter Universe

® Relics: Inflation greatly dilutes any relics

== \WWe should not observe them today




Inflation

® Conditions

a 4G
© = - (p+3p)
a 3

p+3p <0

d 1
a >0 < ( )<0

dt \ aH

= |nflation is equivalent to the decrease in co-
moving Hubble horizon, and it can solve the
problems In the standard cosmology



Inflationary Models

® |nflation: accelerated expansion, repulsive
force

® Scalar field: if potential energy Is bigger than
Kinetic energy, drives accelerated expansion

" Flat potential: CIE

to get enough F‘%\qb
Inflation
slow-roll inflation 7
slow-roll parameters »

Pend Reheating

dcms
Z
N

A¢



Scalar field

® |agrangian %, = —%g“”éhfb@yab — V(o)

2 0
- \/__g 5'9@1/( v _g"gﬁb) — a,ugbay¢ + gW.ﬁ,@.

1 TIW :pg,uy‘l' (/0-|—p)UMU,,

p=—20" 000,60 +V(0), p=2,

T =

Ul“ — aligb/ \/—9””3u¢3y¢

1

P = §¢2 + V(o) \/\/
P = %@2 — V(o) 0




Models with scalar fields

® Cosmological equations

= (Vi)

p+3H(p+p) =0 <amp R+3Ho+V'(9)=0
= Slow-roll approximation ~ V'(®) = dV(¢)/d®
&< 2V(9) ol < 3H|Y
V@) p= 8 Vo)~ V()

3Ho ~ —V'() p+3p~ —2V(e) <0



Slow-roll

= Slow-roll conditions ¢ < 2v(¢) 14| < 3H]|¢

S 2 N 2
H? ~ 3V((/ﬁ) = ¢ (VY o
2V (9) A8mG \'V
3Hp ~ —V'(¢)
|8 V(9) r
N 5HS A
[— 9]
1 V”_l K’ 2
UGV 2\ V < \/
-

PoMB Pend reheating




Slow-roll parameters

= Slow-roll ¢? < 2v(¢) |¢| < 3H||

_ géz B 1 V’ ? SR 04/
€_2V(¢)_48WG(V) < 3H¢ =~ =V(9)

i & 1 V" 1 /V'\?
7] = |——| = 5l | <]
3Ho 24nG |V 2\ V
1 [V'\?
— 3¢ = 1
¢ ¢ 167w (V) <
~ 1
1V o
n= SO <1 End of inlation
1 VIVNI
¢ = <1




Hubble flow parameters

® Hubble flow slow-roll parameters

1 (H'\® 3¢  H H' = dH/d¢
A= 1c \H 242y H? ‘
1 H” b H ) H" = d*H/d¢*
Ng = ————=———= R 3N=1n—c
4G H Ho 2HH
Ll . 2
(4nG)? H?  H2p \ H¢ oHm2F M
(n) 1 (Hl)n—ldn+1H/d¢n+l 1/n
Bu = Pve. Hn PRD 50 (94) 7222
(1 —nu/3\" A, 2
6_(1—<—:H/3> €EH €Eg ~ € 36 —|—3€?7
en+nm—ny—&u 85 8 1, 1
= I —cn/3 NH AN €4 g€ — gap— 21T — 5l



EOM of scalar field

" EOM .

Vig)=3 (1 N §EH) My H® My = 1/(8nG)

1

V'(¢) = -3 (1 - g"?H) Hg

S = H(G)[1 ~ en(6)

" End of inflation

a>0=— €y <1

eg = 1 e~1, |g|~1



Number of e-foldings

= Number of e-foldings before the end of inflation
N(t) = / ! dInaf(t) AN = —Hdt

dinH N dln ey
iN  HETS TUN

" parameters ¢y =2Hey(en — 1)

=200 — en) = 2(n —¢)

ng = H(eanu — &)
" The total number of e-foldings

Ge
N(de.¢0) = Infate)/a(t / Hdt ~ ~87G /4) _ “//,((‘j})dcb



Number of e-foldings

® The number of e-foldings from horizon exit to
the end of Inflation k=aH

k a’*H* Ay Qe Upep H*

apHy B apHy N Qe Qrep, Qo Hy
—~1/3 1/4 1/2
:G_N* ( Pe ) (pr()) (P*)
Preh Preh Pco
1/4\ /3 1/4 1/4 1/4
— o (Préh) (P*/ ) ( P*/ ) (1016@6\/') (pré )
_ 1/4 1/4 1/4 1/4 | °
pe/ pe/ 1016G€V pcé pcé

