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Background

Ikeda diagram K.Ikedaetal. PTP suppl. Extra num., 464 (1968).

that conjectures various cluster states.
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Background

OCM (deep potential) 08
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*B.Buck, H. Friedrich and C.Wheatley, Nucl. Phys. A 275 (1977) 246
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+ A number of Pauli forbidden state 1s presented. BFW potential Wave
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+ The relative wave function is complicated 04 function
because of orthogonality condition with redundant state. ™" 067
. -120 . ! . -0.8 . . .
— It 1s hard to apply to many body system. 0 2 4 6 0 2 : ‘

Having a number of nodes

Shallow potential ol osl
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 The potential doesn’t present Pauli forbidden state. 03}
- the wave function is simple. 0 N— 02
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— Application to many-body system is easier. . . . . ok , S~
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Supersymmetric (SUSY) transformation

The method to generate a phase equivalent potential
that 1s eliminated the Pauli forbidden states

from a potential which have a number of the redundant state.



Background

OCM (deep potential) Shallow potential

e.g.) BFW potential* e.g.) Ali-Bodmer potential**

*B.Buck, H. Friedrich and C.Wheatley, Nucl. Phys. A 275 (1977) 246 ** S.Ali, A. R. Bodmer, Nucl. Phys. 80 (1966) 99

Supersymmetric (SUSY) transformation

The method to generate a phase equivalent potential
that 1s eliminated the Pauli forbidden states

from a potential which have a number of the redundant state.

However, even though the potential 1s phase equivalent,
there is no guarantee that other observables don’t change.

e.g.) electric-dipole response”
*E.C. Pinilla, D. Baye, P. Descouvemont, W. Horiuchi, Y. Suzuki, Nucl. Phys. A 865 (2011) 43



Purpose

Testing the relative wave functions between clusters
generated from the original deep and transformed SUSY potentials.

Preparing phenomenological deep potentials of
160 + “He and 4°Ca + “He systems

Generating their SUSY potentials

Comparing the relative wave functions generated
from the deep and SUSY potential
and quantify how those differences appear in observables

+ Root-mean-square radius

+ Electric quadrupole transitions



SUSY transformation...Elimination of the lowest bound state =1

2
Factorizing Ho using intertwining operator Lo, Lo Intertwining operator
d d
d’ Lo=—— + —Invy(E
HOI—W-FVO HOZL(T)LO_'_(C;O g d£+d£ n o (&o)
& : Factorization energy L(Jg = — T = In 10(&)

Using intertwining relation, a SUSY parter H; is defined. Intertwining relation

H1 = LQL(JS + 50 Ho%(E) — EwO(E> L()HO = HlLO
d2
— g2 +W LoHoto(E) = LoEvo(E) Transformed potential
d2
H11(E) = E¢r(E) Vi=Vo—2—— Invo(&)

(V1(E) = Loto(E)) dr®

Elimination of the lowest bound state

LiLo = Hy — & Taking &) = Ey = —2
(lowest bound state energy)

Y1(Eo) = Loyo(Ep) =0
The bound state eliminated!

[ arviLiLave = [ arvg (o~ &)y
/dr\LO%IQ = (Ey — &) /d'rlwo\2
' EO > 50

v
D. Baye, J-M. Sparenberg, A M. Pupasov, B F. Samsonov, J. Phys. A: Math. Theor. 47, 243001 (2014)



SUSY transformation...Adjustment of the phase shift "y

2m

However, the phase shift is not identical. Asymptotic form of a scattering wave function

Yo(E) =22 sin (kr — %T —nln2kr + 6)

Iteration SUSY transformation Y1 o Lotpo(E) === sin (kr — § — nln2kr + 6 + tan~" (k/70))
due to adjustment of phase shift. k : wavenumber, 77 : Sommerfeld parameter, §: phase shift

Factorizing H; using intertwining operator L1, LT Intertwining operator

— H =LL,+E d d
Hi=—57 " 1= hidat o L= -2 4 2 o (By)
Taking the factorization energy = Eo CZ“ CZ“
" Li= — 4+ —Inyy(E
1(Eo) = Wo(Eo) ™ | [o(Bo)at 1= g T g nv(Bo)
0
Using intertwining relation, a SUSY parter H> is defined. Intertwining relation
] Cl2 LlHl = HQLl
Hy=IL1Li+Ey=——5+V
dr
Asymptotic form of a scattering wave function
Transformed potential ; o o< Ly Lot
d r r—oo [ g2 . n
Valr) = Valr) — 2 1n | ool B0 (5  Eo) sin (br — 5+ 2qhnkr +0)
r 0

phase equivalent !

