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Higgs discovery

First elementary(?) spin-0 particle 

SM: first EFT which might be valid up to exponentially 
high scales (too good to be true?) 

Two renormalizable interactions (Yukawa and Φ4) 
realized in fundamental theory of Nature 

A new era for particle physics!
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Open questions

Is it (NOT) the SM Higgs? 

Is it elementary or composite? 

Are there more than one Higgs bosons? 

Phase transition? Vacuum stability? Naturalness? 

Relations to inflation / dark matter / matter-antimatter 
asymmetry / neutrino masses / … ?
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Priority!

Precision measurements of Higgs properties!



Higgs boson in the SM
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simple, elegant! 
predictive, testable!



How to test: the LHC
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Figure 1: Capabilities of LHC for model-independent measurements of Higgs boson cou-
plings. The plot shows the 1 � confidence intervals for LHC at 14 TeV with 300 fb�1 as they
emerge from my fit. Deviation of the central values from zero indicates a bias, which can be
corrected for. The upper limit on the WW and ZZ couplings arises from the constraints
(2) and (3). No error is estimated for g(hcc). The bar for the invisible channel gives the 1 �
upper limit on the branching ratio. The marked horizontal band represents a 5% deviation
from the Standard Model prediction for the coupling.
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Peskin: 1207.2516

Not quite enough!



Beyond LHC: the future
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HXS at CEPC
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Figure 3.10 Left: recoil mass spectrum of e+e� ! ZX candidates assuming Z ! qq̄ decay, for 5 ab�1

of integrated luminosity. Right: selection efficiency for different Higgs boson decay modes.

3.3.2.3 Combined Results

Table 3.3 summarises the expected precisions on �(ZH) and mH in different channels.
For an integrated luminosity of 5 ab�1, an uncertainty of 5.9 MeV on the Higgs boson
mass can be achieved by combining Z ! e+e� and Z ! µ+µ� channels, and a relative
precision of 0.51% on �(ZH) by combining all three channels. In the SM, g(HZZ)

can be extracted from �(ZH) with a relative precision of 0.25%, free of assumptions on
Higgs boson width or its couplings to fermions and other vector bosons. This model-
independent determination of g(HZZ) allows for the measurement of the Higgs boson
total width, which will be detailed in Sec. 3.3.5.

Table 3.3 Estimated precisions of the Higgs boson mass, �(ZH) and Higgs-Z boson coupling with
5 ab�1 integrated luminosity.

Z decay mode �MH (MeV) ��(ZH)/�(ZH) �g(HZZ)/g(HZZ)

ee 14 2.1%
µµ 6.5 0.9%

ee + µµ 5.9 0.8% 0.4%

qq̄ 0.65% 0.32%
ee + µµ + qq̄ 0.51% 0.25%

3.3.3 Production Rates of Individual Higgs Boson Decay Modes

Different decay modes of the Higgs boson can be identified through their specific decay
products. Some of these measurements are discussed below.

3.3.3.1 H ! b¯b, cc̄, gg

For a SM Higgs boson with a mass of 125 GeV, nearly 70% of Higgs bosons decay into
a pair of jets: b-quarks (57.8%), c-quarks (2.7%) or gluons, gg (8.6%). Measurements of

CEPC preCDR

High precision measurements of ZH cross 
section (and HZZ coupling) at CEPC

Even higher accuracies claimed by FCC-ee!
Bicer et al.: 1308.6176; 
d’Enterria: 1601.06640; 1602.05043



Precision measurements 
and new physics
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Lots of discussions on probing new physics using precision 
measurements at Higgs factories; sorry that I can’t cover all!

Huang, Gu, Yin, Yu, Zhang: 1511.03969
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FIG. 10: The modification of the e+e− → hZ cross section in the δ+t -δh plane at the CEPC with
√
s = 240 GeV. The sold lines

denote the sensitivity to δσ for an integrated luminosity of 10 ab−1.
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FIG. 11: (a) Contours of δσ (dot-dashed), Γhgg/Γ
SM
hgg (dotted), and Γhγγ/Γ

SM
hγγ (dashed) in the δ+t -δ−t plane. (b) Contours of

δσ (dot-dashed), Rhgg (dotted), and Rhγγ (dashed) in the δ+t -δ−t plane.

Higgs decay width ΓhXX can be described by the signal strength

RhXX =
σhZ · Br(h → XX)

[σhZ · Br(h → XX)]SM
=

σhZ

σSM
hZ

ΓhXX

ΓSM
hXX

ΓSM
tot

Γtot
, (42)

where σh is the Higgs production cross section, and Γtot is the total Higgs decay width. At the CEPC with an
integrated luminosity of 5 ab−1, it is possible to determine Rhgg and Rhγγ up to precisions of ∼ 1.6% and ∼ 9%,
respectively [15]. In Fig. 11, we show Γhgg/ΓSM

hgg, Γhγγ/ΓSM
hγγ, Rhgg, Rhγγ , and δσ in the δ+t -δ

−
t plane, assuming δh = 0.

We can see that Higgs decay measurements with an accuracy of 5% will set stringent limits on the anomalous top
quark Yukawa couplings up to O(10%).

IV. RENORMALIZABLE MODELS

The dimension-6 operators in Eq. (3) can be induced from certain renormalizable extensions of the SM. In this
section we shall demonstrate a class of realistic models with vector-like quarks and a triplet Higgs.

Testing EWPT
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Figure 4. The 95% exclusion (blue) and 5� discovery (red) sensitivities to the new physics scales
⇤/

p|cj | by combining the current electroweak precision measurements (↵, GF , MZ , MW ) [30] with
the future Higgs observables at the Higgs factory CEPC (Table 2) and Z-pole measurements (Ta-
ble 5) under a projected luminosity of 5 ab�1 [12].

operators OWB, O(3)

LL, and OL also receive significantly enhanced constraints. In contrast,
the operator OBB is not significantly improved since its contribution to Z-pole observables
is highly suppressed. We present the final results in Fig. 4.

Fig. 4 demonstrates that the Z-pole measurements are even more sensitive than the
Higgs observables for indirectly constraining the new physics scales of effective dimension-
6 operators. This is mainly because of the huge event number that can be produced at
the Z-pole resonance. We see that running the future e+e� collider at Z-pole is beyond
the technical purpose of the machine calibration. Our study shows that it is worth of
running the collider at Z-pole for a longer time. Or, after running the Higgs factory at
Higgsstrahlung energy (240� 250GeV), it is invaluable to return to the Z-pole running for
a period and thus ensure the no-lose probe of new physics.

5 Conclusions

The LHC Higgs discovery in 2012 led particle physics to a turning point at which the
precision Higgs measurements have become an important task for seeking clues to the new
physics discovery. A future Higgs factory (like the proposed e+e� colliders CEPC, FCC-ee,
and ILC) can provide such precision Higgs measurements.

In this work, we studied the new physics scales that a future Higgs factory can probe via
general dimension-6 operators involving the observed Higgs boson (Table 1). Our analysis
utilizes the existing electroweak precision observables (EWPO), as well as the Higgs observ-
ables and precision measurements at the CEPC. The conventional scheme-dependent anal-
ysis usually fixes the three electroweak parameters (g, g0, v) with three high precision elec-
troweak observables (↵, GF ,MZ) in the Z-scheme or (↵,MW ,MZ) in the W -scheme, while

– 27 –
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FIG. 3: Indirect 1� constraints possible in �Z � �h param-
eter space by combining associated production cross section
measurements of 0.4% (1%-estimated) precision at

p
s = 240

GeV, (350 GeV) in solid black. For large values of |�h| this
ellipse can only be considered qualitatively as the calculation
is only valid to lowest order in �h. The di↵erent scales should
be noted. Direct constraints possible at the high luminosity
LHC and 1 TeV ILC (with LU denoting luminosity upgrade)
are also shown for comparison. This plot only applies to the
specific model discussed in Sec. III B and if energy-dependent
hZZ couplings were allowed then such a constraint could not
be determined.

the deviation in the associated production cross section
from a modified hZZ coupling at tree level would be of
a similar magnitude to the loop-level e↵ect from modi-
fied self-coupling.4 However for clarity in this work the
loop-suppression of the deviation from the self-coupling
will be explicitly written and the NDA factors will not
be included.