2 TR VAT VATe 1 (1016Gev)
— 111

aoHy B §ln p1/4 +1n Vel/él V*1/4

N, > 50 — 60

N, =60.86 —Inh — In




Lyth Bound

® Number of e-folds
N(t):/ d1n a(t /H Bt = %Edqﬁ

¢
1 1
N(9) = L / o
( ) QM]?Z b Mpl be 2€H
Vie)
A dob |
— o
A > N (¢« ) v/ 26(dx) My
20 5 N6 V20 Y/
Mpl * * |
PoMB Pend reheating ~ ¢
D.H. Lyth, PRL 78 (97) 1861 = Ad -



Attractors

® Hamilton-Jacobi Formulation
3

/ 2 2 _ _
HOF ~ gy B0 = g3V 59=0
H(¢) = Ho(¢) + dH ()
HydH' ~ ’ ~HyoH
pl
1 [? Ho(o)

0H(¢) = 0H (¢;) exp[=3N(9)], N(o) de

20 Sy, Hy(9)
Salopek & Bond, PRD 42 (90) 3936
Liddle, Parsons & Barrow, PRD 50 (94) 7222

Whatever the initial conditions are, the scalar field will enter
. " )
AttraCtor' the slow-roll trajectories if the scalar field satisfies the slow-roll
conditions.



Reheating

= After the end of Inflation, all the energy of
the universe is stored in the inflaton, and the
temperature Is extremely low.

= A process of energy transfer is needed to
keep thermal equilibrium, and recovers the
standard thermal history.

p+BH+T)p=0 Particle decay rate I

Tfreh ™~ MplF

Treh ( m ) 3/2

1 Gev ~ \10° GeV m 2 10° GeV



Mode decomposition

" Helmholtz theorem A-5+3, v.C=0
§:—6¢, VxB=0

U@':’UijrUg/ V x v° =0 V-0 =0
S__i_ki 1%
UZ "f ki’Ui :O

115 1% T
Hij — H@'j + Hij + Hij

k:k: 1 .
S ? 1
i = (_ et 55“) S

v
2k
kI =0



The metric tensor

® Vector mode: It decays when the universe
expands

® Scalar mode

ds* =a*(1){—(1 + 2A)dr* 4 2V, Bdrdz’

1 .
+ [(1 —2D)i; +2(ViV,; — =v,; V) Eldx'dx’ },

3
0K
4 1 B p _
R =—V? (D - —VQE) ="
a 3
Background

Curvature perturbation

Degrees of freedom (4): A, B, D, E



Independent variable

® Variables: scalar mode
Degrees of freedom (5): A, B, D, E, 0¢

Coordinate transformation (2): z# — &#

" Fix a gauge: 5-2=3
Three independent DOF

® Bianchi identity: 2

1 independent DOF left



Quantum fluctuations

® Scalar perturbations

ds? =a®(17){—(1 4 2A)dr? + 2V, Bdrdx’ dr = dt/a
1 o
= Action

$ = g [ 1V [tV G0 Vv Vo

16

1 N /"
095 = 5/ (U’2 — Y0+ Z—UQ) dxdr, v = dv /dT

v=al[d¢+ (¢/H)D] = al6¢” + (¢y/H) Q] = —2%

6" =00 + ¢p(B — E'), R =0+ A" [, 2= i&




ADM Foramlism

= ADM decomposition
ds® = —N?dt* + v;;(dx’ + N'dt)(dz’ + N’dt)

w1 . N NN

Lapse function N

,Yz'k Vij = 5; Nt — ,yz’j Nj |
Shift function N*

. 1 [0V Ei;
Extrinsic curvature K;; = N ( gtj — V;N; — Vsz-) = NJ

Gravitational action

S =

/dzlx\ﬁR _ /dtd%Nﬁ (PR + K K7 — (Y7 K;;)?),

167TG 167G



Quantum fluctuations

® The action

! / d*z/—gR — / d*z\/—g Bg*’”%qﬁwH V(qb)]

5= 167G

S = % / dtd*z\/7 [N®R - 2NV + NY(E,;E7 — E?)
FNTHG = N'D9)? — Ny0,000 Mo =1
Hamiltonian constraint
BR -2V — N"%(E,;E9 — E*) — N"'(¢ — N'0;)? — 47 9;¢0;¢ = 0.
Momentum constraint

V,[NHE: = 0E)] = N"H¢— Nig)p;  ¢;=0:0



Background

" FRW me’[l‘iC N=1, N;=0, YVij — 03257;3'

Eij — H’)/Z], Eij — H’j/?:j, EZJEZ] — 3H2, E = BH,

® The action |
So= 5 / dtd>z o (éQ _ oV — 6H2)
u EOM H — _%é27
. . dV
¢+ 3Ho+ 1 0

