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Hadron	Exotics:	Experiment
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Hadron	Molecule	Production

Prompt production of 𝑋(3872)

20

𝑋(3872) is the Queen of exotic resonances, the most popular interpretation
is a 𝐷0 𝐷0∗ molecule (bound state, pole in the 1st Riemann sheet?)
but it is copiously promptly produced at hadron colliders

Bignamini et al. PRL103 (2009) 162001

𝜎𝑀𝐶 𝑝  𝑝 → 𝐷𝐷∗|𝑘 < 𝑘𝑚𝑎𝑥 ≈ 0.1 nb

𝜎𝑒𝑥𝑝 𝑝  𝑝 → 𝑋(3872) ≈ 30 − 70 nb!!! 

(CDF acceptance)

However, the applicability of Watson 
theorem is challenged by the presence 

of pions that interfere with 𝐷𝐷∗

propagation

𝑫∗

𝑫𝟎

𝜋 𝜋 𝜋
𝜋

𝜋

A solution can be FSI (rescattering of 𝐷𝐷∗),
which allow 𝑘𝑚𝑎𝑥 to be as large as 5𝑚𝜋,  
𝜎 𝑝  𝑝 → 𝐷𝐷∗|𝑘 < 𝑘𝑚𝑎𝑥 ≈ 230 nb

Artoisenet and Braaten, PRD81, 114018

However, the rescattering is flawed by the 
presence of pions that interfere with 𝐷𝐷∗

propagation. Estimating the effect of these 
pions increases 𝜎, but not enough

Bignamini et al. PLB684, 228-230
Esposito, Piccinini, AP, Polosa, JMP 4, 1569

Guerrieri, Piccinini, AP, Polosa, PRD90, 034003
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Hadron	Molecule	Production

23

Production	rate	of	a	hadron	is	equivalent	to	that	of	quark	pairs

Hadron	Molecule	Production

Production	rate	of	X(3872)	is	equivalent	to	production	rate	of	the	DD*	in	limited	phase	space	

σ (pp→ X(3872)) ≤ d 3k
R
∫ |< DD*(k) | pp >|2

Local	Constituent-Molecule	Duality	

Local	Quark-Hadron	Duality	

A	key	assumption:	
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R value measurements test QCD prediction
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Color Evaporation	Model
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Effective	Field	Theory

Hadron	Level	EFT

27

Effective	Field	Theory

NRQCD

Hadron	Level	EFT

• Conjecture (GTB, Braaten, Lepage (1995)):
The inclusive cross section for producing a quarkonium at large momentum transfer (pT ) can be
written as hard-scattering cross section convolved with an NRQCD matrix element.

σ(H) =

X

n

Fn(Λ)�0|OH
n (Λ)|0�.

• The part of the diagram inside the box corresponds to an NRQCD matrix element.

• The points A(C) and B(D) are
within ∼ 1/m of each other.

– Kinematics implies that the vir-
tual Q is off shell by order m.

• The points A(B) and C(D) are
within 1/pT of each other.

– The part of the diagram outside
the box is insensitive to changes
of momentum flow from A(B)

to C(D) of order pT .

σ (Ds0 ) ∼σ (DK ) |< Ds0 |DK | 0 >|
2

Bodwin,	Braaten,	Lepage,	Brambilla,	et	al.

�(X(3872)) = �(DD̄⇤)|hX(3872)|DD̄⇤|0i|2
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Hadron	Molecule	In	EFT

1-GV＝0
s=s0

Mass pole corresponds to a resonance structure

à Hadron Molecule

Summing All order contributions:

Report on the past year activity

Wei Wang

Istituto Nazionale di Fisica Nucleare, Sezione di Bari

wei.wang@ba.infn.it

• Quarks form SU(3) fundamental representation: qj .

• Two-quark system:

3⇥ 3 =

¯

3� 6. (1)

• The

¯

3 representation: ✏ijkqjqk.

•

✏ijk✏ilm(T a
)lj(T

a
)mk = ✏ijk✏ilm

1

2

✓
�lk�jm � 1

Nc
�lj�mk

◆
=

1

2

✓
1� 1

Nc

◆
�ijk�ikj < 0. (2)

V + V GV + V GV GV + · · · = V

1�GV
(3)
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Hadron	Molecule	Production	at	LHC

Γ+ ΓGV + ΓGVGV+…. = Γ /(1-GV)

Γ is tree-level amplitude. 

1-GV＝0 

Herwig/Pythia: simulate	production	rates	of	constituents,	Γ



qHerwig/Pythia: simulate production rates of 
constituents, Γ

qFor charmonium/bottomonium-like states, heavy 
quarks move together, and a third parton is 
requested.   2à 3 process: use Madgraph

qUse Rivet to analyze hadronic events

Monte Carlo Event Generator



EFT vs data: X(3872)
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Histograms:	MC	event	generators			Curves:	fit	according	to	EFT.	

F.K. Guo, U.G. Meissner, WW, Z.Yang 1403.4032
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ones set by the ATLAS Collaboration. Using the integrated
luminosity in 2012, 22 fb−1 [47], we have a lower bound
estimate for the signal/background ratio

S√
B

! 1 × 22 × 106 × 2.6 % × 10−2
√

8 × 22 × 106
≃ 0.4, (21)

where 2.6 % is the branching fraction ofϒ(1S) → µ+µ− [8],
and 10−2 is a rough estimate for the branching fraction of
Xb → ϒ(1S)γ . The value of the signal/background ratio can
be significantly enhanced in the data analysis by employing
suitable kinematic cuts which can greatly suppress the back-
ground, and accumulating many more events based on the
upcoming 3,000 fb−1 data [50].

4 Summary

In summary, we have made use of the Monte Carlo event
generator tools Pythia and Herwig, and explored the inclu-
sive processes pp/ p̄ → B0 B̄∗0 and pp/ p̄ → B∗0 B̄∗0 at
hadron colliders. Based on the molecular picture, we have
derived an order-of-magnitude estimate for the production
rates of the Xb, Xb2, and Xc2 states, the bottom and spin
partners of X (3872), at the LHC and Tevatron experiments.
We found that the cross sections are at the nb level for the hid-
den bottom hadronic molecules Xb and Xb2, and two orders
of magnitude larger for Xc2. Therefore, one should be able
to observe them at hadron colliders if they exist in the form
discussed here. The channels which can be used to search for
Xb and Xb2 includeϒ(nS)γ (n = 1, 2, 3),ϒ(1S)π+π−π0,
χbJπ

+π− and B B̄ (the last one is only for Xb2), and the
channels for the Xc2 is similar to those for Xb2 (with the
bottom replaced by its charm analog). In fact, both the
ATLAS and the D0 Collaborations reported an observation
of the χb(3P) [51,52], whose mass is (10534 ± 9) MeV [8],
slightly lower than the Xb and Xb2, in the ϒ(1S, 2S)γ

channels. A search for these states will provide very use-
ful information in understanding X (3872) and the interac-
tions between heavy mesons. Especially, if the Xb, which
is the most robust among the predictions in Reference [23],
based on heavy quark symmetries, cannot be found in any
of these channels, it may imply a non-molecular nature for
X (3872).
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Constituent	Scaling	Rule?

On the constituent scaling rule in the production of multi-quark states at high energy

Feng-Kun Guo?, Wei Wang1,2
1
INPAC, Shanghai Key Laboratory for Particle Physics and Cosmology,

Department of Physics and Astronomy, Shanghai Jiao-Tong University, Shanghai, 200240, China

2
State Key Laboratory of Theoretical Physics, Institute of Theoretical Physics,

Chinese Academy of Sciences, Beijing 100190, China

It has been proposed that the quark content of multi-quark states can be probed according to
the “constituent scaling rule” in the production at high energy. In this work, we demonstrate the
so-called scaling rule is incorrect in the case with one or more hidden quark pair, no matter light or
heavy. The involved states include the hadron exotic candidates f0(980), X(3872), Z±

c , and etc.

In the past decades, great progresses have been made in the study of hadron spectroscopy especially in the hadron
exotics. However it is very hard to cleanly probe the internal structure of exotic states in a model-independent way.

Recently, it has been argued in Refs. [1–5] that the high-s production data for exotic states should follow the s

power dependence predicted based on their expected valence quark structure (including four-quark tetraquarks and
five-quark pentaquarks). If it were right, this provide a unique approach to access the internal quark structure of the
hadron exotics. For a generic process a+ b ! c+ d, the cross-section is argued to have the following behavior [1–5]:

d�

dt

⇠ s

2�n
f(✓cm), (1)

with n = na + nb + nc + nd. The s and t are Mandelstam variables, ✓cm is the scattering angle in the center-of-mass
(c.m.) system, and nh is the number of constituents in the particle h. In this note, we will show this is a misuse of
QCD perturbation theory and in particular this scaling rule is wrong in the case with one or more hidden quark pair,
no matter light or heavy.

In the following we will first give a concrete example which violates the naive scaling rule in Eq. (1). Then we
will adopt a simple viewpoint in the e↵ective field theory and point out the errors in the derivation of the misleading
scaling behavior in Eq. (1). Actually, the scaling behavior exists only in the factorization limit and can be formally
derived by matching the full theory QCD to the low-energy e↵ective field theory.

At very high energy with
p
s � ⇤QCD, exclusive processes can be understood in the QCD perturbation theory [6].

