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t — z coordinates — T — 17 coordinates

{ t ( laboratory time ) . {T = /t?2 — z2 ( longitudinal proper time )

z ( beam direction ) 1 = tanh~!(z/t) ( space-time rapidity )

o Puzzling part
Covariant derivative in curvilinear coordinates
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Covariant derivative in curvilinear coordinates

A vector a expend by the local frame by point M(x!,x2, .-+, x") move to
another point N(x! + dx, x? + dx?,-- -, x" + dx"), where da = 0,thus

0 = x,da" + a“dx,

92x

_ o B
=x,da" + a xFox

dx7 (1)

we change the dummy index of the second term, and aﬁax%i;(xv can be
expended by the local frame at point M,

9%x

_ [
oxBoxr Fﬁvxa

put it into the formula (1)

(da")x, = —(ngaﬁdXV)xa
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Covariant derivative in curvilinear coordinates
as the x, are independent with each other,

da* = —FE‘735

The Christoffel symbol FEE :

1 Jgr, dgpr Og
« _ — _aA 24 _ B
Tgr = 28 ( oxP * ox7  ax} )

Now we can derive the covariant derivative. Consider a vector field a(M),
whose covariant components are aa(xl, X2, e ,x”). When coordinates
transform, a, changes to,

Ix*

take the derivative with respect to xF,

o
dy/

day  ox“ oxP 8& . 92 x* )
oxB  ox¥ 9xP oxB  ox¥oxB "
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Covariant derivative in curvilinear coordinates
though some calculation we can derive that

da, o da, " oxP ox7
oxp T = <ax/3 - Fﬁ73“> axP ax7

from above ,we can see that the expression with two freedom index By

day d
F By = (axﬁ»&‘; - F;’%) %

follow the second order covariant tensor’s transformational rules. Then we
find Covariant derivative of the covariant tensor field,

0
Vﬂary = <aX‘B(S?; :FFI‘;",Y> dy

where " — " for covariant tensor, " +" for contravariant tensor. This can
be generalized to arbitrary high order.

VT = T~ T~ I TH 4 TL T+ TATY
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The conservation law in the new coordinate system

ouJt =0
ouTH =0

transformed into
T T b
T TE T 4 T 4 T =0
TYATY ATy TH 41T =0
T+ T+ TY + T + %TT’? =0

1
et i P+ I+ S =0
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The conservation law in the new coordinate system

. P
By making use of the relationsT™ = ¥, T™" 4 v; P, T = =y the

energy-momentum conservation equations turn into

1
TE A (T st (1w Ty o+ (2 ST AT
V2
?”(T”+P)+— =0

1
T2 4 (i T™) s (4 Ty + (L T™) 4 ST 4 P =0

(P + (4 P)y + (P +

1

T+ (W TY)x+(wTY), + (?” TY) g+ _TY+Py=0
v, P 3

T4+ (T o+ (v, TTy), + (?’7 T, + (S)y+=T7=0

1
Tt ()t (5 )y 4 T+ 07 =0
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Evolution

o FCT-SHASTA Algorithm

We can use the SHASTA(SHarp And Smooth Transport
Algorithm) algorithm to solve partial differential equations
with the form

0+ (T) + 0; (V,'T) =S

to solve the hydrodynamic equations.

@ Transport stage in SHASTA

@ Calculation for Hydrodynamics evolution equations
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Transport stage in SHASTA

d¢p + dx(vp) =0

Pi

i-1 A j B j+1 X

Figure : The geometric explanation of SHASTA algorithm
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Transport stage in SHASTA

pjn pm:p

S

i-1 A j B j+1 x

1 1
S (09 +0%,0)0x = S (om+pp) [ ox+ (v = v}/?) ot]

If we consider the two sides if the solid trapezoid vary in the same rate, we
get

Pp = 0j10x/ [5X+ ( #12 le/z) 54
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Transport stage in SHASTA

n

Pj

i-1 A j B j+1 x

Pa = P+ (om = pp) (x/2+ vi{30t) [ox+ (v} = v}/?) ot]