= Hamiltonian constraint
6H? = ¢ + 2V



Quantum fluctuation

® Variables: scalar mode
Degrees of freedom (5): A, B, D, E, 0¢

Coordinate transformation (2): x# — &¥
" Fixagauge: £=0, §¢p =0
" Gauge: uniform field gauge

N=1+ N, N'=v,;+Ny v;=a(1+2)d;,
77 =a"*(1=20)d;, Ni=a'(¥;+Np), ONp=0

Three independent DOF Ny, ¢,
A B. D




Quantum fluctuation

® Perturbations

4 .
To the 1st order (S)R = —EVQC, E@j = H")/@j + CLQC(SZ'j — aQw,@-j,
E =3H + SC — VQ'w, E?:j = H’)/ZJ + G_Qéé‘ij — azw,@-j,
EVE; — E* = —6H? — 12H( + 4HV*y,
Eij — ")/sz = —QHG?(S?;J' — 4&2HC6M — 2&2657;]' — a,_2(w,7;j — 523V2w)
Momentum constraint
Vi [NUE:—=6E)] =NYo—No)o;  ¢;=0

i =0



First order approximation

® Constraints

Momentum constraint [0, N = ajé m— N :C/H

12
Hamiltonian constraint V2w + %VQ (E) . =0
a

H 2H?
_ G P
w_ CLQH —I_X7 V QHQC

1 . .
018 = 5 / dtd’x a [34(& —6H* —2V) — 12H<] .



Second order of approximation

® To the second order
Yij = @ eQC(S =a (1 + 2¢ + 2C2)5?3j3 YW =a" 6_2C5@J7

7 = aPe® = g (1 +3C + 2<2> . R S X -4V —2(C)7

a2

E;j = a’ [(H + (o 2HC +2HE + 206 — )iy — (142000 4]
E =3(H+¢) — V% — 3¢,

B = a7 [(H + & = 2HC + 2HC? = 20¢ — 6,400 — (1- 200 5]
EVE; — B> = —6H? — 12H( — 6> + 4HV*) + 4({ — 3HO) V.



Second order approximation

® The action (to the second order)

5,5 — © / dds [af”é? _ a(g,i)ﬂ

2 Y
1 / CLQ(b,Q
= — [ drd’x % —(¢,)? Simple harmonic
2 H? [ | ] oscillators
1 /!
— §/dfrd3x [v’2 — (v4)® + %fvz] ,
v=ad'(/H, ¢ =dp/dr, H# =dlna/dr L _ 9%

1 N /"
095 = 5/ (U’2 — Y705+ Z—UQ) dxdr, v = dv /dt
z
V= —2K



Quantization

= Canonical quantization

Conjugate momentum 7 (7, %) =6L/6v" = '(7, )

Hamiltonian

1 /"
H = /(U’W — L) /yd’z = 5/ (7’(‘2 + v v — Z—vz) Vydiz
2



Quantization

® guantization

N d*k ik-T % t —ik-7
0(T, %) = g (T)age™ ™ + v (T)aLe ]

" Bunch-Davies vaccuum 4,0y = o

*
, dvug, dvy

— —i

dr Mukhanov-Sassaki Eq.

® Mode function |v; + (k2 — Z—) v, = 0

<




Asymptotic solution

" EOM
”UZ—F (/CQ—Z—) ’Uk:O
2
= \Well inside the horizon
1
Vg (T) — ﬂe_“”, k — oo vy + kv, = 0
>kd’U]ﬁ d’U;:, :
gy T gy T

® Superhorizon

Zl!

(1) x 2z, k—0 Ui — ok =0

(9
Comoving curvature perturbation % = — is a constant

Z



The parameters

= Slow-roll expansion L _ 9%
H
2! H H
Z—eH([1- =+ —= ] =aH( —
. a ( H2+2HH) alH (14 eqg — nm)
" 3 1 1
% = 2a°H? (1 ten = 5n T+ €3 + 577%{ — 2egny + 55}1)

a"Ja = 2a*H* — a*H?ey

c%”:a—l:da/dT:aH

a a




Quantum fluctuation

® First order vy + (k2 — Z—) vy, = 0

Z

;zQaH 1—|—EH—§nH+€H+§nH—2eHnH—I—§§H

d‘i (;{) — ey aH=—1/[(1—e)r]

T2

2_1/4
vg+(k2—” />vk=0 v = 3/2 4+ Qe — m ~ K

V=rlei(k) D (—kT) + ca (k) H (—kT)]
co(k) =0

Boundary condition w(r) = Yl ei+/2m/2 /M) (_r)