One simplest process is the e

+
e

� ! ⇡

+
⇡

� whose Feynman diagram is given in Fig. 1. This reaction follows the s

power dependence [6]:

�(e+e� ! ⇡

+
⇡

�) / 1

s

3
, (2)

which is consistent with Eq. (1). For the e+e� ! V P where V is a vector meson and P is a light pseudo-scalar meson,
there exist a helicity flipping since the vector meson in the final state can only be transversely polarized. Thus the
cross-section receives an additional suppression proportional to 1/s:

�(e+e� ! V P ) / 1

s

4
. (3)

This is di↵erent with Eq. (1). Recent measurements of the e

+
e

� ! KK

⇤? by Belle at 10.58 GeV and CLEO, BES at
3.? GeV showed consistency. More measurements at much higher energy are requested to validate the

However, if the vector meson is composed of a pair of quarks with the same flavor, like the ⇢

0
,!,� meson, the

scaling behavior will be di↵erent at high energy. We show a production mechanism in panel (b) of Fig. 1, from which
we obtain the amplitudes as follows:

Fg(V P ) = Fh(V P ) =
12⇡↵emfV fP

mV s
(1 + a2), (4)

where we have truncated the light-cone distribution amplitude of the pseudo-scalar meson up to a2. This leads to the
scaling behavior:

�(e+e� ! V P ) / 1

s

2
. (5)

So this new diagram will provide the dominant contribution and more importantly it does not obey Eq. (1)!
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In the past decades, great progresses have been made in the study of hadron spectroscopy especially in the hadron
exotics. However it is very hard to cleanly probe the internal structure of exotic states in a model-independent way.

Recently, it has been argued in Refs. [1–5] that the high-s production data for exotic states should follow the s

power dependence predicted based on their expected valence quark structure (including four-quark tetraquarks and
five-quark pentaquarks). If it were right, this provide a unique approach to access the internal quark structure of the
hadron exotics. For a generic process a+ b ! c+ d, the cross-section is argued to have the following behavior [1–5]:

d�

dt

⇠ s

2�n
f(✓cm), (1)

with n = na + nb + nc + nd. The s and t are Mandelstam variables, ✓cm is the scattering angle in the center-of-mass
(c.m.) system, and nh is the number of constituents in the particle h. In this note, we will show this is a misuse of
QCD perturbation theory and in particular this scaling rule is wrong in the case with one or more hidden quark pair,
no matter light or heavy.

In the following we will first give a concrete example which violates the naive scaling rule in Eq. (1). Then we
will adopt a simple viewpoint in the e↵ective field theory and point out the errors in the derivation of the misleading
scaling behavior in Eq. (1). Actually, the scaling behavior exists only in the factorization limit and can be formally
derived by matching the full theory QCD to the low-energy e↵ective field theory.

At very high energy with
p
s � ⇤QCD, exclusive processes can be understood in the QCD perturbation theory [6].

One simplest process is the e

+
e

� ! ⇡

+
⇡

� whose Feynman diagram is given in Fig. 1. This reaction follows the s

power dependence [6]:

�(e+e� ! ⇡

+
⇡

�) / 1

s

3
, (2)

which is consistent with Eq. (1). For the e+e� ! V P where V is a vector meson and P is a light pseudo-scalar meson,
there exist a helicity flipping since the vector meson in the final state can only be transversely polarized. Thus the
cross-section receives an additional suppression proportional to 1/s:

�(e+e� ! V P ) / 1

s

4
. (3)

This is di↵erent with Eq. (1). Recent measurements of the e

+
e

� ! KK

⇤? by Belle at 10.58 GeV and CLEO, BES at
3.? GeV showed consistency. More measurements at much higher energy are requested to validate the

However, if the vector meson is composed of a pair of quarks with the same flavor, like the ⇢

0
,!,� meson, the

scaling behavior will be di↵erent at high energy. We show a production mechanism in panel (b) of Fig. 1, from which
we obtain the amplitudes as follows:

Fg(V P ) = Fh(V P ) =
12⇡↵emfV fP

mV s
(1 + a2), (4)

where we have truncated the light-cone distribution amplitude of the pseudo-scalar meson up to a2. This leads to the
scaling behavior:

�(e+e� ! V P ) / 1

s

2
. (5)

So this new diagram will provide the dominant contribution and more importantly it does not obey Eq. (1)!

tree-level

s: square of collision energy

ni: valence component in object i
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FIG. 1: Feynman diagrams for the e+e� ! ⇡+⇡� (panel a). The panel (b) shows the production of a neutral vector meson
through a photon.

� =
4⇡↵2

3s
(1)

d�

dt

⇠ 1

s

n�2
(2)

In the past decades, great progresses have been made in the study of hadron spectroscopy especially in the hadron
exotics. However it is very hard to cleanly probe the internal structure of exotic states in a model-independent way.

Recently, it has been argued in Refs. [1–5] that the high-s production data for exotic states should follow the s

power dependence predicted based on their expected valence quark structure (including four-quark tetraquarks and
five-quark pentaquarks). If it were right, this provide a unique approach to access the internal quark structure of the
hadron exotics. For a generic process a+ b ! c+ d, the cross-section is argued to have the following behavior [1–5]:

d�

dt

⇠ s

2�n
f(✓cm), (3)

with n = na + nb + nc + nd. The s and t are Mandelstam variables, ✓cm is the scattering angle in the center-of-mass
(c.m.) system, and nh is the number of constituents in the particle h. In this note, we will show this is a misuse of
QCD perturbation theory and in particular this scaling rule is wrong in the case with one or more hidden quark pair,
no matter light or heavy.

In the following we will first give a concrete example which violates the naive scaling rule in Eq. (2). Then we
will adopt a simple viewpoint in the e↵ective field theory and point out the errors in the derivation of the misleading
scaling behavior in Eq. (2). Actually, the scaling behavior exists only in the factorization limit and can be formally
derived by matching the full theory QCD to the low-energy e↵ective field theory.

At very high energy with
p
s � ⇤QCD, exclusive processes can be understood in the QCD perturbation theory [6].

One simplest process is the e

+
e

� ! ⇡

+
⇡

� whose Feynman diagram is given in Fig. 2. This reaction follows the s

The matrix element Mab!cd is expressed in the factorized
form at large momentum transfer [10,12,27]:

Mab!cd

¼
Z
½dxa#½dxb#½dxc#½dxd#!cð½xc#Þ!dð½xd#Þ

&Hab!cdð½xa#; ½xb#; ½xc#; ½xd#; Q2Þ!að½xa#Þ!bð½xb#Þ;
(3)

in terms of the partonic scattering amplitudeHab!cd and the
light-cone distribution amplitude of each hadron, !a, !b,
!c, and !d, as illustrated in Fig. 1. Here, [x] indicates a set
of the light-cone momentum fractions of partons in a had-
ron: xi ¼ pþ

i =p
þ where pi and p are ith parton and hadron

momenta, respectively, and the light-cone component is
defined as pþ ¼ ðp0 þ p3Þ=

ffiffiffi
2

p
by taking the third axis

for the longitudinal direction.
For the nucleon, two independent variables are needed

to describe the distribution amplitude by considering a
constraint of the momentum conservation x1þx2þx3¼1.
Namely, we have ½x# ¼ x1, x2 and ½dx# ¼ dx1dx2 in
Eq. (3). On the other hand, only one variable x is needed
for mesons such as pions and kaons [see Eq. (7)]. As an
example, the reaction is illustrated in Fig. 1 by taking the
hadrons a and c as mesons and b and d as baryons. The
variable Q2 indicates a hard scale of the reaction, which is
given by Q2 ’ s for the large-angle elastic exclusive scat-
tering. In Eq. (3), we have suppressed the renormalization
and factorization scale dependencies: the former is con-
trolled by the renormalization group equation for the
coupling constant and the latter by the Efremov–
Radyushkin–Brodsky–Lepage (ERBL) evolution equa-
tions for the distribution amplitudes [27]. Those scales
are taken to be order of Q2 to avoid large radiative correc-
tions. The resulting Q2 dependencies are logarithmic and
do not largely affect the scaling behavior of the matrix
element.