The residual mass is given by the the blue shadow area,

Amf; = (0m + pg) (6x/2 = v}/?5t)
= ox [501 (0fs1 = 0]) + Qupf ]
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Transport stage in SHASTA

o

i-1 A j B j+1 x

n

The another part of the element’s mass (in cellj + 1) is Am}, .,

easily calculate

n 1 n n n
Aman'j_l = dx |:§QE (PJ'_]_ — pJ) + QPJ:|

we can

Qs = (1/2% v}25t/6x) / 1 (v} = v}/?) ot/64]
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Transport stage in SHASTA

pj

i-1 A j B j+1 x
The mass density at grid point j and time step n+ 1 is

PJ"’H = (Amgn,jfl + Am?e,j) /dx

1 1
2503 (01 —#f) + EQ—% (071 —07) +(Qr + Q) pf

Chi Ding (IOPP-9421) Review of 3+1D Hydordynamics Evolution October 19, 2016 13 /22



Transport stage in SHASTA

If we consider a uniform velocity, the above equation will be simplified to

2
n+1 __

€ 1 ¢
i =0f =5 (pfr—pfa) + (g + 5) (Fs1 =207 +07-1)
where ¢ = vit/ox. If v =0,

n+1 _

o (0f41 =207 +07-1)

| =
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Anti-diffusion stage

Now,we can see that the solution is conservative and positivity but has a
large zero order diffusion.To correct the diffusion, we used an anti-diffusion
form 1

sn+1 _ n+1 n+1 n+1

p_] <p_]+1 p + p )
but it will destroy the positivity. So the anti-diffusion terms are written in
mass flux form

-n+1 __ _n+1 n+1 n—+
p; " =p; T =t iy
where the mass flux is
fn-‘,-l _ 1 n+1 n+1
jEt1/2 — p_]:l:l p_/
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Anti-diffusion stage

and the flux is corrected as

n . 1
G(—;:])./erl = 0 max {O, min {O’Ajl/g, éAj+1/2, 0’Aj+3/2}}

__ ,n+1 n+1 _
where Aj 1/ = P — 0 and 0 = sgnA; /5.

The final mass density at grid j and time stepn + 1 after corrected
anti-diffusion stage is

~n+1 _ (c)n+l  pt1 (c)n+1
N i Flae T i1
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Multi-dimensional algorithm

In this multi-dimensional algorithm the 1D FCT-SHASTA algorithm with
time-splitting is used along one direction at a split-time step, while a

X — y — 1 — y — x rotation is used to extend the FCT-SHASTA
algorithm to multi-dimensions and to suppress the numerical eccentricity
produced in transverse direction during the hydrodynamic evolution.
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Evolution
At first, we will change conservation equations to the form as

T+ (wT™) 4 (wT7)  + (V,; Tfn)ﬂ — 5"

7-’11’_x + (Vx TTX Vy TTX) V,; TTX) | X

X

T 4 (v T L

X

)t +(47™) =5
T+ (wTY), + (wTY), (vﬁ”)ﬂzsy
Lot (6T, 5 (4T7), =S

T+ (VX:]T),X + (Vy:/T),y + (Véfl’f)’;7 =0

where the tilde term X = X, v/ = v,7/T and the source terms are

n
ST —V'(VP)—TV (TTT—l—P) P/T
5x —Px
sy |~ ~ _P,y
oL )
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Evolution

Then the numerical method and procedures of a combined FCT-SHASTA
and the 2nd order Runge-Kutta algorithm in solving hydrodynamic
equations with a simplified conservation as below

3740, (vi7) =S

where .7 := TT" denotes one component of the energy-momentum
tensor.
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Evolution

o

Calculate source term at time step n: S =S (7", ", v, T").
Get 7'"1/2 by using SHASTA algorithm through
9:7 + 0; (vi.7) = 0 within time step n+1/2.
Get FMt1/2 = g'nt1/2 | TATS (1", €", v/, 7") and use the
root-finding method to calculate the energy density and velocity
gnt1/2  nt1/2

1 1 -

Calculate source term at half-time
stepn+1/2:5=S5 <Tn+1/2 gnt+1/2 \,n+1/2 ynﬂm)
' ) I [} .

Get .7'"1 by using SHASTA algorithm through 9.7 +9; (v;.7) = 0
with v/ +1/2
Get T+1 — g’n+1+%A75 n+1/2 gn+1/2 | n+1/2 gn+1/2) and

1 1 I 1
use the root-finding method to calculate the energy density and
velocity en1, v/ t1,
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Root-finding

The energy density is determined from T through a root finding method
by iterating the equation

M2

— TT'L’ _
¢ T+ P(e)

with the iteration value of ¢ for the iteration is approximated by e = T*7.
Where M? = (TTL)2 + (TTT”)Q. And the flow velocity is given by

Vi =T/ [T7+ P(e)]
vy =TT/ [T 4 P(e)]
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