>
o
~~
q
~—
|

<[



Quantum fluctuations

" Super-horizon

(1) N Z —in/26v—3/2 Lv) _,

H/(zr < 1) \/;e 2 —F(3/2)x

['(v) 1

['(3/2) v2k

- Co-moving curvature perturbation on super-
horizon

T)k(T) _ ez’(v—l/?)w/22u—3/2 (_kT)l/Q—u x 2

vl |Hu| Tw) H H [ k \**
% :‘— = |——| = . k H.
St e Bl P R VBTG (2aH ) e

aH =—1/|(1 —€g)T]



Quantum fluctuation

" Power spectrum

@k‘ = VraE + UZ&L

<@k1@;:2> — Uklv;::g <0‘ak1a};2’0> — ’UMUZQ <0Hak17 &’1;32”0>
— |Uk1|25(3)(E1 — EQ)?

Why need quantization?

(B, ) = (On, 07,22 = |2
= (272 /0% (k1 — ko) Pp(kr)

~ k) Zx| = ’%

Parameterization

k?’ k‘ ns—l—{—%n’s In(k/ks)+--
Red tilt ng — 1 < 0 Pivotal scale

Bluetitng — 1 > 0



Primordial power spectrum

" Power spectrum

vwe| |Hwve| T(w) H H kY
S R P R YT PV T (Ml) sl
/{3

Py = ﬁwk‘z =2 (1};;7;))2 <%>2 (%Y (a%)SQV k=aH

V= 3/2 + 2€y — NH Horizon exit

H\? [ H\?
Prp~[1+22—-—In2—7)2eyg —ny) — 2ey] | — A1

Do 2m
L )nsl—l—%n; In(k/ks )+

e st (£



Spectral tilt

® The power spectrum

”%22V_3<FF<9E7)2))2(Z> (2w> ( )

P (14202~ In2 = 7)(2en — 1) = 2ex] (E) (%)

Po
" Spectral index v=23/2+ 2y — Ny

k=aH

dIn @gg
—1= ‘ — Uy — dep ~ 2 — 6
" dink lk=aH "TH H ' €
Note: all the values are evaluated at the horizon exit
n. = dn, = 10¢ — 8¢5, — 2¢
S dlnklk=an HIIH H H

dink = (1 — ey)Hdt
€Eg = QHEH(EH — T]H) nH — H(EHT]H — é-H)



ARL LD
S 2

Amplification of Quantum Fluctuation &)

In(aH)™!

horizon exit horizon re-entry

\aﬁ'ﬂ

Ina



Tensor perturbations

u GWS d82 = GJQ[—d’Tz -+ (613 + hm)dﬂfzd.fj],
N = a, f)/ij = &2(52'3' —+ hij); NZ = O7 E@'j — ’)/23/2
® To the second order 1
ﬁ o CI,3 (1 — Zhwhw> 5

g g 1., a’ , a\’
EyE? — (VW Eij)* = Z(’%j)z + —(hijhi;)” — 6 (> |

1 1
YR =a _Z(akhz’j)2 + OulhijOkhij) + 50 (hiOifin;) — aj(hikakhij)]



Quantum fluctuation of GWs

® The action to the second order

55 = 4; . / drdPe[(h )2 — (Ohhy;))a?
7 d’k s s ik-T s s x T _—ik-@
hitar) = [ G > e rJase 7+ e 00 a1
€i = k'e;; =0 Efjﬁfjl- = 205
S a S
up(7) = mhk(T)




Quantum fluctuation of GWs

" Mode function

d23 /" d23 2 4
uk+(k2—a—)u2= u’“+(k2—” U)UEZO

dT2 a

M:3/2—|—€H a”/a=2a2H2—a2H2eH

= Asymptotic condition

ug (1) = gei(ﬂ+l/2)w/2\/TTngl)(_kT)

® Perturbations on super-horizon

(i a0 L) 1
s _ i(p—1/2)7/2pu—3/2
UL (7)=¢€ 2

(—kr)V/27H



Quantum fluctuation of GWs

" The power spectrum

K 2V/81G us 1\ M In(k )+
_— — :A . o
. Wi; a T(k)(k*)
L T() N (H\ [ k\"*
= (64nG)2%? LE T |
o0 () (20) (o

7\ 2
Pp =~ 647G[1 4+ (1 —1In2 — v)eq| (%)