A. Constituent-counting rule by dimensional counting

Originally, the constituent-counting rule was suggested
by dimensional counting [7,8]. Then, it was studied by

considering hard scattering processes in perturbative
QCD [8–10]. In this section, we explain derivation of the
scaling rule by counting mass dimensions. Then, we out-
line how the counting rule is understood in perturbative
QCD in Sec. II B.
Because the state vector of a hadron is normalized as

hhðp0ÞjhðpÞi ¼ 2p0ð2"Þ3#ð3Þð ~p( ~p0Þ, its mass dimension
is ½1=M#. If a hadron is made of nh elementary constitu-
ents, its state vector could be written as

jhi ¼
ffiffiffiffiffiffi
Nh

p
jnhi; ½

ffiffiffiffiffiffi
Nh

p
# ¼ ½Mnh(1#; (4)

where the second equation indicates that the normalization
factor

ffiffiffiffiffiffi
Nh

p
has the mass dimension [Mnh(1] if the state

vector of each constituent has the mass dimension [1=M].
Here, we explain that the normalization factor Nh is free

from the hard momentum scale. Let us take a pion state as

an example. A pion state with momentum p ’ ðpþ; 0(; ~0TÞ
in the c.m. system is expressed in terms of the Bethe–
Salpeter (BS) wave function of the leading Fock state as

j"ðpÞi ¼
Z duffiffiffiffiffiffi

u !u
p d ~kT

16"3 "q !q="ðu; ~kTÞjqðkqÞ !qðk !qÞiþ ) ) ) ;

(5)

where !u ¼ 1( u and the ellipses denote the higher Fock
states, whose contribution to the exclusive scattering am-
plitude is suppressed by some powers of s. The leading
Fock state consists of a quark and antiquark with momenta

kq’ðupþ; ~k2T=ð2upþÞ; ~kTÞ and k !q’ð !upþ; ~k2T=ð2 !upþÞ;( ~kTÞ,
respectively. Ignoring the higher Fock states, we have the
normalization of the BS wave function given by

Z 1

0
du

Z d ~kT
16"3 j"q !q="ðu; ~kTÞj2 ¼ 1: (6)

Then, if one can assume that the wave function damps fast

enough at large j ~kTj such that it has nonzero values in the

region j ~kTj & Qhad, where Qhad is the hadronic scale, its
magnitude is given by "q !q=" ’ Oð1=QhadÞ. This means

that the normalization factor is given by
ffiffiffiffiffiffiffi
N"

p *R
d ~kT"q !q=" ’ OðQhadÞ.
Actually, in the perturbative calculation, the Feynman

rule for the incoming pion, for example, is given from the
following operator definition of the light-cone distribution
amplitude as a matrix element of a bilocal operator be-
tween the pion and vacuum states [27,28]:

h0j !dð0Þ$uðzÞ%j"þðpÞi

¼ if"
4

Z 1

0
due(iupþz(ð&5 6pÞ%$!"ðu;'Þ; (7)

where z ¼ ð0; z(; ~0TÞ is a lightlike vector and f" is the pion
decay constant defined as h0j !dð0Þ&'&5uð0Þj"ðpÞi ¼
if"p', with the normalization

R
1
0 du!"ðuÞ ¼ 1. A gauge

link inserted between the two quark fields is understood on

FIG. 1. Hard exclusive scattering aþ b ! cþ d.
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FIG. 1: Feynman diagrams for the e+e� ! ⇡+⇡� (panel a). The panel (b) shows the production of a neutral vector meson
through a photon.
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FIG. 2: Feynman diagrams for the e+e� ! ⇡+⇡� (panel a). The panel (b) shows the production of a neutral vector meson
through a photon.

s = (pa + pb)
2 ! 4E2 (1)

2

e�

e+

FIG. 3: Feynman diagrams for the e+e� ! ⇡+⇡� (panel a). The panel (b) shows the production of a neutral vector meson
through a photon.

e�

e+

FIG. 4: Feynman diagrams for the e+e� ! ⇡+⇡� (panel a). The panel (b) shows the production of a neutral vector meson
through a photon.

t = (pa � pc)
2 ! E

2(1� cos ✓) ⇠ s (2)

|⇢0i ⇠ |q̄qi (3)

hX(3872)|c̄�c|0i (4)

|X(3872)i = |DD

⇤i (5)

Constituent	Scaling	Rule	for	Cross	Section:	

Very clean and straightforward!
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which is consistent with Eq. (15). For the e

+
e

� ! V P where V is a vector meson and P is a light pseudo-scalar
meson, there exist a helicity flipping since the vector meson in the final state can only be transversely polarized. Thus
the cross-section receives an additional suppression proportional to 1/s:

�(e+e� ! V P ) / 1

s

4
. (17)

This is di↵erent with Eq. (15). Recent measurements of the e

+
e

� ! KK

⇤? by Belle at 10.58 GeV and CLEO, BES
at 3.? GeV showed consistency. More measurements at much higher energy are requested to validate the

However, if the vector meson is composed of a pair of quarks with the same flavor, like the ⇢

0
,!,� meson, the

scaling behavior will be di↵erent at high energy. We show a production mechanism in panel (b) of Fig. 5, from which
we obtain the amplitudes as follows:

F (V P ) =
12⇡↵emfV fP

mV s
(1 + a2), (18)

where we have truncated the light-cone distribution amplitude of the pseudo-scalar meson up to a2. This leads to the
scaling behavior:

�(e+e� ! V P ) / 1

s

2
. (19)

So this new diagram will provide the dominant contribution and more importantly it does not obey Eq. (15)!

e�

e+

e�

e+

(a) (b)

FIG. 5: Feynman diagrams for the e+e� ! ⇡+⇡� (panel a). The panel (b) shows the production of a neutral vector meson
through a photon.

hV (✏, p1)P (p2)|jemµ |0i = FV P (s)✏µ⌫↵�✏
⌫
p

↵
1 p

�
2 , (20)

To understand this paradox, one can adopt a viewpoint in the e↵ective field theory. The decay amplitude is a matrix
element of the local Heisenberg operator. Perturbation theory allows one to express the matrix elements in terms of
the local operators in the interaction picture and the interaction terms. In principle, one can formally separate the
interactions according to the involved scale:

T exp[�i

Z
d

4
xLint(x)] = T exp[�i

Z
d

4
xLint(x)]>µ ⇥ T exp[�i

Z
d

4
xLint(x)]<µ (21)

where the µ may be taken as
p
s since here we are interested in the s dependence behavior. It is possible to include

the renormalization and the running e↵ects due to the renormalzation group. For simplicity, we neglect these e↵ects
in this work since the leading behavior is very presumably unaltered. By including the interaction, we have the matrix
element:

hf |OH(0)|ii = hf |T

O ⇥ exp[�i

Z
d

4
xLint(x)

�
|ii

= hf |T

O ⇥ exp[�i

Z
d

4
xLint(x)]>µ ⇥ T exp[�i

Z
d

4
xLint(x)]<µ

�
|ii

= hf |T

O0 ⇥ exp[�i

Z
d

4
xLint(x)]<µ

�
|ii, (22)
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FIG. 3: Feynman diagrams for the e+e� ! ⇡+⇡� (panel a). The panel (b) shows the production of a neutral vector meson
through a photon.
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exotics. However it is very hard to cleanly probe the internal structure of exotic states in a model-independent way.
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In the past decades, great progresses have been made in the study of hadron spectroscopy especially in the hadron
exotics. However it is very hard to cleanly probe the internal structure of exotic states in a model-independent way.

Recently, it has been argued in Refs. [1–5] that the high-s production data for exotic states should follow the s

power dependence predicted based on their expected valence quark structure (including four-quark tetraquarks and
five-quark pentaquarks). If it were right, this provide a unique approach to access the internal quark structure of the
hadron exotics. For a generic process a+ b ! c+ d, the cross-section is argued to have the following behavior [1–5]:

d�

dt

⇠ s

2�n
f(✓cm), (32)

with n = na + nb + nc + nd. The s and t are Mandelstam variables, ✓cm is the scattering angle in the center-of-mass
(c.m.) system, and nh is the number of constituents in the particle h. In this note, we will show this is a misuse of
QCD perturbation theory and in particular this scaling rule is wrong in the case with one or more hidden quark pair,
no matter light or heavy.

In the following we will first give a concrete example which violates the naive scaling rule in Eq. (32). Then we
will adopt a simple viewpoint in the e↵ective field theory and point out the errors in the derivation of the misleading
scaling behavior in Eq. (32). Actually, the scaling behavior exists only in the factorization limit and can be formally
derived by matching the full theory QCD to the low-energy e↵ective field theory.

At very high energy with
p
s � ⇤QCD, exclusive processes can be understood in the QCD perturbation theory [6].

One simplest process is the e

+
e

� ! ⇡

+
⇡

� whose Feynman diagram is given in Fig. 5. This reaction follows the s

power dependence [6]:

�(e+e� ! ⇡

+
⇡

�) / 1

s

3
, (33)

Integrating out 
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five-quark pentaquarks). If it were right, this provide a unique approach to access the internal quark structure of the
hadron exotics. For a generic process a+ b ! c+ d, the cross-section is argued to have the following behavior [1–5]:

d�

dt

⇠ s

2�n
f(✓cm), (7)

with n = na + nb + nc + nd. The s and t are Mandelstam variables, ✓cm is the scattering angle in the center-of-mass
(c.m.) system, and nh is the number of constituents in the particle h. In this note, we will show this is a misuse of
QCD perturbation theory and in particular this scaling rule is wrong in the case with one or more hidden quark pair,
no matter light or heavy.

In the following we will first give a concrete example which violates the naive scaling rule in Eq. (7). Then we
will adopt a simple viewpoint in the e↵ective field theory and point out the errors in the derivation of the misleading
scaling behavior in Eq. (7). Actually, the scaling behavior exists only in the factorization limit and can be formally
derived by matching the full theory QCD to the low-energy e↵ective field theory.

At very high energy with
p
s � ⇤QCD, exclusive processes can be understood in the QCD perturbation theory [6].