This type of scenario where the SM Higgs couplings,
in this case hZZ and h3, are rescaled by some common
factor is often considered in modified Higgs coupling anal-
yses rather than considering the e↵ects of higher dimen-
sion operators, making this section analogous to these
re-scaled coupling scenarios. Now including these modi-
fications, and taking the leading-order coe�cients of �Z
and �h and only expanding to first order in any �, the
associated production cross-section would vary as

�240
� = 100 (2�Z + 0.014�h) % , (17)

Thus in this specific model a single precision measure-
ment of the associated production cross section can con-
strain this linear combination of couplings. Also, if

4 See e.g. [34] for an explicit example where this would be the case.

�Z ⇠ �h, as would typically be expected in perturbative
scenarios, the LO modification of the associated produc-
tion cross section from �Z would completely dominate
the NLO modification from �h.

However, from Eq. (14) it is clear that the NLO self-
coupling correction is energy-dependent, meaning that
measurements at di↵erent energies constrain di↵erent lin-
ear combinations of coupling modifications, which may
lead to ellipse-plot constraints in the space of �Z � �h
couplings.5 In Fig. 3 the indirect ellipse constraint that
would result from precision measurements at 240 GeV
and 350 GeV is shown. A cross section precision of
0.4% at 240 GeV has been assumed [16]. Studies of the
cross section precision at 350 GeV have not yet been per-
formed, and a rough estimate of 1% precision has been
assumed here. This ellipse only applies to the specific
model assumptions employed in this section, but demon-
strates that under the assumption of a rescaled hZZ cou-
pling and Higgs self-coupling interesting constraints may
be imposed on deviations of both parameters, with rele-
vance to strongly coupled Higgs scenarios.

C. Two Higgs-Doublet Scenarios

Precision measurements of Higgs associated produc-
tion at a lepton collider may play an important role in
constraining the Higgs self-coupling in two Higgs-doublet
models (2HDMs). In 2HDMs there are a number of free
parameters which determine the couplings of the SM-like
Higgs boson to other fields. This section will only be con-
cerned with the couplings to SM fields, which, in a CP-
conserving 2HDM, may be parameterized with ↵, �, and
the pseudoscalar mass mA.6 Assuming that the observed
SM-like Higgs boson is the lightest CP-even scalar of the
2HDM and making the replacement cos(��↵) = �, which
measures the deviations of the Higgs couplings from the
SM values, then in terms of these parameters the tree-
level Higgs coupling to the Z-boson is modified from the
SM value to

1 + �Z = sin(� � ↵) =
p

1 � �2 , (18)

and the Higgs self-coupling is modified from the SM value
by the factor

1 + �h =
p

1 � �2
�
1 + 2�2

�
+ 2�3 cot(2�) �

2�2 m2
A

m2
h

⇣
� cot(2�) +

p
1 � �2

⌘
. (19)

5 Similar multiple-energy measurements have been proposed to
disentangle the e↵ects of hhZZ and h3 modifications in di-Higgs
production at the ILC [29].

6 For simplicity it is assumed that the 2HDM couplings such as

|H1|2H1 ·H†
2 are set to zero. Including these couplings does not

change the conclusions of this section.

5

In Eq. (2), the first/second/third terms are from the contributions of the diagram with

photon propagator/Z boson propagator/the counter term of ZZH vertex, respectively.

Here ↵ = e

2

4⇡

, N
c
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= �1

4

+ s2
w
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4
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4

� 2
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s2
w

, a
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4
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We use LoopTools [27] to do the scalar integral for di↵erent c.m. energies. In Fig. 4, we

show the deviation of cross section arising from �
t

and �
h

as a function of
p
s
e

+
e

� . Several

numerical results for the typical c.m. energy are

�240,350,400,500
�

= 1.45, 0.27, 0.05,�0.19⇥ �
h

% (3)

�240,350,400,500
�

= �0.49, 1.38, 2.14, 2.12⇥ �
t

% (4)

δt

δh

250 300 350 400 450 500

-0.5

0.0

0.5

1.0

1.5

2.0

s (GeV)

δ Z
h/δ

x(
%
)

FIG. 4. Relative correction �
�

due to anomalous ht̄t-coupling �
t

(red) and anomalous triple

Higgs coupling �
h

(blue), as a function of the e+e� center-of-mass (c.m.) energy from 220 GeV to

500 GeV. Note that the precision of relative correction can reach 0.4% for high luminosity e+e�

colliders.

The figures show that the behavior for �
t

and �
h

is opposite. At low energy end, the

relative correction �
�

happen to be dominant by �
h

, on the contrary for the high energy

end, the �
�

arising from anomalous Higgs-top coupling can’t be neglected. For the proposed

collider of Circular Electron-Positron Collider with
p
s
e

+
e

� ' 240 GeV, the extraction of

triple Higgs coupling is polluted by Higgs-top coupling. For the International Linear Collider

with option of high energy, the pollution from Higgs-top coupling must be taken into account.

Model-dependent: requires good 
knowledges of HZZ and Htt couplings!
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How well do we know σ(ZH) in the SM?

Fleischer, Jegerlehner 
(1983); Kniehl (1992); 
Denner, Küblbeck, 
Mertig, Böhm (1992)

NLO weak corrections known for decades

No improvement was attempted since then 
(possibly because LEP2 didn’t find the Higgs 😂)

~-3% for 240 GeV

QED corrections also negative; size 
depends on cut on photon energy
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Update for a closely related process: H→ZZ*→Zl+l-

Top-mass enhanced 
higher-order contributions

How well do we know σ(ZH) in the SM?

(a) (b) (c)

Figure 1: Tree-level finite-m (dotted lines) and radiative (solid lines) corrections to (a)
dΓ(H → Zτ+τ−)/ds for mH = 125 GeV as functions of the τ+τ− invariant mass

√
s,

and to (b) Γ(H → Zτ+τ−) and (c) Γ(H → Zµ+µ−) as functions of mH . The radiative
corrections include the O(α) QED (coarsely dotted lines), O(α) weak (dashed lines), and
dominant higher-order (dot-dashed lines) corrections of O(x2

t ), O(xtαs), and O(xtα2
s).

For comparison, the O(α) corrections predicted by the IBA (dot-dot-dashed lines) are
also shown.

2.0% at the upper endpoint. The one-loop electroweak correction is inadequately de-
scribed by the IBA term δxt

. The dominant higher-order correction δho amounts to about
0.2% altogether and incidentally almost coincides with the QED correction. The finite-m
correction δ0 − 1, of course, quenches dΓ(H → Zτ+τ−)/ds at threshold, but it is still
as large as −1.7% at the upper endpoint, largely compensating the combined radiative
correction. As anticipated in Sec. 2.1, the relative contribution of y0 to δ0, proportional
to the Hτ+τ− coupling, is exceedingly small in magnitude, below 0.09%, over the full

√
s

range. The finite-m corrections to dΓ(H → Zµ+µ−)/ds and dΓ(H → Ze+e−)/ds are neg-
ligible compared to the expected size of the presently unknown subleading higher-order
corrections δres, and the radiative corrections to both observables are practically indistin-
guishable thanks to the almost perfect lepton universality. The latter are also very similar
to the radiative corrections to dΓ(H → Zτ+τ−)/ds, and we refrain from presenting the
counterparts of Fig. 1(a) for dΓ(H → Zµ+µ−)/ds and dΓ(H → Ze+e−)/ds.

Looking at Fig. 1(b), we observe that the finite-m correction to Γ(H → Zτ+τ−) ranges
from −7.9% to −3.1% in the considered mass window 115 GeV < mH < 130 GeV and
more than compensates the overall radiative correction, which ranges there between 0.6%
and 1.9%. From Fig. 1(c), we read off that the finite-m correction to Γ(H → Zµ+µ−) is
below 0.03% in magnitude.

In Fig. 2(a), we present our best predictions for dΓ(H → Zτ+τ−)/ds (solid line) and
dΓ(H → Zµ+µ−)/ds (dashed line) for mH = 125 GeV as functions of

√
s including both

finite-m and radiative corrections. For comparison, the tree-level result for m = 0 (dotted
line) is also shown. The relation of the solid line shape to the dotted one may be easily
understood from Fig. 1(a). The essential feature of the dashed line shape in comparison

10

One-loop weak corrections

For σ(ZH) need to go 
beyond large mt!
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The “simpler”: O(ααs)
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Figure 4: Set of master integrals for the NLO QCD corrections to the decay H → Zγ. The master
integrals M2, M4, M6, M9 are functions of p2 = −m2

H , while the master integrals M3, M5, M7,
M10 are functions of p2 = −m2

Z . M15 and M18 have the numerator explicitly written. A dot on a
propagator indicates that the propagator is raised to power 2. Two dots means that the propagator
is raised to power 3. See Appendix B.