I >nt+%n; In(k/ky )+

Pr = Ap(k,) (k—



The tensor spectral tilt

® The spectral index of tensor mode

® The tensor to scalar ratio

Pp~[14+22—1n2—)(2pn —ny) — 2en] (%)2 (H)2

7\ 2
Prp = 647Gl + (1 —1In2 — v)epy| (%)

@ . .
r= 2L — 166y = 166 = —8ny i (%)2
P oy — Fag



The tensor perturbations

® Tensor mode ds* = a*(7)[—dr* + (6;; + hl)dz'da’]

hl' + 2560 + k*hl; = 16rGa®PII},

82hij 8hw k : HT ~ 0
op T T (E) hij =0 ”
Damped oscillations
=" RD
s - B 70 Jl/g(kT)
hy, = Jo(kT) = \/; (k112 Jo(x) = sin(z) /2
= MD

33, (k Jaro(k _ sinx  COSX
hy, = I\ T)3\/§ 3/2(KT) () = —5 =



Fitting formula

" GWs at present astro-ph/9306029
s s 3]1(k7)
hk — hk(O)T(k/keq) LT hz _ jo(/fT) RD
4 5

T(y)—\/1+§y+§y2, y = k/keq
50 i’ 50
10 = 10+

| . " | . o

h =04 h =0.6727






The energy of GWs

" The energy density

dpew My 2
= k h
dink — 4m2a? S;X i

M2 L 2
_ () o
1 (a) g
1 dpaw 1 M, (k)Q

pedInk  3M2H? 4

1/ k\°

‘ 2
Pr = Ark™ | T(k)|? (3‘71]{:(7]”_”))

a

Qow = Pr




k.
(cos? (k1)) = 1/2 _ gAT(k*) (g) nr T (k)|?
3 E\"" 5 1
QGW — gAT(k*) (/f_*) ’T(k)‘ az(HT)2(]€7')2

® At present =1, a=1, Hyrg =2

3 kT 5 M.S. Turner

Qow = —Ap (k)T (k/koy)|* | — ko) 2 - ’
cw = 3y Ar(R)[T(k/keg) (/c) 7o)\ White, J.E.

BRTA L/ k\"™ ., Lidsy, PRD

= Tom2 a1 K/ heo) (/?) (k70)™" 48 (93) 4613



The energy of primordial GWSs

45
" Spectrum  T(y) = \/1 Tyt gyt y=kke

Low frequency y <1, T(y)~1

QGW X knT—Q X fnT—Q

High frequency vy > 1, T(y) <y
QGW x k"7 fnT

3 E\"™" _

AT () (k)

1V s (RN

1672 Mgl‘T(k/keq)‘ (k_*) (kTO)

QGT/V —




The spectrum

10 1L \ \ \ \ arXiv: 1502.02114
ol .o 1502.01589
--- ny: - 0.1/8 (2,0 = 0.3156
; 10° 13 | |
© ol |\ Hy = 67.27km/s/Mpc
ol | T =2.725K
"""""""""""" r=20.1
10 61 100 10¢ 106 108 101 _9
I o Ay =22 x 10
- : Equalit
Size of universe =AU End of inflation~1015GeV
14161.5Mpc ~ 112.1Mpc
Ser 1.0%106 Hz 8.9710°Hz

2.2*1018 Hz



Power Spectrum

Q1.0 Qph’=0.0125
||||4"I i i |||||||_

— CMB Polarization (no reionization) Scalar T =
n=0.95

—

© E

Scalar —— ----
Tensor

i o ’:\ Scalar E '\,
= —_ _.-"‘ e ll;.
1=7(1-n,) o . \
n=n.—1 o hs

¢ -—~_lensor E

A

10" 10°
Multipole 1
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Detection of B-mode polarization

® Planck 2015+ BICEP2

0.05F . BKxBK T
e (BKxBK-BKxP)/(1—c)
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The parameterization

|
|

|

|
Q
™

H = 4G

" SR parameters 1 (H)Q 3¢ H

ne — 1

nl

s —

1 H” ¢ H .
—_— = ——— = —— —_— — €
AirG H Ho  2mH

g B 1 HIHIH B qb ) i - H —2 ,
H = (47G)?2 H? _ H% qu = . H

nNH

 dIn Py

- dlnk |k:aH
dn
dln k

=3 —2v =21y —4deyg =~ 2n — Ge

= 10egny — 8¢5, — 26y ~ 16en — 24€* — 2
k=aH

- dh’l@T r_@T

=3-2u=-2ey 1= =16ey = 16c= —Sn



Spectral index

® To second order

Stewart & Lyth, PLB 302 (93) 171,
Stewart & Gong,PLB 510 (01) 1;