One simplest process is the e

+
e

� ! ⇡

+
⇡

� whose Feynman diagram is given in Fig. 2. This reaction follows the s

power dependence [6]:

�(e+e� ! ⇡

+
⇡

�) / 1

s

3
, (8)

which is consistent with Eq. (7). For the e+e� ! V P where V is a vector meson and P is a light pseudo-scalar meson,
there exist a helicity flipping since the vector meson in the final state can only be transversely polarized. Thus the
cross-section receives an additional suppression proportional to 1/s:

�(e+e� ! V P ) / 1

s

4
. (9)

This is di↵erent with Eq. (7). Recent measurements of the e

+
e

� ! KK

⇤? by Belle at 10.58 GeV and CLEO, BES at
3.? GeV showed consistency. More measurements at much higher energy are requested to validate the

However, if the vector meson is composed of a pair of quarks with the same flavor, like the ⇢

0
,!,� meson, the

scaling behavior will be di↵erent at high energy. We show a production mechanism in panel (b) of Fig. 2, from which
we obtain the amplitudes as follows:

Fg(V P ) = Fh(V P ) =
12⇡↵emfV fP

mV s
(1 + a2), (10)

where we have truncated the light-cone distribution amplitude of the pseudo-scalar meson up to a2. This leads to the
scaling behavior:

�(e+e� ! V P ) / 1

s

2
. (11)

So this new diagram will provide the dominant contribution and more importantly it does not obey Eq. (7)!

e�

e+

e�

e+

(a) (b)

FIG. 2: Feynman diagrams for the e+e� ! ⇡+⇡� (panel a). The panel (b) shows the production of a neutral vector meson
through a photon.

To understand this paradox, one can adopt a viewpoint in the e↵ective field theory. The decay amplitude is a matrix
element of the local Heisenberg operator. Perturbation theory allows one to express the matrix elements in terms of

2

e�

e+

FIG. 3: Feynman diagrams for the e+e� ! ⇡+⇡� (panel a). The panel (b) shows the production of a neutral vector meson
through a photon.

e�

e+

FIG. 4: Feynman diagrams for the e+e� ! ⇡+⇡� (panel a). The panel (b) shows the production of a neutral vector meson
through a photon.
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On the constituent scaling rule in the production of multi-quark states at high energy
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It has been proposed that the quark content of multi-quark states can be probed according to
the “constituent scaling rule” in the production at high energy. In this work, we demonstrate the
so-called scaling rule is incorrect in the case with one or more hidden quark pair, no matter light or
heavy. The involved states include the hadron exotic candidates f0(980), X(3872), Z±

c , and etc.

FIG. 1: Feynman diagrams for the e+e� ! ⇡+⇡� (panel a). The panel (b) shows the production of a neutral vector meson
through a photon.

e�

e+

µ�

µ+

FIG. 2: Feynman diagrams for the e+e� ! ⇡+⇡� (panel a). The panel (b) shows the production of a neutral vector meson
through a photon.

� =
4⇡↵2

3s
(1)

4

This gives

 / �. (17)

For the jet-like (collinear) photon field, one similarly finds

n+A ⇠ 1, A? ⇠ �, n�A ⇠ �

2
. (18)

Taking a vector meson ⇢0 as the example and integrating out the interactions at µ =
p
s, we obtain the relevant

matrix element through the photon

h⇢0|Aµ
?|0i, (19)

with the Aµ being a photon field. A gauge invariant form can be obtained by including the Wilson line. This matrix
element is nonzero. This should be compared to the matrix element of the quark fields:

h⇢0| ̄�µ? |0i, (20)

where the transverse projection receives the additional suppression �.
This misleading behavior is also similar with the other multi-quark candidates. In Ref. , it has been argued that

the e

+
e

� ! Z

±
c ⇡

⌥ obey

�(e+e� ! Z

+
c (c̄cd̄u)⇡�(ūd))

�(e+e� ! µ

+
µ

�)
/ 1

s

4
, (21)

where the Z

+
c (c̄cd̄u) is tightly bounded by two quarks and two antiquarks. However at high energy with a very largep

s, the above scaling behavior is incorrect. We show the dominant production mechanism in the s ! 1 limit in Fig 3.
The heavy quark pair c̄c is generated from QCD vacuum, and thus this mechanism is suppressed by O(1/m2

c). Since
this suppression is irrelevant with the collision energy, the s dependence scaling is determined by the light quarks:

�(e+e� ! Z

+
c (c̄cd̄u)⇡�(ūd))

�(e+e� ! µ

+
µ

�)
/ 1

s

2
, (22)

which is apparently dominant at high energy.

e�

e+

d

d̄

ū

u

c
c̄

FIG. 4: Leading power Feynman diagrams for the e+e� ! Z�
c (c̄cūd)⇡+ at very high energy. The c̄c quark pair is generated

by the QCD interaction at the scale µ ⇠ mc.

We believe the above discussion should also apply to the X(3872) case. As an example, we have discussed its
production in the Bc decays [7].

In summary it has been proposed that the quark content of multi-quark states can be probed according to the
“constituent scaling rule” in the production at high energy. In this work, we have demonstrated the so-called scaling
rule is incorrect in the case with one or more hidden quark pair, no matter light or heavy. The involved states include
the hadron exotic candidates f0(980), X(3872), Z±

c , and etc.
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It has been proposed that the quark content of multi-quark states can be probed according to
the “constituent scaling rule” in the production at high energy. In this work, we demonstrate the
so-called scaling rule is incorrect in the case with one or more hidden quark pair, no matter light or
heavy. The involved states include the hadron exotic candidates f0(980), X(3872), Z±
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FIG. 1: Feynman diagrams for the e+e� ! ⇡+⇡� (panel a). The panel (b) shows the production of a neutral vector meson
through a photon.
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FIG. 2: Feynman diagrams for the e+e� ! ⇡+⇡� (panel a). The panel (b) shows the production of a neutral vector meson
through a photon.
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Ø In 𝑒" 𝑒# → 𝜌& 𝜋& at	high	energy,	𝜌& is	produced	by	a	photon 𝛾
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To understand the rare decay Bs ! ⇡+⇡�`+`�

Wei Wang and Rui-Lin Zhu
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Motivated by the LHCb measurement, we analyze the Bs ! ⇡+⇡�`+`� decay in the kinematics

region where the pion pairs have invariant mass in the range 0.5-1.3 GeV and muon pairs do not

originate from a resonance. The scalar ⇡+⇡� form factor induced by the strange s̄s current is

predicted by the unitarized approach rooted in the chiral perturbation theory. Using the two-

hadron light-cone distribution amplitude, we then can derive the Bs ! ⇡+⇡� transition form factor

in the light-cone sum rules approach. Merging these quantities, we present our results for di↵erential

decay width which can generally agree with the experimental data. More accurate measurements

at the LHC and KEKB in future are helpful to validate our formalism and determine the inputs in

this approach.

PACS numbers: 12.39.Fe; 13.20.He;

Very recently, the LHCb has performed an analysis of rare Bs decays into the ⇡+⇡�µ+µ� final state [1] and the

branching fraction is measured as

B(Bs ! ⇡+⇡�µ+µ�) = (8.6± 1.5± 0.7± 0.7)⇥ 10�8, (1)

where the first two errors are statistical, and systematic respectively. The third error is due to uncertainties on the

normalization, i.e. the branching fraction of the B0 ! J/ (! µ+µ�)K⇤(! K+⇡�). The branching fraction for

Bs ! f0(980)µ+µ� [1] is determined as:

B(Bs ! f0(980)(! ⇡+⇡�)µ+µ�) = (8.3± 1.7)⇥ 10�8, (2)

which lies in the vicinity of the total branching fraction in Eq. (1). Despite the errors, the closeness of the two

branching fractions and the di↵erential distribution as shown later in Fig. (4b) may indicate the dominance of the

f0(980) contributions in the Bs ! ⇡+⇡�µ+µ�.

The Bs ! ⇡+⇡�µ+µ� is a four-body process. Its decay amplitude shows two distinctive features. On the one side,

the ⇡+⇡� final state interaction is constrained by unitarity and analyticity. On the other side, the b mass scale is much

higher than the hadronic scale ⇤QCD, which allows an expansion of the hard-scattering kernels in terms of the strong

coupling constant ↵s and the dimensionless power-scaling parameter ⇤QCD/mb. In Refs. [2–4], we have developed

a formalism that makes use of these two advantages. This approach was also pioneered in Ref. [6, 7], and see also

Refs. [8–11] for applications to charmless three-body B decays. In doing this, the new formalism can simultaneously

merge the perturbation theory at the mb scale and the low-energy e↵ective theory based on the chiral symmetry to

describe the S-wave ⇡⇡ scattering. The aim of this work is to further examine this formalism by confronting this

theoretical framework with the recent data on Bs ! ⇡+⇡�µ+µ�. An independent analysis that is based on the

perturbative QCD approach is also under progress [12]

We start with the di↵erential decay width for Bs ! ⇡+⇡�`+`�. The e↵ective Hamiltonian for the transition

b ! s`+`�

He↵ = �GFp
2
VtbV

⇤
ts

10X

i=1

Ci(µ)Oi(µ)

involves various four-quark and the magnetic penguin operators Oi. the Ci(µ) are the corresponding Wilson coe�cients

for these local operators Oi. GF is the Fermi constant, and Vtb = 0.99914± 0.00005 and Vts = �0.0405+0.011
�0.012 [13] are
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F ~ ∫d4k1 d4k2 Tr [ C(t) FB(k1) F1(k2) 
H(k1,k2,t) ] exp{–S(t)}

ΦBs
H Φπ+π−e−S e−S

PQCD:



Bsàπ+π-µ+µ- & Dsàπ+π-eν

Dsàπ+π-eνLHCb:1412.6433Bsàπ+π-µ+µ-

14

0.6 0.8 1.0 1.2
0

50

100

150

200

mΠ" Π#!GeV" !a"

d
B

d
m
Π
"
Π
#

!1
0
#

4
#G

e
V
"

0.6 0.8 1.0 1.2

1.06

1.08

1.10

1.12

1.14

1.16

mΠ" Π#!GeV" !b"

R
Μ
#e

!