– 6 –

• 41 master integrals 
• Many involve 4 mass scales: 

difficult to obtain analytic 
solutions

Figures from 
Bonciani et al. 
(1505.00567)
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Figure 1: Sector decomposition schematically.

+

∫ 1

0
dy y−1−(a+b)ϵ

∫ 1

0
dt t−1−aϵ

(

1 + (1 − y) t
)−1

. (2)

We observe that the singularities are now factorised such that they can be read off
from the powers of simple monomials in the integration variables, while the polynomial
denominator goes to a constant if the integration variables approach zero. The same
concept will be applied to N -dimensional parameter integrals over polynomials raised
to some power, where the procedure in general has to be iterated to achieve complete
factorisation.

3 The algorithm for multi-loop integrals

3.1 Feynman parameter integrals

A general Feynman graph Gµ1...µR

l1...lR
in D dimensions at L loops with N propagators

and R loop momenta in the numerator, where the propagators can have arbitrary, not
necessarily integer powers νj , has the following representation in momentum space:

Gµ1...µR

l1...lR
=

∫ L
∏

l=1

dDκl
kµ1

l1
. . . kµR

lR
N∏

j=1
P

νj

j ({k}, {p}, m2
j)

dDκl =
µ4−D

iπ
D
2

dDkl , Pj({k}, {p}, m2
j) = (q2

j − m2
j + iδ) , (3)

where the qj are linear combinations of external momenta pi and loop momenta kl.
Introducing Feynman parameters according to

1
∏N

j=1 P
νj

j

=
Γ(Nν)

∏N
j=1 Γ(νj)

∫ ∞

0

N
∏

j=1

dxj x
νj−1
j δ

(

1 −
N

∑

i=1

xi

) 1
[
∑N

j=1 xjPj

]Nν
, (4)

where Nν =
N

∑

j=1

νj , leads to

Gµ1...µR

l1...lR
=

Γ(Nν)
∏N

j=1 Γ(νj)

∫ ∞

0

N
∏

j=1

dxj x
νj−1
j δ

(

1 −
N

∑

i=1

xi

)
∫

dDκ1 . . .dDκL

kµ1

l1
. . . kµR

lR

⎡

⎣

L
∑

i,j=1

kT
i Mij kj − 2

L
∑

j=1

kT
j · Qj + J + i δ

⎤

⎦

−Nν

, (5)
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Figure from Heinrich (0803.4177)

Efficient method for evaluating loop 
integrals in dimensional regularization

Binoth, Heinrich (hep-ph/0004013, hep-ph/0305234)

Li, Wang, Yan, Zhao (1508.02512)
Chinese Physics C Vol. 40, No. 3 (2016) 033103

Vegas/CPU QMC/GPU

P2 −3.848±0.004+0.0005i±0.003i −3.8482±0.0007+0.0004i±0.0003i

P1 3.81±0.03−6.41i±0.03i 3.83±0.02−6.40i±0.02i

P0 77.2±0.2+20.1i±0.2i 77.2±0.1+19.9i±0.1i

Integration Time 54290s 20s

In Table 3, we can see that our program can obtain
a result with O(10−3) accuracy in 20 seconds, while the
relative error of the FIESTA3 result takes over 15 hours
to reach near that order of accuracy. By comparing with
the results in previous section, it is obvious that the
non-planar double-box master integral has a slower con-
vergence rate. This is consistent with the conventional
conclusion that the evaluation of non-planar diagrams is
more difficult than planar ones. Nonetheless, it can be
seen that efficiency of our program for the evaluation of
non-planar master integrals is acceptable for the practi-
cal numerical approach, which can provide NLO numer-
ical results for Higgs pair production within months.

5 Conclusion

We have implemented the shifted R1LR QMC
method associated with CUDA/GPU to numerically

evaluate Feynman loop integrals by using a sector de-
composition algorithm. Some examples are presented
to show the promising efficiency of our program on the
numerical evaluation of Feynman loop integrals. For a
one-loop box Feynman integral, we could obtain an accu-
racy of about 10−4 in tens of milliseconds. For two-loop
double box Feynman integrals, the accuracy can reach
about 10−3 in several seconds in the Euclidean kinematic
region, while in the physical kinematic region less than
half a minute is needed. The efficiency of our program
can make the direct numerical approach viable for the
precise investigation on some important processes, e.g.
Higgs pair production via gluon fusion at NLO with the
finite top quark mass effect.
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(2015)
4 C. Anastasiou, C. Duhr, F. Dulat et al., Phys. Rev. Lett.,

114(21): 212001 (2015)
5 D. de Florian and J. Mazzitelli, Phys. Rev. Lett., 111: 201801

(2013)
6 X. Chen, T. Gehrmann, E. Glover et al., Phys. Lett. B, 740:

147–150 (2015)
7 R. Boughezal, F. Caola, K. Melnikov et al., Phys. Rev. Lett.,

115(8): 082003 (2015)
8 R. Boughezal, C. Focke, W. Giele et al., Phys. Lett. B, 748:

5–8 (2015)
9 O. Brein, A. Djouadi, and R. Harlander, Phys. Lett. B, 579:

149–156 (2004)
10 O. Brein, R. Harlander, M. Wiesemann et al., Eur. Phys. J. C,

72: 1868 (2012)
11 G. Ferrera, M. Grazzini, and F. Tramontano, Phys. Rev. Lett.,

107: 152003 (2011)
12 G. Ferrera, M. Grazzini, and F. Tramontano, Phys. Lett. B,

740: 51–55 (2015)
13 T. Binoth and G. Heinrich, Nucl. Phys. B, 585: 741–759 (2000)
14 T. Binoth and G. Heinrich, Nucl. Phys. B, 680: 375–388 (2004)
15 G. Heinrich and V. A. Smirnov, Phys. Lett. B, 598: 55–66

(2004)
16 Z. Nagy and D. E. Soper, JHEP, 0309: 055 (2003)
17 Z. Nagy and D. E. Soper, Phys. Rev. D, 74: 093006 (2006)

18 T. Binoth, J. P. Guillet, G. Heinrich et al., JHEP, 10: 015
(2005)

19 C. Bogner and S. Weinzierl, Comput. Phys. Commun., 178:
596–610 (2008)

20 A. V. Smirnov, Comput. Phys. Commun., 185: 2090–2100
(2014)

21 S. Borowka, G. Heinrich, S. P. Jones et al., Comput. Phys.
Commun., 196: 470–491 (2015)

22 G. P. Lepage, J. Comput. Phys., 27: 192 (1978)
23 C. Bogner and S. Weinzierl, Int. J. Mod. Phys. A, 25: 2585–

2618 (2010)
24 G. Heinrich, Int. J. Mod. Phys. A, 23: 1457–1486 (2008)
25 T. Kaneko and T. Ueda, Comput. Phys. Commun., 181: 1352–

1361 (2010)
26 T. Kaneko and T. Ueda, Sector Decomposition Via Com-

putational Geometry, in Proceedings of 13th International
Workshop on Advanced computing and analysis techniques in
physics research (ACAT2010), p. 082

27 C. Anastasiou, S. Beerli, and A. Daleo, JHEP, 0705: 071
(2007)

28 J. Dick, F. Y. Kuo, and I. H. Sloan, Acta Numerica, 22: 133–
288 (2013)

29 F. Kuo, Journal of Complexity, 19(3): 301 – 320 (2003), ober-
wolfach Special Issue

30 J. Dick, Journal of Complexity, 20(4): 493 – 522 (2004)
31 K. A. Olive et al., Chin. Phys. C, 38: 090001 (2014)
32 T. Hahn, Comput. Phys. Commun., 168: 78–95 (2005)
33 T. Hahn and M. Perez-Victoria, Comput. Phys. Commun.,

118: 153–165 (1999)

033103-8

A new fast code:

Many public tools: FIESTA, SecDec, …



Preliminary

Result
14

mt
2 mt

0 mt
-2 mt

-4

~ 82% ~ 16% ~ 1% < 1%

Alternative: expansion in 1/mt

Expansion in 1/mt will not work for 
higher energies (e.g. ILC and FCC-ee)!