Lidsey etal, Rev. Mod. Phys. 69 (97) 373
S. Habib etal, PRL 89 (02) 281301

ng —1=2ny —deg — 8(1 4+ O)e3; +2(3 + 5C)epng — 2CEy
= —6e + 2n — 2(12C + 5/3)€* + 2° /3 + 2(8C — 1)en
+2(1/3 - C)¢ C=-2+In2+~
n' = 10egny — 85, — 26 ~ 16en — 24€* — 2
ny = —2ex[l + (3+ 2C)ey — 2(1 4+ C)ny]
= —2¢[1 4 (4C + 11/3)e — 2(C 4 2/3)n)]
T = 16€H[1 + 20(6[{ — ﬁH)] — 166[1 + 2(0 o 1/3)(26 o 77)]



Planck2015 Results

® Planck
ns, = 0.968 + 0.006, n’ = —0.0085 =+ 0.0076

rooo2 < 0.11,  95% arXiv: 1502.02114
® Planck+BICEP2 In(10" A,) = 3.062 % 0.029

ro.002 < 0.10,  95% PRL114 (15) 101301
ne — 1 =2ng — deg ~ 2n — be
n' = 10egny — 8¢%;, — 26y ~ 16en — 24€* — 2

r = 16e = —8ny

N, > 50 — 60

A¢
M—pl > N(Cb*) QE(Cb*)



Summary

® Given potential, calculate the slow-roll
parameters

= Calculate ¢ by requiring Max(e, n) ~ 1
= Calculate ¢.

do = 50 — 60

O 1
N, =
. 7o

® Use the value of ¢« to calculate the slow-roll
narameters at the horizon exit

® Use the slow-roll parameters at the horizon
exlIt to calculate the observables




Power-law inflation

= Exponential potential (exact solution)

V(p) = Vpexp (— %Mil)

a(t) = apt”  €=1/3p, n=2/p

_ Vo ¢
d) — \/%Mpl In (\/p(?)p — 1) Mpl)

ns=1-=2/p  r=16/p=8(1—n,)

m de-Sitter universe
g =ng =0 v =3/2

Scale invariant spectrum ns =1



The chaotic inflation

Power-law potential

A V(o)
V(9) A ( ¢ )p /
= —1N _—
p pt mpl
. — P’ Mp i sz(p_l) Mpi i
160\ ¢ ) 87 o )
1
6> my, <1, n<1 = & = S

The end of inflation ¢, ~ my,

De {p/\/167r 0<p<?2,

Mpi Vplp—1)/8m, p>2.



End of inflation

" chaotic potential  y(4) — 1m2¢2

2
My \°
€e=2n=2 ( P )
¢
2
2 — 1 (ﬂ) $2 Slow-roll approximation @ = \/iMpl
6 \ M -
3H¢ pl 2¢ — ¢:_1/2/3mMpl—\
= —m

. Cbe \/7M pl

— 1.155M,,



Chaotic inflation

= Number of e-foldings

8m [ P2 qﬁQ 47r o?
Ny = —— pdo = 2 2 > — b
Py J . A L™ mpl Py
O<p<2 n=p/d p>2, n=(p—1)/2
_ p _p—1
g _PH2 L_ 4 _ 8 —n)
*  2(N,+#a)  N.+n  p+2
(p—1)(p—2) oo 2+7p 2(1 — ny)?

&= AN, + 1) T 2N+ 1?2 pe2



Higgs field

(6) = J(& ) + b1

Veff

® Higgs particle v

(¢,T) T10 " GeV

m = 125 GeV 2012 0 To23x10° Gev
= 2013 Nobel prize

14
T<I0 GeV

Englert


https://en.wikipedia.org/wiki/File:Nobel_Prize_24_2013.jpg
https://en.wikipedia.org/wiki/File:Nobel_Prize_24_2013.jpg
https://en.wikipedia.org/wiki/File:Francois_Englert.jpg
https://en.wikipedia.org/wiki/File:Francois_Englert.jpg

Higgs field

= potential v(¢) = 2&, T > Toy

Tensor-to-scalar ratio (ro.002)
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Higgs inflation

= Non-minimal coupling ¢¢*r  PLB 659 (08) 703

2
/ doy /=7 { R %gwwwm — V(cb)]

A

® Conformal transformation V(p) = Zqﬁ‘l
R £p?
Juv = nguw 0 =1 T W? Einstein frame
pl
dIn Q(¢)\’ 1
2 2 2
" [6Mpl ( i ) + |

/d‘{lx\/ﬁ |: le o %guvvuwvyw U(w)] o — Mf;l

0w) = gz |1+ o0 (28 )| U1 Ve — explku/VE)




Higgs inflation

® Spectral index ¢>1
Kaiser, PRD 52 (95) 4295

(4N + 9 192
nszl—( +)'r:

(AN +3)2° (4N +3)?