!

! ! !

!

! !

!

! !

!

!

!

!

!

!

!

! !

!

!

" " " " " "
" "
"
"
"

"

"

"

"

"

"
" " " " "

0.6 0.7 0.8 0.9 1.0 1.1 1.2
0

50

100

150

200

250

mΠ" Π#!GeV" !c"

1
0

4
B

0
.0

2
5

G
e
V

FIG. 11: The di↵erential branching ratios for the Ds ! ⇡+⇡�`⌫. The first panel corresponds to the dB/dm⇡⇡, in which the

dotted and solid curves correspond to Ds ! ⇡+⇡�µ⌫ and Ds ! ⇡+⇡�e⌫ respectively. The second panel shows the ratio

Rµ/e(m2
⇡⇡) defined in Eq. (53). A comparison with the experimental data [76, 77] is given in panel (c).

and the integrated form over q2:

Rµ/e(m2
⇡⇡

) =
d�(D

s

! ⇡+⇡�µ+⌫
µ

)/dm2
⇡⇡

d�(D
s

! ⇡+⇡�e+⌫
e

)/dm2
⇡⇡

. (53)

Our results are given in Fig. 11. The first panel corresponds to the dB/dm
⇡⇡

, in which the dotted and solid curves

denote to the D
s

! ⇡+⇡�µ⌫ and D
s

! ⇡+⇡�e⌫, respectively. One di↵erent behavior in the di↵erential branching

ratio with B
s

! ⇡+⇡�`+`� in the m
⇡⇡

distributions is the suppression in the large m
⇡⇡

region. The second panel

shows the ratio Rµ/e(m2
⇡⇡

) defined in Eq. (53). A comparison with the experimental data on the di↵erential branching

fraction [76, 77] is given in panel (c), where we can also find the agreement.

The integrated branching fractions are predicted as

B(D
s

! ⇡+⇡�e+⌫) = (1.52± 0.36)⇥ 10�3, (54)

B(D
s

! ⇡+⇡�µ+⌫) = (1.68± 0.39)⇥ 10�3, (55)

where 0.5GeV< m
⇡⇡

< 1.3GeV has been adopted in the integration. Again the errors come from the QCD condensate

parameter B0. Theoretical results are in good agreement with the CLEO results in Eqs. (3,4) [76–78]. We expect

experimental errors will be greatly reduced since in future the BES-III collaboration will collect about 2fb�1 data in

e+e� collision at the energy around 4.17GeV which will be used to study semileptonic and nonleptonic D
s

decays [79].

V. CONCLUSIONS

Rare B decays have played an important role in testing the SM, and hunting for the NP. In recent years, a lot of

experimental progresses have been made on the B ! K⇤`+`�, and remarkably the LHCb collaboration has found

a 3.7� deviation from the SM for the ratio P 0
5. This observable P 0

5 is believed almost independent on the hadronic

uncertainties.

The analysis of B ! V `+`�, more appropriately B ! M1M2`
+`�, requests not only the knowledge on the

m
b

expansion but also the M1M2 final state interactions. In this work, we have studied the B0
s

! ⇡+⇡�`+`�,

B0
s

! ⇡+⇡�⌫⌫̄ and D+
s

! ⇡+⇡�`+⌫ decay in the kinematics region where the ⇡+⇡� system has a invariant mass in

the range 0.5-1.3 GeV. These processes are dominated by the S-wave contributions and thus they are valuable towards

the determination of the S-wave ⇡+⇡� light-cone distribution amplitudes which are normalized to scalar form factors.
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FIG. 8: Di↵erential branching ratios dB/dm⇡⇡ for the Bs ! ⇡+⇡�µ+µ� in panel (a) and (b), and Bs ! ⇡+⇡�⌧+⌧� in panel

(c). In panel (b), experimental data (with triangle markers) has been normalized to the central value of the branching fraction:

B(B0
s ! ⇡+⇡�µ+µ�) = (8.6± 1.5± 0.7± 0.7)⇥ 10�8 [73], and theoretical results are shown with square markers.

direction in the lepton pair rest-frame. The �0
L0 and �0

R0 are phases of the helicity amplitudes

A0
L/R,0 = N2`

1

q
N2`

2 i
1

m
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"
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p
�p
q2
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p
�m
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q2(m

B

+m
⇡⇡

)
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T
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#
,
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1

q
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1

m
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"
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m2
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�m2
⇡⇡p

q2
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#
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A0
t

= A0
R,t

�A0
L,t

= 2N2`
1

q
N2`

2 C10i
1

m
Bs

"
m2

Bs
�m2

⇡⇡p
q2

FBs!⇡⇡

0 (q2)

#
. (35)

where

N2`
1 =

G
F

4
p
2

↵em

⇡
V
tb

V ⇤
ts

(36)

N2`
2 =

1

16⇡2

p
1� 4m2

⇡

/m2
⇡⇡

⇥ 8

3

p
�q2�2`

256⇡3m3
Bs

. (37)

The Källen function � is related to the ⇡+⇡� momentum in the B
s

rest-frame:

� ⌘ �(m2
Bs

,m2
⇡

+
⇡

� , q2), �(a, b, c) = a2 + b2 + c2 � 2(ab+ bc+ ca) . (38)

In Fig. 8, results for di↵erential branching fractions dB/dm
⇡⇡

for the B
s

! ⇡+⇡�µ+µ� are given in panel (a)

and (b), and the ones for B
s

! ⇡+⇡�⌧+⌧� are given in panel (c). The result in panel (a) clearly shows the peak

corresponding to the f0(980). In order to compare with the experimental data [73], we also give the binned results

in panel (b) in Fig. 8 from 0.5 GeV to 1.3 GeV with square markers. Dominant theoretical errors arise from the

B0 = (1.7 ± 0.2)GeV. The experimental data (with triangle markers) has been normalized to the central value

in Eq. (1). The comparison in this panel shows an overall agreement between our theoretical predictions and the

experimental data. Integrating out the m
⇡⇡

from 0.5 GeV to 1.3 GeV, we have the branching fraction:

B(B
s

! ⇡+⇡�µ+µ�) = (6.9± 1.6)⇥ 10�8, (39)

which is also consistent with the data in Eq. (2).

In Fig. 9, we predict the di↵erential distribution dB/dq2 (in unit of 10�8/GeV2) for the B
s

! ⇡+⇡�µ+µ�

(solid curve) and for the B
s

! ⇡+⇡�⌧+⌧� (dashed curve). Results for the integrated branching fractions of
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Y.J. Shi, WW, 1507.07692

BES-III & Belle-II?

b s

s̄

Bs π+π−

(b)

b s

s̄

Bs π+π−

(a)



31

结论

Ø In 𝑒" 𝑒# → 𝜌& 𝜋& at	high	energy,	𝜌& is	produced	by	a	photon 𝛾

Ø In	𝐵0 → 𝜋" 𝜋#𝑙"𝑙#,	the	𝜋" 𝜋# pair	is	produced	by	the	𝑠̅𝑠 field.
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charged 			⇒	a pair of light quarks

tetraquark and hadronic molecules? debate? 
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FIG. 1: Feynman diagrams for the e+e� ! V P (panel a). Panel (c) shows the production of a neutral vector meson through
a photon. Integrating out the high-o↵-shell propagators, one obtains panel (b) and panel (d) respectively.

behavior through the diagrams in Fig. 1. In diagram (a), all internal propagators have typically large o↵-shellness:
p

2 ⇠ s. In diagram (c), the virtuality of the photon, equal to the mass square of the vector meson, is much smaller.
To accommodate with the constituent scaling rule, one can technically count valence degree of freedom of a vector

meson ⇢

0
,!,� as ni = 1 since it is produced by a photon. The lesson one can learn from the above example is:

Not all ingredients will undergo the hard momentum transfer at the scale
p
s.

The fall-o↵ power scaling is determined by the leading-power operator at the scale µ =
p
s which has a nonzero matrix

element with the hadron. QED or QCD interactions at a lower scale can re-organize the valence quark-gluon content.
Actually, the original constituent counting rule is applicable at finite scattering angle. If the scattering angle is small,
at least two of the involved particles are collinear, and thus it is not essential to undergo the hard momentum transfer.

