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Non-relativistic case

The vorticity (pseudo) vector is defined by,

ω1(x , t) = ∇× v

The Euler equation for ideal fluid,

∂v
∂t

+ (v ·∇) = −1

ρ
gradp

It comes from the equation of motion ρ dv
dt = −gradp,

The change during dt in the velocity at a point fixed in space,

∂v
∂t dt

The difference between the velocities (at the same instant) at
two points dr apart,

dx ∂v
∂x + dy ∂v

∂y + dz ∂v
∂z = (dr ·∇) v

Thus dv = dv
∂t dt + (dr ·∇) v dividing both sides by dt.
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(1) Circulation conservation

d

dt

∮
v · dx = 0

(2) Helicity (pseudoscalar)field

hf (x , t) = v ·ω1 → helicity density

Hf =
∫

d3xhf → total helicity → conserved

∂ω1

∂t
= ∇× (v ×ω1)
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Relativistic case

A natural extension of the definition to relativistic fluid is,

ωµ = εµνρσuν∂ρuσ =
1

2
εµνρσuνωρσ

ωµν = ∂µuν − ∂νuµ (kinematic vorticity tensor)

It is worth writing down the components of ω
µ
2

Spatial components

ω2 = γ2ω1 + γ2v × ∂tv

time component

ω
µ
2 = γ2v ·ω1 = v ·ω2

Thus, in the non-relativistic limit,ω0
2 → (hf ,ω1)
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In order to maintain the circulation conservation and helicity
conservation,another definition of vorticity tensor has been
introduced as,

Ωµν = ∂µ(Tuν)− ∂ν(Tuµ)

The relativistic Euler equation for ideal fluid,

(ε + P)
d

dτ
uµ = ∇µP

can be deduced to
d

dτ
(Tuµ) = ∂µT

Thus, the relativistic circulation conservation,

d

dτ

∮
Tuµdx

µ =
∮

∂µTdxµ = 0
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The vorticity(pseudo) vector corresponding to Ωµν

ωµ =
1

2
εµνρσTuνΩρσ = T 2ω

µ
2

Therefore, the integral of Ω0 over space is conserved and we can
identify Ω0 as the conserved helicity density
If the fluid carries a conserved charge,one can define the vorticity
tensor as

Ω̃µν =
1

2
εµνρσ∂ρ(βuσ)

ωµ = Ω̃µνuν
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Setup of the numerical simulations
Definition of the velocity field

Velocity:

Use program of Hydro to generate a velocity field

Use a non-boost-invariant solution of relativistic
hydrodynamics in 1+3 dimensions

ut = − 1
t2−x2

⊥

(
t2(t2−x2

⊥+L2+z2)√
(t2−x2

⊥−L2−z2)
2
+4L2(t2−x2

⊥)
− αx2

⊥

)

~u⊥ = t~x⊥
t2−x2

⊥

(
t2−x2

⊥+L2+z2√
(t2−x2

⊥−L2−z2)
2
+4L2(t2−x2

⊥)
− α

)
uz =

2zt√
(t2−x2

⊥−L2−z2)
2
+4L2(t2−x2

⊥)
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Velocity Field

Figure: (vz , vx )in xoz plane
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Figure: ωy in xoz plane

Figure: ωywhen x=z

Chi Ding Vorticity in Heavy-Ion Collisions



Vorticity in Hydrodynamics
Setup of the numerical simulations

End

Chi Ding Vorticity in Heavy-Ion Collisions


	Vorticity in Hydrodynamics
	Non-relativistic case
	Relativistic case

	Setup of the numerical simulations
	Definition of the velocity field
	1 y VS.2 y