0.870 — ] 1 —
2 12 :
nS%]‘_N? r = N2 0.965 | |
= 0.980 _
N ~ 60

0.955 -
{
[ 1

ooso Ll v o L0 oo L o L [y

T. Chiba & M. Yamguchi, JCAP 0810, 021 °  °= o , o= e o

FIG. 2. Second-order results for the spectral index n, for
the model of Sec. IV, based on Egs. (10), (65), and (67),
with @ = 60. This model only admits chaotic inflation initial
conditions.



Higgs inflation

® The effect of coupling constant
N =60
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Small-field inflation

® Coleman-Weinberg potential

4
V(6) = 20+ Bo*[In(¢?/0?) — 3]
¢ <o BO’4 )\gb4
Vo)==~




Hilltop inflation

= Hill-top model Vig) =V, [1 — (%)p] p>2

p*My(o/p)*r~*

() = 202 [1 — (¢ p)?]* 19) =~ p* (1= (o/p)?]
® End of inflation
el _1 p  (o/p)f
. apli(qﬁm)p“ U(T)_l
o\’ 2p—2 2 ~ Tl 111/ @-P) ,,p/(p—2)
(;) <353 de = [p(p — 1)] 7

Boubekeur & Lyth, JCAP 0507, 010



Hilltop inflation

® The special case p=2

2

N = % F(be/ 1) = Fu/p0)]

f(x)=Inz — %:1:2

ng = 0.968 = 0.006

Planck 2015 constraints
T0.002 < 010, 95%

> 9M,, O 5 0138
14

This case is not small field inflation



Hilltop inflation

= Number of e-foldings » #2

2

N = % F(be/ 1) = Fu/p0)]




Hilltop inflation

® Scalar spectral tilt and tensor to scalar ratio

2(p—1)
s — 1 —
" (p—2)N+p-1
Q2 2 (2p—2)/(p—2)
ra p ]
p?* Ipllp—2)N +p—1] Kohri, Lin & Lyth, JCAP 0712, 004

= |_arge N limit

1o 20—V 217 8 [ - ](QP‘Q)/@—% [1— 2(p — 1)2}
T -2N (p-22NY 2 [pp - 2)N (p—2)°N
p = 4 More exact solution

. S VT A LAV LR T
S N ANZ AN? 16N

Roest, 1309.1285, JCAP 1401, 007



Inflationary models
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Natural Inflation

V(g) = A [1 + o8 (?)]

G_M;[ sin(¢)/ f) r _ My cos(e/))
2f2 [ 1+ cos(¢/f) T T T cos(6/1)

. M [ sin(¢/ f) r My
f4 1+ cos(o/f) 12
e 1—2(f/Mpy)? No= 2 [sin(gbe/2f)]
F [1 ¥ 2(f/M;>2] MZ T [sin(./2f)

ne ~1— M;?l/fz, f < 1.5M,, Gao and Gong, PLB 734 (14) 41

ns~1—2/N, r~8/N, f>15My



Natural inflation
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CMB constraints

Tensor-to-scalar ratio (ro.u02)

® Planck 2015
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Current Constraints

Tensor-to-scalar ratio (ro.002)

® Planck 2015 + BICEP2
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R+R? inflation

" General f(R) theory

S = [t V/=31(R) = 5 [ da /=G ()R - oh'(6) + h(6))
(6) = dh(0)/d, h(6) = 1(0

® Conformal transformation
v = Q(Qﬁ)gﬁwv Q(Cb) — h,(¢)

S(dﬂ/déb)Q 9 Y, o
> o) ]d¢>, O(¢) = I(6) = exp (V2/30)

dw2=[

S = / diz\/—g BR(g) - %g’“"v,ﬂbvuw -U (zb)] ,



R+R? inflation

® Einstein frame

= / d*z\/—g BR(Q) — EQ“VVWVW - U (w)] ,

2
exp( \f w) W)
= R+ aR?
) = é 1o Vi)
ty=l— =, ==




Inflationary models

® Chaotic Inflation (Power-law potential)

B D - p—1
n.e=1— p+2 r = 4p
7 2(N,+n) N, +n

" Hilltop Inflation

_ o\"
V(g) =W [1 N (; Boubekeur & Lyth, JCAP 0507, 010

ng =1—

2(p — 1) 82 12 (2p—2)/(p—2)
T
p? [p(p—2)N



Universal Attractors

" Natural Inflation v(¢) = A [HCOS (?)]
ns~ 1 —My/f?, f<1.5My
9 8

=

N, N,

7’213%1— y f>1-5Mpl

= R2 Inflation (Starobinsky model)
R+ R?