Now one can switch the study of hadron exotics, and we take e

+
e

� ! Z

±
c ⇡

⌥ as an example. In Ref. [10], it has
been argued that its cross-section obey the fall-o↵ scaling

�(e+e� ! Z

+
c (c̄cd̄u)⇡�(ūd))

�(e+e� ! µ

+
µ

�)
/ 1

s

4
, ? (8)

where the Z

+
c (c̄cd̄u) is tightly bounded by two quarks and two antiquarks, namely a democratically arranged four-

quark state. We have put a question-mark to the above scaling since we believe the above scaling behavior is
problematic at very high energy in the s ! 1 limit. We show a production mechanism in Fig (2a). In this diagram,
the heavy quark pair c̄c is generated from the QCD vacuum, and thus such contribution is suppressed by O(1/m2

c).
But since the main focus of this work is the fall-o↵ scaling of the collision energy, we are less interested in the 1/m2

c

suppression. Integrating out the o↵-shell intermediate propagators at the scale
p
s we find that the Zc behaves as an

ordinary q̄q meson and the s dependence scaling of the cross-section is determined by the light quarks of Zc:

�(e+e� ! Z

+
c ⇡

�)

�(e+e� ! µ

+
µ

�)
/ 1

s

2
. (9)

Apparently, this production mechanism will become dominant at very high energy with
p
s � mc. But in analogy

with the e

+
e

� ! V P process, the helicity flip may introduce a suppression factor 1/s.
A further example e

+
e

� ! Z

±
c Z

⌥
c is argued to following the fall-o↵ scaling [10],

�(e+e� ! Z

+
c (c̄cd̄u)Z�

c (c̄cūd))

�(e+e� ! µ

+
µ

�)
/ 1

s

6
, ? (10)

which should be corrected as

�(e+e� ! Z

+
c (c̄cd̄u)Z�

c (c̄cūd))

�(e+e� ! µ

+
µ

�)
/ 1

s

2
. (11)

The above results are applicable for the longitudinal polarization, while the transverse polarization case should be
suppressed by 1/s.

It is noteworthy to mention that the above discussions on the Z

±
c production are valid in both the tetraquark

(diquark-anti-diquark or a democratically arranged four-quark state), and molecular pictures. The fall-o↵ scaling
behavior as a power of s is the same in both scenarios, but the QCD interaction below the scale

p
s will be di↵erent.

Ref. [11] has applied the naive counting rule to the photoproduction of hyperon resonances and attempted to
study the ⇤(1405). The ⇤(1405) has been expected to be a K̄N bound state. The fitted constituent number is
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FIG. 1: Feynman diagrams for the e+e� ! V P (panel a). Panel (c) shows the production of a neutral vector meson through
a photon. Integrating out the high-o↵-shell propagators, one obtains panel (b) and panel (d) respectively.

behavior through the diagrams in Fig. 1. In diagram (a), all internal propagators have typically large o↵-shellness:
p

2 ⇠ s. In diagram (c), the virtuality of the photon, equal to the mass square of the vector meson, is much smaller.
To accommodate with the constituent scaling rule, one can technically count valence degree of freedom of a vector

meson ⇢

0
,!,� as ni = 1 since it is produced by a photon. The lesson one can learn from the above example is:

Not all ingredients will undergo the hard momentum transfer at the scale
p
s.

The fall-o↵ power scaling is determined by the leading-power operator at the scale µ =
p
s which has a nonzero matrix

element with the hadron. QED or QCD interactions at a lower scale can re-organize the valence quark-gluon content.
Actually, the original constituent counting rule is applicable at finite scattering angle. If the scattering angle is small,
at least two of the involved particles are collinear, and thus it is not essential to undergo the hard momentum transfer.

Now one can switch the study of hadron exotics, and we take e

+
e

� ! Z

±
c ⇡

⌥ as an example. In Ref. [10], it has
been argued that its cross-section obey the fall-o↵ scaling

�(e+e� ! Z

+
c (c̄cd̄u)⇡�(ūd))

�(e+e� ! µ

+
µ

�)
/ 1

s

4
, ? (8)

where the Z

+
c (c̄cd̄u) is tightly bounded by two quarks and two antiquarks, namely a democratically arranged four-

quark state. We have put a question-mark to the above scaling since we believe the above scaling behavior is
problematic at very high energy in the s ! 1 limit. We show a production mechanism in Fig (2a). In this diagram,
the heavy quark pair c̄c is generated from the QCD vacuum, and thus such contribution is suppressed by O(1/m2

c).
But since the main focus of this work is the fall-o↵ scaling of the collision energy, we are less interested in the 1/m2

c

suppression. Integrating out the o↵-shell intermediate propagators at the scale
p
s we find that the Zc behaves as an

ordinary q̄q meson and the s dependence scaling of the cross-section is determined by the light quarks of Zc:

�(e+e� ! Z

+
c ⇡

�)

�(e+e� ! µ

+
µ

�)
/ 1

s

2
. (9)

Apparently, this production mechanism will become dominant at very high energy with
p
s � mc. But in analogy

with the e

+
e

� ! V P process, the helicity flip may introduce a suppression factor 1/s.
A further example e

+
e

� ! Z

±
c Z

⌥
c is argued to following the fall-o↵ scaling [10],

�(e+e� ! Z

+
c (c̄cd̄u)Z�

c (c̄cūd))

�(e+e� ! µ

+
µ

�)
/ 1

s

6
, ? (10)

which should be corrected as

�(e+e� ! Z

+
c (c̄cd̄u)Z�

c (c̄cūd))

�(e+e� ! µ

+
µ

�)
/ 1

s

2
. (11)

The above results are applicable for the longitudinal polarization, while the transverse polarization case should be
suppressed by 1/s.

It is noteworthy to mention that the above discussions on the Z

±
c production are valid in both the tetraquark

(diquark-anti-diquark or a democratically arranged four-quark state), and molecular pictures. The fall-o↵ scaling
behavior as a power of s is the same in both scenarios, but the QCD interaction below the scale

p
s will be di↵erent.

Ref. [11] has applied the naive counting rule to the photoproduction of hyperon resonances and attempted to
study the ⇤(1405). The ⇤(1405) has been expected to be a K̄N bound state. The fitted constituent number is

Guo,	Meissner,	WW:	1607.04020

对于含隐味道的强子（如Zc)，指出高
能产生与低能结构并无关系，纠正了
Brodsky等人的错误。
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FIG. 2: Feynman diagrams for the e

+
e

� ! V P with both V and P being neutral. The neutral vector

meson is produced through a photon. Integrating out high-o↵-shell propagators, one obtains (b) from (a).

Thus, to accommodate with the constituent scaling rule, one can technically count the valence

degrees of freedom of the neutral vector meson as ni = 1 since it is produced by a photon, which

amounts to count the number of lines attached to the e↵ective vertex. The lesson one can learn

from the above example is: not all of the ingredients undergo the hard momentum transfer at

the scale
p
s. The fall-o↵ power scaling is determined by the leading-power operator at the scale

µ =
p
s which has a nonzero matrix element with the hadron. Actually, the original constituent

counting rule is applicable at finite scattering angles. If the scattering angle is small, at least two

of the involved particles are collinear which can then be produced via soft momentum transfers.

Let us switch to the exclusive production of multiquark states, and take the e

+
e

� ! Z

±
c ⇡

⌥ as

an example. In Ref. [15], it has been argued that its cross section obeys the fall-o↵ scaling as

�(e+e� ! Z

+
c (c̄cd̄u)⇡�(ūd))

�(e+e� ! µ

+
µ

�)
?/ 1

s

4
, (8)

Suppressed	by	1/mc2,	but	irrelevant	with	s

Off-shell
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FIG. 2: Feynman diagrams for the e

+
e

� ! V P with both V and P being neutral. The neutral vector

meson is produced through a photon. Integrating out high-o↵-shell propagators, one obtains (b) from (a).

Thus, to accommodate with the constituent scaling rule, one can technically count the valence

degrees of freedom of the neutral vector meson as ni = 1 since it is produced by a photon, which

amounts to count the number of lines attached to the e↵ective vertex. The lesson one can learn

from the above example is: not all of the ingredients undergo the hard momentum transfer at

the scale
p
s. The fall-o↵ power scaling is determined by the leading-power operator at the scale

µ =
p
s which has a nonzero matrix element with the hadron. Actually, the original constituent

counting rule is applicable at finite scattering angles. If the scattering angle is small, at least two

of the involved particles are collinear which can then be produced via soft momentum transfers.

Let us switch to the exclusive production of multiquark states, and take the e

+
e

� ! Z

±
c ⇡

⌥ as

an example. In Ref. [15], it has been argued that its cross section obeys the fall-o↵ scaling as

�(e+e� ! Z

+
c (c̄cd̄u)⇡�(ūd))

�(e+e� ! µ

+
µ

�)
?/ 1

s

4
, (8)
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结论

Ø In 𝑒" 𝑒# → 𝜌& 𝜋& at	high	energy,	𝜌& is	produced	by	a	photon 𝛾

Ø In	𝐵0 → 𝜋" 𝜋#𝑙"𝑙#,	the	𝜋" 𝜋# pair	is	produced	by	the	𝑠̅𝑠 field.

Ø In	𝑒" 𝑒# → 𝑍<±𝜋<∓, the	charged	𝑍<± is	produced	by	the	𝑢?𝑑 field.
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Bc→	X(3872)

Ø以Bc→	X(3872)为例，指出
衰变过程仅与一个非微扰参
数相关：< 𝑋 3872 𝑐̅Γ𝑐 0 >

Ø半轻和非轻衰变分宽度比值
与内部结构无关，可以精确
预言！

2

b c

c̄
Bc X

(c)

⌫̄ l

b c

c̄
Bc

(d)

b

c̄
Bc

(e)

X
c

X

b c

c̄
Bc X

(b)

b c

c̄
Bc X

(a)

l⌫̄
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FIG. 1: Feynman diagrams for the Bc decays into the X(3872): the upper two diagrams for the c̄c structure,

and the lower ones for the four-quark assignments.

discrimination among these descriptions, which makes the situation obscure. In this work, we

propose an approach that is able to directly examine the structure of the X(3872) at short distance,

and probe its short-distance component in the Bc semileptonic and nonlepotnic decays. As we

will show later, the ratios between branching fractions in the Bc semileptonic and nonlepotnic

decays are almost universal for di↵erent polarizations of the X(3872) and can be reliably predicted

in theory if the production is dominated by the c̄c. The decay modes include the semileptonic

B�
c ! X(3872)`�⌫̄, and the B�

c ! X(3872)⇢�, X(3872)a�
1

(1260) decays. The light meson in the

final state can also be replaced by the strange mesons K⇤(892), K
1

(1270) or K
1

(1400), with the

cost of the reduced branching fractions due to the suppressed CKM matrix element |Vus|.
Hereafter we will use the abbreviation X to denote the X(3872) for the sake of simplicity.