Correction ~ 1% for CEPC (240 GeV); important effect!

Gong, Li, Xu, LLY: 1609.xxxxx

Fast convergence

Future: the more difficult (but also important) O(α2) correction
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Figure 1: Capabilities of LHC for model-independent measurements of Higgs boson cou-
plings. The plot shows the 1 � confidence intervals for LHC at 14 TeV with 300 fb�1 as they
emerge from my fit. Deviation of the central values from zero indicates a bias, which can be
corrected for. The upper limit on the WW and ZZ couplings arises from the constraints
(2) and (3). No error is estimated for g(hcc). The bar for the invisible channel gives the 1 �
upper limit on the branching ratio. The marked horizontal band represents a 5% deviation
from the Standard Model prediction for the coupling.
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Peskin: 1207.2516

Two important things 
that LHC and CEPC will 
not tell us very precisely

• Top Yukawa coupling 
• Higgs self-coupling



Top and Higgs
16

Strong Yukawa coupling!



Top Yukawa
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Parameter value
1− 0.5− 0 0.5 1 1.5 2 2.5 3 3.5 4

µ

ttH
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ZH
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WH
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VBF
µ

ggF
µ

 Run 1LHC
CMS and ATLAS ATLAS+CMS

ATLAS
CMS
σ1±
σ2±

Figure 12: Best fit results for the production signal strengths for the combination of ATLAS and CMS data. Also
shown are the results from each experiment. The error bars indicate the 1� (thick lines) and 2� (thin lines) intervals.
The measurements of the global signal strength µ are also shown.

31

gg→H cannot distinguish 
modified top Yukawa and 
new particles in the loop

• Direct information 
on top Yukawa 

• Statistics limited 
(Run 2 physics)

ATLAS and CMS: 1606.02266



Theoretical uncertainty 
(again)
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NLO only! Higher orders?

LHC HXSWG report 4 (to appear)

NNLO 
extremely 
difficult!

Resummation?



Resummation for top pairs
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Essence of the calculation
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Two dangerous contributions for production of 
highly-boosted top quarks at LHC and SppC

quasi-collinear 
gluons

soft gluons

ln
ŝ�M2

tt̄

M2
tt̄

ln
m2

t

M2
tt̄



Double factorization

�̂(N,µf ) ⇠ Tr
⇥
H(Lh, µf )S(Ls, µf )

⇤
C2

D(Lc, µf )S
2
D(Lsc, µf )

ln
M2

µ2
f ln

M2

N̄2µ2
f

ln
m2

t

N̄2µ2
fln

m2
t

µ2
f

Boosted limit: M ≫ M/N, mt 

Emergence of a soft-collinear scale mt/N!

Ferroglia, Pecjak, LLY: 1205.3662



Resummation

�̂(N,µf ) ⇠ Tr
⇥
U(µf , µh, µs)H(Lh, µh)U

†(µf , µh, µs)S(Ls, µs)
⇤

⇥ U2
D(µf , µc, µsc)C

2
D(Lc, µc)S

2
D(Lsc, µsc)

Pecjak, Scott, Wang, LLY: 1601.07020

µf

µh

µs µc

µsc

pp→ttH very similar to pp→tt, 
but some ingredients are missing: 
performing soft resummation first



ttH: approximate NNLO
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Broggio, Ferroglia, Pecjak, Signer, LLY: 1510.01914

MSTW 2008 PDFs

μ0 = 620 GeV

0 50 100 150 200 250 300 350
0

5

10

15

20

25

30

35

PT
H [GeV]

cr
os
s
se
ct
io
n
pe
rb
in

[fb
]

Figure 9. Di↵erential distributions at nNLO (orange band) compared to the NLO calculation

carried out with MG5 (blue band). In this case the uncertainty bands are obtained by consid-

ering di↵erent sets of subleading corrections and by varying the scale in the range [µ0�2,2µ0].
NLO distributions are evaluated with NLO PDFs, nNLO distributions with NNLO PDFs.
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NLO

nNLO

First fully differential prediction beyond NLO!

Exact NNLO for ttH unlikely to be available very soon!

NLO+NNLL resummation in progress

Future: predictions for SppC (boosted tops and Higgs)



Higgs self-couplings
24

m2
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2
h2 +
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2v
h3 +

2m2
h

v2
h4

How can we verify 
these two interactions?

“6th force”

Important for EW phase transition 
as well as vacuum stability!



Higgs pair & self-coupling
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HL-LHC and 100 TeV physics!
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FIG. 1: Sample Feynman graphs contributing to pp → hh+X. Graphs of type (a) yield vanishing contributions due to color
conservation.

cal configuration†, which is characterized by a large di-
higgs invariant mass, but with a potentially smaller Higgs
s-channel suppression than encountered in the back-to-
back configuration of gg → hh.
The goal of this paper is to provide a comparative

study of the prospects of the measurement of the trilinear
Higgs coupling applying contemporary simulation and
analysis techniques. In the light of recent LHC measure-
ments, we focus our eventual analyses on mh = 125 GeV.
However, we also put this particular mass into the con-
text of a complete discussion of the sensitivity towards
the trilinear Higgs coupling over the entire Higgs mass
range mh

<∼ 1 TeV. As we will see, mh ≃ 125 GeV is a
rather special case. Since Higgs self-coupling measure-
ments involve end-of-lifetime luminosities we base our
analyses on a center-of-mass energy of 14 TeV.
We begin with a discussion of some general aspects

of double Higgs production, before we review inclusive
searches for mh = 125 GeV in the pp → hh+X channel
in Sec. II C. We discuss boosted Higgs final states in pp →
hh+X in Sec. II D before we discuss pp → hh+j+X with
the Higgses recoiling against a hard jet in Sec. III. Doing
so we investigate the potential sensitivity at the parton-
and signal-level to define an analysis strategy before we
apply it to the fully showered and hadronized final state.
We give our conclusions in Sec. IV.

II. HIGGS PAIR PRODUCTION AT THE LHC

A. General Remarks

Inclusive Higgs pair production has already been stud-
ied in Refs. [14–17] so we limit ourselves to the details
that are relevant for our analysis.
Higgs pairs are produced at hadron colliders such as

the LHC via a range of partonic subprocesses, the most
dominant of which are depicted in Fig. 1. An approxima-
tion which is often employed in phenomenological studies
is the heavy top quark limit, which gives rise to effective

†The phenomenology of such configurations can also be treated sep-
arately from radiative correction contributions to pp → hh+X.

ggh and gghh interactions [20]

Leff =
1

4

αs

3π
Ga

µνG
aµν log(1 + h/v) , (2)

which upon expansion leads to

L ⊃ +
1

4

αs

3πv
Ga

µνG
aµνh−

1

4

αs

6πv2
Ga

µνG
aµνh2 . (3)

Studying these operators in the hh+X final state should
in principle allow the Higgs self-coupling to be con-
strained via the relative contribution of trilinear and
quartic interactions to the integrated cross section. Note
that the operators in Eq. (3) have different signs which
indicates important interference between the (nested)
three- and four point contributions to pp → hh + X al-
ready at the effective theory level.
On the other hand, it is known that the effective theory

of Eq. (3) insufficiently reproduces all kinematical prop-
erties of the full theory if the interactions are probed
at momentum transfers Q2 >∼ m2

t [11] and the massive
quark loops are resolved. Since our analysis partly re-
lies on boosted final states, we need to take into account
the full one-loop contribution to dihiggs production to
realistically model the phenomenology.

B. Parton-level considerations

In order to properly take into account the full dynam-
ics of Higgs pair production in the SM we have imple-
mented the matrix element that follows from Fig. 1 in
the Vbfnlo framework [21] with the help of the Fey-

nArts/FormCalc/LoopTools packages [22], with
modifications such to include a non-SM trilinear Higgs
coupling‡. Our setup allows us to obtain event files ac-
cording to the Les Houches standard [23], which can be
straightforwardly interfaced to parton showers. Decay
correlations are trivially incorporated due to the spin-0
nature of the SM Higgs boson.

‡The signal Monte Carlo code underlying this study is planned to
become part of the next update of Vbfnlo and is available upon
request until then.

m2
h

2
h2 +

m2
h

2v
h3 +

2m2
h

v2
h4

However, notoriously difficult to detect!