2 12
T =
N, N2

*

ng=1-—




Universal Attractors

® non-minimal coupling ¢¢*r with strong

coupling ¢ > 1 A

V(o) = =t
o2 2 =3
T TN TT N

Kaiser, PRD 52 (95) 4295
Bezrukov and Shaposhnikov, PLB 659 (08) 703

= non-minimal coupling with strong coupling

QB)R, Up) =1+Ef(9), Vi(g) = N [*()

2 12
nszl—N; "= N2 E>1

Kallosh, Linde and Roest, PRL 112 (14) 011303




o Attractors

®" The model
o) Ib)?
Lr=v-g %R_ (1—q52/6)2( ;b) _f2(¢/\/6)]
nszl_%’ T:]}\Qj_(; T'mOdeIV:%tanh2”(¢/\/6_a)

E-model V =V} [1 — eXp(_\/%¢)] 2n

Galante, Kallosh, Linde, Roest, PRL 114 (15) 141302
1

—5Ke(p)(9p)” = Vi (p)
p
1 1
ns—l— b r

p—1N' = Ne/G-D




Potential Reconstruction

® Relations n,, r, N Lin, Gao & Gong, MNRAS
459 (16) 4029

r = 16¢

dlne

dN
ML (VT 1V dg 1dInV
2 \V

ne— 1 = —2¢+

> ()

€

2V dN 2 dN

VN VN
nNe — 1 =~ —(IHV),N + (hl 7>,N = (lﬂ W),N

) — P = i/o v/ 2¢(N)dN

e(N), ny(N), O(N) mmmp V(o)
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Model Independent Reconstruction &

® The parametrization of the spectral tilt

ng — 1~ — b Creminelli etal. arXiv: 1412.0678
N+a Chiba 1504.07692

p—1
e) = 2(N +a) + C(N + a)»

Mukahnov EPJC 73 (13) 2486

p>1 C>0

V(N) =p;11 [(N+1a)p1 +%]1

"Casel c—o, vig)= Voo - g0)



The parametrization of the spectral tilt(£Z)

" Case2 p=2

2 16
?’LS—1% T =

N+a’ C(N + a)?

V(¢) = Votanh®[y(¢ — ¢o)] T-mode
C>1, a<1, V() Vy{l—dexp|—\/C/2(6—v)] }

(¢ attractors and Starobinsky model



The parametrization of the spectral tilt{&)

® General case ns — 1= —p/(N+a), C>1

- 2(p—1a? 207 Ve o9 ~2(p-1)/(2-p)) "
V(@A(p—l—m){l;(p—l—?a) [2 p—1(¢_¢0)]
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Summary of Inflation

m At t=1032 s, the Universe is about 10-24cm

" |n about 10-33s, the Universe expanded
exponentially by a factor of 10%®  n ~ 60

® The quantum fluctuation of the inflaton
seeds the formation of the large scale
structure, and leaves imprints as small
anisotropy in CMB (COBE in 1991)

" The power spectrum of the density
perturbation is almost Gaussian, adiabatic,
and scale Iinvariant



Inflation

® Ripples: The explosive expansion of space
during inflation would have created ripples
In the fabric of space.

" GW: these gravity waves should have left a
signature In the polarization of the last-
scattered photons (CMB).

—-300 nK 300



Inflationary models

® The power spectrum Is parameterized

I{ZS 2 ns—l—l—%ngln(k/k*)—l-m
D= 1B = Aalh) (—)

s order of 10
I nt—i—%ng In(k/ks)+- ol 2
—_— * _— ~ 4 -
ng AT(]C ) (l{*) 6 7TG (27(_)
dln &
ny—1= drink%|k=aH_3—2y_2nH—4eH 21 — Ge

Ar
r= A, = 16ey = 16e = —8ny  Ar =rAz ~ H® ~V(9)
K

" Energy scale of inflation: measurement of r



Problems

® Too many models: which model of inflation
IS correct?

chaotic inflation, Higgs inflation, natural inflation
Hilltop, Spontaneously broken SUSY, Hybrid
DBI, D-brane, racetrack, R? inflation, ¢y attractors,

= Why did inflation happen? what is the
Initial condition?

® \What about other parts of inflating universe?
We only see a small part, what Is the rest?



Conclusion

® |nflation Is successful
® Too many inflationary models

®" More accurate measurements of CMB
needed

® The detection of B-mode polarization is
essential for confirming inflation
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