Feyman diagrams for the semileptonic and nonleptonic Bc ! X(3872) transitions are given in

Fig. 1: the upper two diagrams correspond to the c̄c configuration, while the lower ones correspond

to the four-quark case.

We will first discuss the implications from the c̄c component and start with the semileptonic

decay mode, in which the Bc ! X transition induced by the vector and axial-vector currents is

parametrized by:

hX|c̄�µ�5b|B�
c i = � 2iA(q2)

mBc �mX
✏µ⌫⇢�✏

⇤⌫p⇢Bc
p�X ,

hX|c̄�µb|B�
c i = �2mXV

0

(q2)
✏⇤ · q
q2

qµ � (mBc �mX)V
1

(q2)

✏⇤µ � ✏⇤ · q

q2
qµ

�

+V
2

(q2)
✏⇤ · q

mBc �mX

"

Pµ � m2

Bc
�m2

X

q2
qµ

#

, (1)

with P = pBc + pX , q = pBc � pX , and ✏0123 = +1.

与LHCb实验物理学家讨论Bc→X(3872)𝜋的测量

3

We will consider the ` = e, µ and thus neglect the lepton mass. The di↵erential decay width for

the B�
c ! X`�⌫̄` is given as

d�(B�
c ! X`�⌫̄`)

dq2
=

p
�(q2)q2G2

F |Vcb|2
192⇡3m3

Bc

⇥ [|A1

0

(q2)|2 + |A1

?(q
2)|2 + |A1

||(q
2)|2], (2)

where |Vcb| is the CKM matrix element and GF is the Fermi constant. The q2 as the lepton pair

invariant mass square and

�(q2) = (m2

Bc
+m2

X � q2)2 � 4m2

Bc
m2

X .

The polarised decay amplitudes are defined as

A1

0

(q2) =
1

2mX

p
q2


� �(q2)

mBc �mX
V
2

(q2) + (m2

Bc
�m2

X � q2)(mBc �mX)V
1

(q2)
�
,

A1

±(q
2) = (mBc �mX)V

1

(q2)⌥
p
�(q2)

mBc �mX
A(q2),

A1

?/||(q
2) =

1p
2
[A1

+

(q2)⌥A1

�(q
2)]. (3)

After the integration of the o↵-shell W -boson, the e↵ective Hamiltonian for the b ! cūd tran-

sition is given as

H
e↵

=
GFp
2
VcbV

⇤
ud

⇢
C
1

O
1

+ C
2

O
2

�
, (4)

where C
1

and C
2

are Wilson coe�cients for the operators O
1

and O
2

. Vcb, Vud are the CKM matrix

elements. If the X(3872) is composed of the c̄c, the above e↵ective Hamiltonian leads to

�(B�
c ! X⇢�) =

|~p|
8⇡m2

Bc

����
GFp
2
VcbV

⇤
uda1f⇢m⇢

����
2

⇥ [|A1

0

(m2

⇢)|2 + |A1

?(m
2

⇢)|2 + |A1

||(m
2

⇢)|2], (5)

where a
1

= C
1

+ C
2

/3 and |~p| is the three momentum of the X(3872) in the Bc rest frame. The

f⇢ and m⇢ is the ⇢ meson decay constant and mass, respectively. In deriving the above formulas,

we have assumed the factorization theorem, which can be proved at leading power in 1/mb using

soft-collinear-e↵ective theory [27, 28] similar with the proof for the B
0 ! D+⇡� channel [29].

From Eq. (2) and Eq. (5), we can see most hadronic e↵ects will cancel if we consider the ratios

of branching fractions:

Ri(⇢) =
Z

(m⇢+�)2

(m⇢��)2
dq2

dB(B�
c ! Xi`

�⌫̄`)

dq2
1

B(B�
c ! Xi⇢�)

. (6)

In Eq. (6) the subscript i denotes the polarization, with i = 0,?, || or i = 0,±1, or the total decay

width. In order to access the semileptonic decay modes on the experimental side, we have limited

the analysis to the mass region around the ⇢ meson mass, with the parameter � charactering the

size of the bin.

4

In the case that the production of the X(3872) is dominated by the c̄c, the above ratios are

predicted as

R
0

(⇢) = (10.9± 0.1)⇥ 10�2,

R?(⇢) = (11.1± 0.1)⇥ 10�2,

R||(⇢) = (11.1± 0.1)⇥ 10�2,

R
total

(⇢) = (10.9± 0.1)⇥ 10�2, (7)

where for illustration we have used � = 0.1 GeV which is at the same order of magnitude with

the ⇢ meson width. Choosing a di↵erent � will be similar. The errors given in Eq. (7) arise from

transition form factors. For an estimate, we have used the constant form factors, the calculation

in covariant light-front approach [30], and light-cone sum rules [31]. In the numerics, we have also

used m⇢ = 0.77526 GeV and a
1

= 1.07 [32]. The f⇢ = (209.4 ± 0.4) MeV is extracted from the

data on ⌧ ! ⇢�⌫⌧ decay [14]. As we can see the above ratios are universal and stable against the

hadronic uncertainties.

The ⇢� meson mainly decays into the ⇡�⇡0, in which the neutral pion may be di�cult to

reconstruct. In this case, it may be more advantageous to consider the a
1

(1260) which decays into

three pions. In fact, the decay of Bc ! J/ ⇡+⇡�⇡� has been observed by LHCb [33] and CMS [34]

collaboration, in which the a
1

(1260) provides the dominant contribution. For our purpose, we can

similarly define

Ri(a1) =
Z

(ma1+�)2

(ma1��)2
dq2

dB(B�
c ! Xi`

�⌫̄)

dq2
1

B(B�
c ! Xia

�
1

)
. (8)

Again if the production is mostly through the c̄c, the above ratios are predicted as

R
0

(a
1

) = (13.5± 0.1± 1.1)⇥ 10�2,

R?(a1) = (13.5± 0.1± 1.1)⇥ 10�2,

R||(a1) = (13.5± 0.1± 1.1)⇥ 10�2,

R
total

(a
1

) = (13.5± 0.1± 1.1)⇥ 10�2. (9)

The first errors originate from the Bc ! X form factors and the second ones are from the fa1 for

which we have used fa1 = (238±10)MeV [35]. This sizable error is reducible using the experimental

data on ⌧ ! a�
1

(1260)⌫⌧ .

One can also use K⇤(892) or K
1

(1270)/K
1

(1400) to tag the production mechanism for the

X(3872). The price to pay is that the decay amplitude is proportional to the smaller CKM matrix

element Vus compared to the Vud in the associated production of ⇢ and a
1

(1260). For the K⇤(892)

final state, we have

R
0

(K⇤) = (0.245± 0.001± 0.014),

R?(K
⇤) = (0.247± 0.001± 0.014),

R||(K
⇤) = (0.249± 0.001± 0.014),

R
total

(K⇤) = (0.246± 0.001± 0.014) (10)

WW,	Q.Zhao, PLB755,261(2016)
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结论

Ø In 𝑒" 𝑒# → 𝜌& 𝜋& at	high	energy,	𝜌& is	produced	by	a	photon 𝛾

Ø In	𝐵0 → 𝜋" 𝜋#𝑙"𝑙#,	the	𝜋" 𝜋# pair	is	produced	by	the	𝑠̅𝑠 field.

Ø In	𝑒" 𝑒# → 𝑍<±𝜋<∓, the	charged	𝑍<± is	produced	by	the	𝑢?𝑑 field.

Ø In	𝐵< → 𝑋 3872 𝜋,	the	𝑋 3872 is	produced	by	𝑐𝑐J
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On the constituent scaling rule in the production of multi-quark states at high energy

Feng-Kun Guo?, Wei Wang1,2
1
INPAC, Shanghai Key Laboratory for Particle Physics and Cosmology,

Department of Physics and Astronomy, Shanghai Jiao-Tong University, Shanghai, 200240, China

2
State Key Laboratory of Theoretical Physics, Institute of Theoretical Physics,

Chinese Academy of Sciences, Beijing 100190, China

It has been proposed that the quark content of multi-quark states can be probed according to
the “constituent scaling rule” in the production at high energy. In this work, we demonstrate the
so-called scaling rule is incorrect in the case with one or more hidden quark pair, no matter light or
heavy. The involved states include the hadron exotic candidates f0(980), X(3872), Z±

c , and etc.

FIG. 1: Feynman diagrams for the e+e� ! ⇡+⇡� (panel a). The panel (b) shows the production of a neutral vector meson
through a photon.
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FIG. 2: Feynman diagrams for the e+e� ! ⇡+⇡� (panel a). The panel (b) shows the production of a neutral vector meson
through a photon.
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In the past decades, great progresses have been made in the study of hadron spectroscopy especially in the hadron
exotics. However it is very hard to cleanly probe the internal structure of exotic states in a model-independent way.