Detecting HH production
Requires combination of various decay channels!

bbγγ bbττbbWW

WWWWbbbb

WWγγ

Dolan et al.: 1206.5001; Papaefstathiou, LLY, Zurita: 1209.1489; 
Baglio et al.: 1212.5581; Barr et al.: 1309.6318; de Lima et al.: 
1404.7131; Barr et al.: 1412.7154; Li, Li, Yan, Zhao: 1503.07616; 
Papaefstathiou: 1504.04621; Kotwal et al.: 1504.08042; He, Ren, Yao: 
1506.03302; Lü, Du, Fang, He, Zhang: 1507.02644; Zhao, Li, Li, Yan: 
1604.04329; Kling et al.: 1607.07441; …; sorry for limited space!
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FIG. 1. (a) Scale variation of gluon fusion cross section for
Higgs boson pair production, at LO and NLO. (b) cross sec-
tions times branching ratios at the 14 TeV LHC, for Higgs
boson pair production. We show only the dominant decay
modes: bb̄bb̄ (dots), bb̄jj (short dashes), bb̄bjjjj (dot-dashes),
bb̄⌧+⌧� (long dashes) and bb̄l⌫jj (solid). Note that the four
main decay modes are fully hadronic.

resummation could help reducing the scale uncertainty.
For the branching ratios, the values of [16, 17] were

used. In the mass range (120, 130) GeV, the Higgs boson
decay modes with the largest branching fractions are h !
bb̄ and h ! W+W�. The most probable decay mode
for a pair of Higgs bosons is hh ! bb̄bb̄. This mode is
challenging to search for, mostly due to the fact that it
is di�cult to trigger on, and that it competes against the
QCD multi-jet backgrounds that possess overwhelmingly
large cross sections. In general, QCD backgrounds can
be suppressed with the existence of leptons and missing
energy. We plot in the right panel of Fig. 1 the total
rates for the five most important channels at the 14 TeV
LHC, with the Higgs mass in the 120-130 GeV range. As
can be seen, the first four channels are purely hadronic.
The most important channel that contains leptons and
missing energy is bb̄W+W� with W+W� ! `⌫jj, where
` is either an electron or a muon and j refers to light jets.
For a 125 GeV Higgs boson, the branching ratio for this
mode is ⇠ 7.25% [17], and the total rate is ⇠ 2.34 fb.
Event generation and analysis. We now describe our
analysis strategy for the bb̄`⌫jj channel. We will focus
on a ‘mid-term’ integrated luminosity of 600 fb�1 for the
LHC at a center-of-mass energy of 14 TeV. The largest
background for this final state is tt̄ production with semi-
leptonic decay of the top pair. This background is the
most challenging one: not only it has a large total rate
(⇠ 240 pb), but also possesses a mass scale, given by
the top mass (⇠ 175 GeV). The second important back-
ground isW (! `⌫)bb̄+jets, with a total rate of⇠ 2.17 pb.
Other QCD multi-jets production associated with a W
boson can enter, with two light jets misidentified as com-
ing from b-quarks. Backgrounds originating from asso-
ciated production of a single Higgs boson can also be
present: h(! WW )bb̄, h(! bb̄)WW and h+jets where
the jets are miss-identified.

Parton-level events of the hh signal, with the Higgs bo-

son mass set to 125 GeV at the 14 TeV LHC have been
generated using a custom MadGraph 5 model [18, 19],
which includes the full top quark mass e↵ects in the rel-
evant box and triangle diagrams. The factorization and
renormalization scales are set to µF = µR = 125 GeV,
and we checked that other scale choices do not substan-
tially alter the conclusions of our analysis. The decays of
the Higgs bosons are performed in HERWIG++ [20, 21], and
the total rate is normalized to the NLO value of 2.34 fb.
The tt̄ background is generated using HERWIG++ with sub-
sequent semi-leptonic decay, whose cross section is nor-
malized to the approximate NNLO value (times branch-
ing ratio) of 240 pb [22]. Parton-level events for other
backgrounds are generated using ALPGEN [23], where the
transverse momenta of light partons or b-quarks were
constrained to be pT > 30 GeV and their separation sat-
isfies �R =

p
(�y)2 + (��)2 > 0.35, with y and � be-

ing the rapidity and azimuthal angle, respectively. The
parton-level events are then showered and hadronized via
HERWIG++. Whenever applicable, MLM-matching [23] as
implemented in HERWIG++ [21] is used to avoid double-
counting in certain regions of phase space.
The hadron-level particles satisfying pT > 0.1 GeV and

|⌘| < 5 are clustered into jets with the Cambridge-Aachen
algorithm using FastJet [24], with a radius parameter
R = 1.4. We then pick those jets with pT > 40 GeV,
which results in what we call ‘fat’ jets. For a given fat jet
j, we then examine its subjets j1 and j2 (withmj1 > mj2)
following the BDRS [7] procedure. We ask for a signif-
icant mass drop mj1 < µmj with µ = 0.667, and re-
quire that the splitting is not too asymmetric by impos-
ing min(p2T,j1

, p2T,j2
)�R2

j1,j2/m
2
j > 0.09. We also apply a

‘filtering’ procedure similar to that applied by BDRS: re-
solving the fat jets on a finer angular scale Rfilt < Rj1,j2

and taking the three hardest objects (subjets) that ap-
pear, where we choose Rfilt = min(0.35, Rj1,j2/2). This
provides versatility to the analysis against the e↵ects of
extra radiation, particularly the underlying event. In the
present study we do not consider the e↵ects of the detec-
tor resolution, which of course have to be included in a
detailed experimental study.
We look for events containing at least two filtered fat

jets satisfying the mass drop condition. We then impose
the following conditions:

1. Exactly one isolated lepton with pT,` > 10 GeV and
|⌘| < 2.5, where isolation means that the scalar sum
of the transverse momenta of the visible particles
lying inside a cone of radius R = 0.15 around the
lepton is less than 0.1⇥ pT,`.

2. Missing transverse energy 6ET > 10 GeV.

3. At least one fat jet with its two leading subjets b-
tagged, which satisfies |⌘| < 2.5, pT > 180 GeV and
m 2 [115�135] GeV. Among these we take the one
with highest pT as the h ! bb̄ candidate and refer

Hot topic since 
Higgs discovery!
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have zoomed-in in the right panel, and shaded the ±10% variation region from the SM value
of the cross section. Here and in the remaining article, we employ the MSTW2008nlo_nf4
PDF sets [88].11 One can clearly see how deviations from the SM prediction ci = 0 could
lead to substantial changes in the total cross section. Unfortunately, the dependence on c6
is rather mild, whereas the dependence on ct and cg is substantially more pronounced. This
tendency will be amplified when realistic analysis cuts are considered (see below). The fact
that positive values of c6 lead to a decreased cross section reflects the negative interference
between the triangle and box contributions.

Figure 2: The effect of the variation of individual operators on the total cross section
divided by the SM value. In the right panel we focus on a narrower region, showing in the
grey-shaded area the ±10% variation with respect to the SM value. The solid portions of
the curves represent the region which is compatible at 95% C.L. or more with the current
Higgs boson data, obtained using HiggsBounds and HiggsSignals (see section 5.3.2 for
details).

5.2 Analysis

To accommodate a direct comparison with existing phenomenological analyses, we focus on
the process hh ! (b¯b)(⌧+⌧�) at the 14 TeV LHC. The specific final state possesses a rela-
tively large branching ratio and manageable backgrounds. This channel has been examined
in detail within the SM in Refs. [22–24, 29] and turned out to be particularly promising.
We consider here only the main irreducible backgrounds, arising from t¯t production with
subsequent decays of the W bosons to ⌧ leptons, as well as ZZ and hZ production with
(b¯b)(⌧+⌧�) final states, which is sufficient given the other sources of uncertainty.12 The
backgrounds were generated at next-to-leading order in QCD, using the aMC@NLO event
generator [89–91]. The total cross section for t¯t was normalised to �tt̄ = 900 pb [92, 93]
and the ZZ and hZ NLO cross sections were taken out of the aMC@NLO calculation directly:

11The cross sections have been verified through an independent implementation directly in HPAIR.
12We have also considered the effect of D = 6 operators in hZ production and the subsequent Higgs

boson decay. These were found to have negligible impact on our analysis and we do not discuss them in
detail.
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destructive interference with the box contributions leads to a reduction in the cross section.
The coefficient is constrained to lie within �0.1 . ct . 0.4 at 3000 fb�1 and for fth = 0.3,
after marginalization (1�-equivalent). It is evident that improving the knowledge on the
poorly-constrained ‘top Yukawa’ ct, entering hh production in various ways, will be helpful
to improve the exclusion range for c6.

Figure 6: The p-values obtained after marginalization over the directions orthogonal to
the (ct, c6)-plane, for the process hh ! (b¯b)(⌧+⌧�). On the top plots we show the results
at 600 fb�1 of integrated luminosity, without (fth = 0.0) and with (fth = 0.3) theoretical
uncertainty included and on the bottom we show the corresponding plots at 3000 fb�1. We
also present the 1-sigma contours as black dashed lines.

The expected constraints for cg, which adds tree-level couplings of one or two Higgs
boson to two gluons, are shown in the (cg, c6)-plane in Fig. 7. The results reflect the fact
that an enhanced production cross section due to values of cg away from the minimum
(right panel, Fig. 3) can compensate a reduction due to positive c6. The constraint on cg
is found to be �0.2 . cg . 0.1 at 3000 fb�1 given that fth = 0.3, after marginalization.

We present the results involving c� in Fig. 8, which enters the process under consider-
ation indirectly, through modification of the branching ratios (via single Higgs boson data
p-values). The correlation with c6 is weak, and no significant constraint is expected to be
imposed through hh ! (b¯b)(⌧+⌧�).

– 18 –
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(2) Missing transverse energy 6ET > 10 GeV.
(3) At least one fat jet with its two leading subjets

b-tagged, which satisfies j!j< 2:5, pT > 180 GeV
and m 2 ½115–135" GeV. Among these we take the
one with highest pT as the h ! b !b candidate and
refer to it as h1. The system of the two b-tagged
subjets is referred to as b !b.

(4) A second fat jet with pT > 40 GeV and m>
5 GeV, which, together with the lepton and 6ET ,
can reconstruct the W-decaying Higgs boson (h2).
This jet will be considered as candidate for the
hadronically decayingW boson, and will be referred
to as Wh.

In the above, b tagging is implemented in the event gen-
erators by keeping the lightest B hadrons stable.
Throughout this work we assume a b-tagging efficiency
of 70%. The reconstruction of the W-decaying Higgs
boson is achieved by solving the set of equations m2

h ¼
ðp‘ þ p" þ pWh

Þ2 and p2
" ¼ 0, where the transverse com-

ponents of p" are identified with those of the missing
transverse momentum. Here we assume that the mass of
the Higgs boson will already have been measured to a
reasonable accuracy. Note that since the equations are
quadratic, there are two solutions for the z component of
momentum of the neutrino. It is, however, not possible to
decide which is the correct one and we therefore do not use
this information in our analysis. Here we reject events
giving complex solutions, although one may adopt some
imaginary part ‘‘tolerance’’ to accommodate the smearing
of the momenta by detector effects [25].

The conditions described above will be referred to as the
‘‘basic’’ cuts, and already provide strong rejection against
backgrounds. Table I shows the starting cross sections for
the processes considered as well as the resulting cross
sections after the basic cuts. Among the irreducible back-
grounds where the final states are exactly the same as our
signal, the important ones are t!t and Wb !bþ jets, which
we will further analyze, while the hb !b and hWW processes
are negligible. The W þ jets background requires two

mis-b-tagged light jets to fake our signal. We estimate
the rejection factor as follows: for the W þ jets inclusive
sample, we pick the hardest filtered fat jet and, assuming
that its two hardest filtered subjets are mis-b-tagged, we
apply the basic cuts to the event. We multiply the resultant
cross section by the light jet rejection factor (10'4, assum-
ing the light jet mis-b-tag probability to be 1%) for two
jets. The hþ jets background also requires mis-b-tags, for
which we work in the same way as with the W þ jets.
These reducible backgrounds are found to be irrelevant
after the basic cuts.
We investigate in further detail the hh signal vs the

t!t and Wb !bþ jets backgrounds, going beyond the
basic cuts. We show the signal (S) and background (B)
distributions to demonstrate the set of cuts that provides a
high significance, while retaining a reasonable number of
signal events in order to keep the statistical error under
control. We show in Fig. 2(a) the pT;h1 distributions, where
we see that the signal tends to have a larger pT

for the Higgs candidate. We therefore impose a harder
cut pT;h1 > 240 GeV and subsequently consider the
(b) Rb !b;h1

(distance between the h1 fat jet and the b !b
subsystem), (c) mh1 and (d) mWh

distributions. One can
observe that significant background rejection can be
obtained by selecting mWh

around the W boson mass mW ,
requiring that the b and !b subjets are more symmetrically
distributed in the fat jet h1 by choosing a small Rb !b;h1

,

and imposing a mass window for mh1 around the true
Higgs mass mh. We choose mWh

> 65 GeV, mh1 2
½120–130" GeV and Rb !b;h1

< 0:06. Using these simple

cuts, we obtain about 4.6 signal and 2.6 background events
at 600 fb'1, thus getting S=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Sþ B

p
( 1:7, and a signifi-

cance of 2:2#. To gain more discriminating power, we

TABLE I. Cross sections for the signal and backgrounds be-
fore (second column) and after (third column) the basic cuts. For
the irreducible backgrounds where true b quarks are not present,
a mis-b-tagging probability of 1% for light jets are included. The
MLM matching is applied to the Wb !bþ jets,W þ jets and hþ
jets processes.

Process #initial (fb) #basic (fb)

hh ! b !b‘"jj 2.34 0.134
t!t ! b !b‘"jj 240) 103 15.5
Wð! ‘"Þb !bþ jets 2:17) 103 0.97
Wð! ‘"Þ þ jets 2:636) 106 Oð0:01Þ
hð! ‘"jjÞ þ jets 36.11 Oð0:0001Þ
hð! ‘"jjÞb !b 6.22 Oð0:001Þ
hð! b !bÞ þWWð! ‘"jjÞ 0.0252 * * *
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FIG. 2 (color online). Distributions for signal and backgrounds
of (a) pT;h1 after the basic cuts; and (b) Rb !b;h1

, (c) mh1 , (d) mWh

after the basic cuts and pT;h1 > 240 GeV.
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FIG. 2. Higgs pair invariant mass distribution at LO (dotted
blue), NLO (dashed red) and NNLO (solid black) for the LHC
at c.m. energy Ecm = 14TeV. The bands are obtained by
varying µF and µR in the range 0.5Q ≤ µF , µR ≤ 2Q with
the constraint 0.5 ≤ µF /µR ≤ 2.

Again, we already included the counter terms in the

definition of σ̂(c+)
qg and σ̂(c−)

gq . Finally, for the quark-
antiquark subprocess we have

σ̂b
qq̄ =

∫

d cos θ1 dθ2 dy

√

x(x − 4M2
H/s)

512 π4
fqq̄(x, y, θ1, θ2) .

(17)
The expressions for fqg, fgq and fqq̄ can be found in the
appendix.
Summarizing, Eqs. (3), (14), (16) and (17) contain

all the contributions to the partonic cross section up to
NNLO accuracy. We find agreement with Ref. [16] with
respect to the NLO results.†

III. PHENOMENOLOGY

We present, here, the phenomenological results for the
LHC. In all cases we use the MSTW2008 [30] sets of
parton distributions and QCD coupling at each corre-
sponding order. The bands are obtained by varying in-
dependently the factorization and renormalization scales
in the range 0.5Q ≤ µF , µR ≤ 2Q, with the constraint
0.5 ≤ µF /µR ≤ 2. We recall that we always normalize
our results with the exact top- and bottom-mass depen-
dence at LO. We use MH = 126GeV, Mt = 173.18GeV
and Mb = 4.75GeV.
Given that at one-loop order the corrections to the ef-

fective vertex ggHH are the same than those of ggH , we

will assume for the phenomenological results that C(2)
HH =

C(2)
H . We analyzed the impact of this still unknown co-

efficient varying its value in the range 0 ≤ C(2)
HH ≤ 2C(2)

H

† We notice that the exact LO is taken into account in a slightly
different way in Ref. [16]. The numerical effect is anyway small.
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FIG. 3. Total cross section as a function of the c.m. energy
Ecm for the LO (dotted blue), NLO (dashed red) and NNLO
(solid black) prediction. The bands are obtained by varying
µF and µR as indicated in the main text. The inset plot shows
the corresponding K factors.