Recently, it has been argued in Refs. [1–5] that the high-s production data for exotic states should follow the s

power dependence predicted based on their expected valence quark structure (including four-quark tetraquarks and
five-quark pentaquarks). If it were right, this provide a unique approach to access the internal quark structure of the
hadron exotics. For a generic process a+ b ! c+ d, the cross-section is argued to have the following behavior [1–5]:
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with n = na + nb + nc + nd. The s and t are Mandelstam variables, ✓cm is the scattering angle in the center-of-mass
(c.m.) system, and nh is the number of constituents in the particle h. In this note, we will show this is a misuse of
QCD perturbation theory and in particular this scaling rule is wrong in the case with one or more hidden quark pair,
no matter light or heavy.

In the following we will first give a concrete example which violates the naive scaling rule in Eq. (9). Then we
will adopt a simple viewpoint in the e↵ective field theory and point out the errors in the derivation of the misleading
scaling behavior in Eq. (9). Actually, the scaling behavior exists only in the factorization limit and can be formally
derived by matching the full theory QCD to the low-energy e↵ective field theory.

At very high energy with
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s � ⇤QCD, exclusive processes can be understood in the QCD perturbation theory [6].
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which is consistent with Eq. (9). For the e+e� ! V P where V is a vector meson and P is a light pseudo-scalar meson,
there exist a helicity flipping since the vector meson in the final state can only be transversely polarized. Thus the
cross-section receives an additional suppression proportional to 1/s:
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power dependence predicted based on their expected valence quark structure (including four-quark tetraquarks and
five-quark pentaquarks). If it were right, this provide a unique approach to access the internal quark structure of the
hadron exotics. For a generic process a+ b ! c+ d, the cross-section is argued to have the following behavior [1–5]:
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(c.m.) system, and nh is the number of constituents in the particle h. In this note, we will show this is a misuse of
QCD perturbation theory and in particular this scaling rule is wrong in the case with one or more hidden quark pair,
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In the following we will first give a concrete example which violates the naive scaling rule in Eq. (11). Then we
will adopt a simple viewpoint in the e↵ective field theory and point out the errors in the derivation of the misleading
scaling behavior in Eq. (11). Actually, the scaling behavior exists only in the factorization limit and can be formally
derived by matching the full theory QCD to the low-energy e↵ective field theory.
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FIG. 1: Feynman diagrams for the Bc decays into the X(3872): the upper two diagrams for the c̄c structure,

and the lower ones for the four-quark assignments.

discrimination among these descriptions, which makes the situation obscure. In this work, we

propose an approach that is able to directly examine the structure of the X(3872) at short distance,

and probe its short-distance component in the Bc semileptonic and nonlepotnic decays (See Ref. [30]

for the study of isotensor exotic meson in the ��⇤ process). As we will show later, the ratios

between branching fractions in the Bc semileptonic and nonlepotnic decays are almost universal

for di↵erent polarizations of the X(3872) and can be reliably predicted in theory if the production

is dominated by the c̄c. The decay modes include the semileptonic B�
c ! X(3872)`�⌫̄, and the

B�
c ! X(3872)⇢�, X(3872)a�

1

(1260) decays. The light meson in the final state can also be replaced

by the strange mesons K⇤(892), K
1

(1270) or K
1

(1400), with the cost of the reduced branching

fractions due to the suppressed CKM matrix element |Vus|.
Hereafter we will use the abbreviation X to denote the X(3872) for the sake of simplicity.

Feyman diagrams for the semileptonic and nonleptonic Bc ! X(3872) transitions are given in

Fig. 1: the upper two diagrams correspond to the c̄c configuration, while the lower ones correspond

to the four-quark case.

We will first discuss the implications from the c̄c component and start with the semileptonic

decay mode, in which the Bc ! X transition induced by the vector and axial-vector currents is

parametrized by:

hX|c̄�µ�5b|B�
c i = � 2iA(q2)

mBc �mX
✏µ⌫⇢�✏

⇤⌫p⇢Bc
p�X ,

hX|c̄�µb|B�
c i = �2mXV

0

(q2)
✏⇤ · q
q2

qµ � (mBc �mX)V
1

(q2)

✏⇤µ � ✏⇤ · q

q2
qµ

�

+V
2

(q2)
✏⇤ · q

mBc �mX

"

Pµ � m2

Bc
�m2

X

q2
qµ

#

, (1)

with P = pBc + pX , q = pBc � pX , and ✏0123 = +1.
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How	to	test	the	production	mechanism?

2

The newly observed resonance-like structures in high-energy experiment have intrigued a lot of studies of hadron
spectroscopy Hundreds of hadrons were discovered in experiments, and most of them can be accommodated in the
quark model: mesons and baryons are composed of a quark–antiquark pair and three quarks, respectively. Here,
the terminology quark refers to the valence degrees of freedom. Hadrons beyond such configurations are dubbed as
exotic, and searching for them, in particular those with exotic quantum numbers which cannot be formed by the above
mentioned simple configurations, is of utmost importance in understanding the low-energy nonperturbative quantum
chromodynamics (QCD) because color confinement allows such color-singlet states. Thanks to worldwide experiments
during the last decade at e+e� and hadron colliders, a plethora of new structures as candidates of various hadron
resonances were reported with properties di↵erent from quark model expectations, and it is probable that some of
them could be interpreted as exotic multiquark states. Most of these new discoveries are in the heavy quarkonium mass
region (for reviews, see, e.g., Refs. [1–4]). Taking the XY Z states in the charmonium mass region as an example, a
number of interpretations have been proposed including normal quarkonia, hybrid states, compact multiquark states,
hadro-charmonia, hadron molecules and e↵ects due to kinematical singularities.

In the study of hadron exotics, a milestone was the discovery of the X(3872). It was first discovered in B decays
by Belle Collaboration in 2003 and subsequently confirmed by several other experiments later [5–8]. The X(3872) is
firstly discovered in the B ! X(3872)K decays, reconstructed in the J/ ⇡+⇡� final state, and confirmed in a few
other final states like D0D̄⇤0, J/ �, J/ !. Belle has also observed the decay B ! X(3872)K⇡ [9]. Another exotic
candidate, Zc(3900), is discovered in the decays of Y (4260) [10, 11] and , while no evidence is found in B ! J/ K⇡
decays [12].

[13, 14]

II. PROPOSAL

For a reaction involving hadrons, if factorization exists, short-distance and long-distance degrees of freedom decouple
from each other. The long-distance physics depends on hadrons’ internal structure but does not a↵ect the short-
distance coe�cients. The short-distance coe�cients are calculable using QCD perturbation theory.

Integrating out the internal degrees of freedom above the mb scale, one obtains the e↵ective hamiltonian for the
b ! cc̄s transition:

He↵ =
GFp
2
VcbV

⇤
cs

⇥
C1(µ)O1 + C2(µ)O2

i
, (1)

where the Ci are Wilson coe�cients and Oi are the following operators:

O1 = c̄�µ(1� �5)b s̄�µ(1� �5)c, O2 = c̄�µ(1� �5)c s̄�µ(1� �5)b. (2)

We have only kept the tree operators, and neglected penguin operators which are less important for branching fractions.
The process B ! XK has

A(B ! XK) ⇠ hX|c̄�c|0i ⇥ hK|s̄�0b|B̄i, (3)

and at the leading order in ↵s, the Lorentz structure is � = �µ(1� �5).

III. IMPLICATIONS

In the above mechanism, the production of the X(3872) is through the cc̄ fields at short distance. the partial decay
widths of B decays should satisfy the following relations:

�(B� ! X(3872)K�) = �(B
0 ! X(3872)K

0
), (4)

�(B� ! X(3872)K⇤�) = �(B
0 ! X(3872)K

⇤0
) = �(B

0
s ! X(3872)�), (5)

�(B� ! X(3872)⇡�) = 2�(B
0 ! X(3872)⇡0) = �(B

0
s ! X(3872)K

0
), (6)

�(B� ! X(3872)⇢�) = 2�(B
0 ! X(3872)⇢0) = �(B

0
s ! X(3872)K

⇤0
). (7)

�(Bc ! X(3872)⇡�) =
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|Vcs|2

f2
⇡

f2
K

�(Bc ! X(3872)K�), (8)

�(Bc ! X(3872)⇢�) =
|Vcd|2
|Vcs|2

f2
⇢

f2
K⇤

�(Bc ! X(3872)K⇤�). (9)
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Summary

Hadron Level EFT

�(X(3872)) = �(DD̄⇤)|hX(3872)|DD̄⇤|0i|2

X(3872):
Large Prompt Production Rate  is compatible with molecular interpretation! 

Ø In 𝑒" 𝑒# → 𝜌& 𝜋& at	high	energy,	𝜌& is	produced	by	a	photon 𝛾

Ø In	𝐵0 → 𝜋" 𝜋#𝑙"𝑙#,	the	𝜋" 𝜋# pair	is	produced	by	the	𝑠̅𝑠 field.

Ø In	𝑒" 𝑒# → 𝑍<±𝜋<∓, the	charged	𝑍<± is	produced	by	the	𝑢?𝑑 field.

Ø In	𝐵< → 𝑋 3872 𝜋,	the	𝑋 3872 is	produced	by	𝑐𝑐J .

Ø…

QCD analysis
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