and found a variation in the total cross section of less
than 2.5%.
In Figure 2 we show the hadronic cross section for the

LHC as a function of the Higgs pair invariant mass, for
a c.m. energy Ecm =

√
sH = 14TeV, at LO, NLO and

NNLO accuracy. We can observe that it is only at this
order that the first sign of convergence of the pertur-
bative series appears, finding a nonzero overlap between
the NLO and NNLO bands. Second order corrections are
sizeable, this is noticeable already at the level of the total
inclusive cross sections

σLO = 17.8+5.3
−3.8 fb

σNLO = 33.2+5.9
−4.9 fb (18)

σNNLO = 40.2+3.2
−3.5 fb

where the uncertainty arises from the scale variation.
The increase with respect to the NLO result is then of
O(20%), and the K factor with respect to the LO pre-
diction is about KNNLO = 2.3. The scale dependence is
clearly reduced at this order, resulting in a variation of
about ±8% around the central value, compared to a total
variation of O(±20%) at NLO.
In Figure 3 we present the total cross section as a func-

tion of the c.m. energy Ecm, in the range from 8TeV to
100TeV. We can observe that the size of the perturba-
tive corrections is smaller as the c.m. energy increases.
Again, in the whole range of energies the scale depen-
dence is substantially reduced when we consider the sec-
ond order corrections.
In Table I we show the value of the NNLO cross sec-

tion for Ecm = 8, 14, 33 and 100TeV. We consid-
ered three different sources of theoretical uncertainties:
missing higher orders in the QCD perturbative expan-
sion, which are estimated by the scale variation as indi-
cated before, and uncertainties in the determination of
the parton distributions and strong coupling. To esti-
mate the parton flux and coupling constant uncertain-

p
s [TeV] �LO [fb] �NLO [fb] �NNLO [fb]

13 13.8059(13)+31.5%
�22.5% 25.829(3)+17.8%

�15.4% 30.38(3)+5.2%
�7.7%

14 17.0778(16)+30.7%
�22.1% 31.934(3)+17.5%

�15.1% 37.52(4)+5.2%
�7.6%

Table 1: Inclusive cross sections for Higgs boson pair production for different centre-of-mass energies
at LO, NLO and NNLO. Numerical errors on the respective previous digits are stated in brackets,
including the extrapolation error in the NNLO prediction. Scale uncertainties are obtained from
independent variations of µR and µF around the central scale µ0 = mHH/2.

3 Results

In the following we present predictions for Higgs boson pair production at the LHC including pertur-
bative fixed-order corrections up to NNLO in the heavy-top limit. Inclusive results will be presented
for centre-of-mass energies of

p
s = 13TeV and

p
s = 14TeV, while at the differential level we restrict

ourselves to
p
s = 14TeV. SM input parameters are chosen according to the recommendations of [71],

which in particular implies v = 246.2GeV, mt = 173.2GeV and

mH = 125GeV . (5)

Here, the top-quark mass does only enter via the NNLO contributions to the matching coefficients, as
given in Eq. (3). For the calculation of hadron-level cross sections we employ the PDF4LHC15 [72]
parton distribution functions (PDFs), and use the corresponding NLO PDFs for our LO and NLO
predictions and NNLO PDFs for the NNLO predictions.¶ Couplings are evaluated using the running
strong coupling provided by the respective PDFs. All light quarks, including bottom quarks, are treated
as massless particles, i.e. nF = 5, while the top quark does not contribute explicitly in the employed
heavy-top limit. To define jets, we employ the anti-kT jet clustering algorithm [74] with R = 0.4 and
require pTj > 30GeV and |⌘j | < 4.4. In all results the renormalisation scale µR and factorisation scale
µF are set to

µR,F = ⇠R,Fµ0, with µ0 = mHH/2 and
1

2

 ⇠R, ⇠F  2 , (6)

where mHH is the invariant mass of the produced Higgs boson pair. Our default scale choice cor-
responds to ⇠R = ⇠F = 1, and theoretical uncertainties are assessed by applying the 7-point scale
variations (⇠R, ⇠F) = (2, 2), (2, 1), (1, 2), (1, 1), (1, 0.5), (0.5, 1), (0.5, 0.5), i.e. omitting antipodal vari-
ations. As shown in Ref. [33] the scale choice of Eq. (6) guarantees a good perturbative convergence
of the total cross section and of the mHH distribution in Higgs boson pair production.

In Tab. 1 we report inclusive cross sections for
p
s = 13TeV and

p
s = 14TeV. No phase-space cuts

are applied, and the quoted uncertainties are obtained from scale variations. Both at
p
s = 13TeV and

14TeV the NLO corrections increase the LO result by about 85%, and the NNLO corrections have an
effect of about 18% on top of the NLO result. Scale uncertainties are successively reduced from about
20% � 30% at LO (which largely underestimates the effect of higher-order corrections) to less than
10% at NNLO.

In Figs. 2–7 differential distributions for Higgs boson pair production at the LHC with
p
s = 14TeV

are shown at LO, NLO and NNLO accuracy. In those distributions shown in Figs. 2–4, both NLO
¶To be precise, we use the PDF4LHC_nlo_30 and PDF4LHC_nnlo_30 sets, interfaced through the Lhapdf library [73].
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As a further cross-check we have also calculated mass
corrections as an expansion in 1/m

2
t in the following way:

we write the partonic di↵erential cross section as

d�̂exp,N =
N
X

⇢=0

d�̂

(⇢)

✓

⇤

mt

◆2⇢

, (13)

where ⇤ 2
np

ŝ,

p
t̂,

p
û, mh

o

, and determine the first

few terms (up to N = 3) of this asymptotic series with the
help of qgraf [23], q2e/exp [38, 39] and Matad [40],
as well as Reduze [26] and Form [24, 25].

We applied the series expansion to the virtual correc-
tions, combined with the infrared insertion operator I,
such that the expression in brackets below is infrared fi-
nite,

d�̂

virt + d�̂

LO(✏) ⌦ I

⇡ �

d�̂

virt
exp,N + d�̂

LO
exp,N (✏) ⌦ I

�

d�̂

LO(✏)

d�̂

LO
exp,N (✏)

, (14)

such that we can set ✏ = 0 in d�̂

LO
/d�̂

LO
exp,N . There is

some freedom when to do the rescaling, i.e. before/after
the phase-space integration and convolution with the
PDFs. We opt to do it on a fully di↵erential level, i.e. the
rescaling is done for each phase-space point individually.
The comparison of this expansion with the full result is
shown in the next section.

NUMERICAL RESULTS

In our numerical computation we set µR = µF = µ =
mhh/2, where mhh is the invariant mass of the Higgs
boson pair. We use the PDF4LHC15 nlo 100 pdfas [41–
44] parton distribution functions, along with the corre-
sponding value for ↵s for both the LO and the NLO
results. The masses have been set to mh = 125 GeV,
mt = 173 GeV, and the top-quark width has been set to
zero. We use a centre-of-mass energy of

p
s = 13TeV

and no cuts except a technical cut in the real radia-
tion of p

min
T = 10�4 · pŝ, which we varied in the range

10�2  p

min
T /

p
ŝ  10�6 to verify that the contribution

to the total cross section is stable and independent of the
cut within the numerical accuracy.

Including the top-mass dependence, we obtain the to-
tal cross section at

p
s = 13TeV

�

NLO = 27.80+13.8%
�12.8% fb ± 0.3% (stat.) ± 0.1% (int.) .

In addition to the dependence of the result on the vari-
ation of the scales by a factor of two around the cen-
tral scale, we state the statistical error coming from the
limited number of phase-space points evaluated and the
error stemming from the numerical integration of the am-
plitude. The latter value has been obtained using error

propagation and assuming Gaussian distributed errors
and no correlation between the amplitude-level results.
The value of the cross section is 14% smaller than the
Born-improved HEFT result, �

NLO
HEFT = 32.22+18%

�15% fb,
and about 40% larger than the leading order result,
�

LO = 16.72+28%
�21% fb. Let us note that using a leading

order PDF set rather than an NLO one for the LO cal-
culation increases the LO result by about 10%.
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FIG. 1. Comparison of the full calculation to various ap-
proximations for the Higgs pair invariant mass distribution
at

p
s = 13TeV. “NLO HEFT” denotes the e↵ective field

theory result, i.e approximation (i) above, while “FT
approx

”
stands for approximation (ii), where the top-quark mass is
taken into account in the real radiation part only. The band
results from scale variations by a factor of two around the
central scale µ = m

hh

/2.

The results for the mhh distribution are shown in
Fig. 1. We can see that for mhh beyond ⇠ 450 GeV,
the top-quark mass e↵ects lead to a reduction of the
mhh distribution by about 20-30% as compared to the
Born-improved HEFT approximation. We also observe
that the central value of the Born-improved HEFT re-
sult lies outside the NLO scale uncertainty band of the
full result for mhh & 450 GeV, while the FTapprox result,
where the real radiation contains the full mass depen-
dence, lies outside the scale uncertainty band for mhh

beyond ⇠ 550 GeV. The scale uncertainty of the Born-
improved HEFT and FTapprox does not enclose the cen-
tral value of the full result in the tail of the mhh distri-
bution.

In Fig. 2, we show the results for the renormalized
virtual amplitude including the I-operator as defined in
Ref. [34] and compare it to various orders in an expan-
sion in 1/m

2
t , see Eqs. (13),(14). In the upper panel we

normalize to the virtual HEFT result, while in the lower
panel we normalize to the Born-improved HEFT result,
i.e. V

0
N = VN B/BN . The upper panel shows that the

agreement of the full result with the HEFT result is only

4
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Including the top-mass dependence, we obtain the to-
tal cross section at

p
s = 13TeV

�

NLO = 27.80+13.8%
�12.8% fb ± 0.3% (stat.) ± 0.1% (int.) .

In addition to the dependence of the result on the vari-
ation of the scales by a factor of two around the cen-
tral scale, we state the statistical error coming from the
limited number of phase-space points evaluated and the
error stemming from the numerical integration of the am-
plitude. The latter value has been obtained using error

propagation and assuming Gaussian distributed errors
and no correlation between the amplitude-level results.
The value of the cross section is 14% smaller than the
Born-improved HEFT result, �

NLO
HEFT = 32.22+18%

�15% fb,
and about 40% larger than the leading order result,
�

LO = 16.72+28%
�21% fb. Let us note that using a leading

order PDF set rather than an NLO one for the LO cal-
culation increases the LO result by about 10%.

FIG. 1. Comparison of the full calculation to various ap-
proximations for the Higgs pair invariant mass distribution
at

p
s = 13TeV. “NLO HEFT” denotes the e↵ective field

theory result, i.e approximation (i) above, while “FT
approx

”
stands for approximation (ii), where the top-quark mass is
taken into account in the real radiation part only. The band
results from scale variations by a factor of two around the
central scale µ = m

hh

/2.

The results for the mhh distribution are shown in
Fig. 1. We can see that for mhh beyond ⇠ 450 GeV,
the top-quark mass e↵ects lead to a reduction of the
mhh distribution by about 20-30% as compared to the
Born-improved HEFT approximation. We also observe
that the central value of the Born-improved HEFT re-
sult lies outside the NLO scale uncertainty band of the
full result for mhh & 450 GeV, while the FTapprox result,
where the real radiation contains the full mass depen-
dence, lies outside the scale uncertainty band for mhh

beyond ⇠ 550 GeV. The scale uncertainty of the Born-
improved HEFT and FTapprox does not enclose the cen-
tral value of the full result in the tail of the mhh distri-
bution.

In Fig. 2, we show the results for the renormalized
virtual amplitude including the I-operator as defined in
Ref. [34] and compare it to various orders in an expan-
sion in 1/m

2
t , see Eqs. (13),(14). In the upper panel we

normalize to the virtual HEFT result, while in the lower
panel we normalize to the Born-improved HEFT result,
i.e. V

0
N = VN B/BN . The upper panel shows that the

agreement of the full result with the HEFT result is only

14% smaller than Born-
improved HEFT result

A highly non-trivial 
calculation! 13 TeV

Prospect of observing this 
process at LHC reduced!



Higgs self-coupling from 
ratios of cross sections

30

• NNLO corrections to HH cross 
section are large, but suffer from 
uncertainties related to top-mass 

• May use ratios of cross sections to 
reduce theoretical uncertainties!

Goertz, Papaefstathiou, LLY, Zurita: 1301.3492

and is in fact one of the main insights in favour of using CHH . We also show, in the

ratio, the resulting PDF uncertainty, calculated using the MSTW2008nlo68cl error

sets according to the prescription found in [61].

Figure 2: The cross sections for single and double Higgs boson production at leading

order using the MSTW2008lo68cl PDF set. In the lower plot, the fractional uncertainty

due to scale variation is shown in the blue band, as well as the PDF uncertainty in the

green band.

Figure 3: The cross sections for single and double Higgs boson production at next-to-

leading order using the MSTW2008nlo68cl PDF set. In the lower plot, the fractional

uncertainty due to scale variation is shown in the blue band, as well as the PDF uncertainty

in the green band.

– 6 –

pair production and single Higgs production:

CHH =
�(gg ! HH)

�(gg ! H)
⌘ �HH

�H
, (3.1)

could be more accurately determined theoretically than the Higgs-pair production

cross section itself.3 This is based on the fact that the processes are both gluon-

initiated and the respective higher-order QCD corrections could be very similar.

Hence, it is assumed that a large component of the QCD uncertainties drop out in

the ratio CHH . Moreover, experimental systematic uncertainties that a↵ect both

cross sections may cancel out by taking the ratio. An example is the luminosity

uncertainty, which should cancel out provided the same amount of data is used in

both measurements.

Here we investigate the extent to which the above assumptions are correct, using

the available calculations for the cross sections. We begin by considering the LO and

NLO calculations for �(gg ! HH) and �(gg ! H) at the LHC at 14 TeV.4 Using

the MSTW2008lo68cl and MSTW2008nlo68cl parton density functions [47], we show

in Figs. 2 and 3 the cross sections as well as their ratios, CHH , as a function of

the Higgs mass at both LO and NLO.5 We present the scale uncertainty obtained

by varying the factorisation and renormalization scales (set to be equal) between

[0.5 µ0, 2.0 µ0], where µ0 = MH for the higlu program, used to obtain the single Higgs

cross sections [60], and µ0 = MHH for the hpair program (whereMHH is the invariant

mass of the Higgs pair), used for the Higgs pair production cross sections [46]. The

scale choices are the natural ones for each of the processes but we verified that

the conclusions are not altered substantially by changing the hpair scale, i.e. the

numerator, to equal the scale that appears in the denominator, µ0 = MH . Implicit

in the calculation of the scale uncertainty of the ratio CHH , is the fact that the

scale variation of the single and double Higgs cross sections between 0.5µ0 and 2.0µ0

is fully correlated: i.e., we obtain the upper and lower variations of the ratio by

dividing the cross sections with the same magnitude of variation of the scale. This is

an approximation that is justified since the two processes possess similar topologies,

3Note that a somewhat di↵erent, but related, idea of taking ratios of cross sections for various
processes at di↵erent energies was explored in [58].

4All calculations in the present section have been performed in the SM, i.e. � = 1 and yt = 1.
We do not expect the theoretical uncertainties to vary substantially with these values, since the
variation arises from terms with logarithmic ratios of scales, whose coe�cients are often determined
by universal QCD functions, namely the � function or the Altarelli-Parisi kernels, depending on
whether the renormalization or factorization scale is involved.

5It is important to note that the NLO calculation for HH production has been performed in the
heavy top mass limit, and hence it is expected to be approximate. At LO, the accuracy of the large
top mass approximation is O(10%) [31, 52, 59]. Note that the sub-dominant e↵ects of the bottom
quark are kept in the calculations throughout the paper where they are available: up to LO in HH

production and to NLO in single Higgs production.

– 5 –

• Now known with exact top-
mass dependence at NLO! 

• Smaller higher order corrections 
and PDF/αs dependences 

• An idea worth reconsidering 
(and extending) for SppC!



Summary

A new era for particle physics after Higgs discovery 

Many things waiting to be explored (gauge couplings, 
Yukawa couplings, Higgs self-couplings, …): requires 
CEPC and SppC beyond LHC! 

Precision σ(e+e-→ZH): fundamental theoretical input for 
CEPC 

Precision observables to extract Htt and HHH couplings 
at SppC

31



Thank you!