8
D. Baye, J-M. Sparenberg, A M. Pupasov, B F. Samsonov, J. Phys. A: Math. Theor. 47, 243001 (2014)



A phase equivalent potential with SUSY transformation

* h2
Elimination of — o 1
the lowest bound state ~ fertwining operator SUSY partner
d2 Lo = ~an + ar In 10 (Eop) d?
Hy=—-———=5+W ; ; le—W—FVl
dr L} = i In 4o (Ep) ;
= LiLo + B g = LoLo + Eo
Intertwining relation LoHy = HiLg
Yo(Eo) : Wave function of The phase shift is
the lowest bound state increased by tan~'(k/7o)
Adjustment of —
the phase shift Intertwining operator SUSY partner
H, = & + WV Ll__d_£+d_£lnwl(EO) Hy = & + VA
Cdr? Ll = -+ 2y (Ep) T2 Y
_ 7t _ T
T L1L1 + Eo Intertwining relation [, i, = Hol4 = L1147 + Eo
" The phase shift is
— 1 E 2
Y1 (Eo) = [o(Eo) /0 [Wo(Eo)]d! decreased by tan~(k/7o)

Phase equivalent potential (Vo : the number of the forbidden state is n)

2n+0)(2n+1+1)
2

" r—0
Veusy () —ZZWIH/ bn(B)2dt Veusy(r) 2% Vo(r) +

9
D. Baye, J-M. Sparenberg, A M. Pupasov, B F. Samsonov, J. Phys. A: Math. Theor. 47, 243001 (2014)



O + *He potential

V160_|_4He =V + Ve

Vi = (A + BP,) exp(—pr?)
2

e
Vo =8 x2- —erf(fr) g =0.25937[fm™"]
r A
P, :Parity operator

erf(x) :Error function
2 X
erf(z) = —/ exp(—t?)dt
VT Jo

A = —134.220 [MeV] p = 0.09475 [fm 2]
B = 0.415 [MeV]

Referring to BFW potential

Pauli forbidden state
which follow 2N +1 < 8

Parameters are determined to fit

1. Energy of ground state (0%)
2. Root mean square radius
3. Excitation energy (1-)

161

121

Rotational band K = 0", 0-in 2°Ne

10

-0.48

7.22

4.05

4+

-3.10 o+

-4.73(MeV) o+

18.07

9-
10.64 -
5.53 -
2.43 3-
LOGMeV)

Exp.

7.55

2.25

-1.47

15.90 -
9

9.57

5.26



*Ca + "He potential

12

Viocatane = VN + Ve
Vn =(A+ Bpr) exp(—ur2)
2
Vo =20 x 2- —erf(Br) 8= 0.11188[fm"]
T

A -

P, :Parity operator

erf(x) :Error function
2 X
erf(z) = —/ exp(—t?)dt
VT Jo

A = —192.878 [MeV] g = 0.08012 [fm 2]
B =0.539 [MeV]

4L

- Referring to BFW potential 0 _

- Pauli forbidden state
which follow 2N + 1 < 12

- Parameters are determined to fit

1. Energy of ground state (0%)
2. Root mean square radius
3. Excitation energy (1-)

41

11

3.86
10"

1.44

-0.63

6+
-2.67 4-|-
-4.04 2+

5.13(MeV) (o p

4.27

2.21

Exp.

5-

a-

8% LooMey) -

8.51

107"
3.65

8+
-0.07

6+
-4.41 2+

-5.13(MeV) g+

Cal.

11.4

7.32

4.30

2.23

LO9MeV) -



V[MeV]

SUSY potential and wave function... ‘O + “He potential

Case of /=0 Increasing |
- the repulsive force Phase equivalent
150} OCM 0.8 . : -
100} SUSY e 0.6 OCM
501 0.4} SUSY =
0 N S'Iao.z-
| =y
-100 | 02}
1501 V(r) 04} TR(T)
-200 ' ' ' . . 0.6 A . . . . . .
2 4 6 3 10 0 2 4 6 8 10 12 14
r[fm] r[fim]

No node (SUSY)
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Root-mean-square radii

160 + 4He

1of 7“4R§ (r)
8|

T

6f OCM

&
i SUSY ——
2L
00 2 21 é 8 1‘() 1‘2

r[fm]
YCa + ‘He

14+
12+
10+

E | OCM

£
6 SUSY ——
41
2L
00 2 4 6 8 10 1

r[fm]

A 2 2
1 E : o Awre, +Aore,  A1Ar
Z (ri - Rcm) — A + A2 r
i=1

160 4He
ro, = 2.57fm, rc, = 1.46 fm

vV (r?) [fm]

SUSY 458 1+8.2%

40Ca 4He
ro, = 3.38fm, rc, = 1.46 fm

(r2) [fm]

SUSY 5.14 110.3%

The rms radius calculated by the SUSY potential

;| 1s larger than the OCM one.
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B(E2)

160 + 4He

YCa + ‘He

0

4|

B(E2;I; — 1) =

Exp.

4-|—

l 70.9

2-|—

* 65.5 [e2 fm*]
O-I-

Exp.

160

280

120 [e? fm?]

2I; +1

> NI My M(B20)| 1) |

pM; My
Cal.
B(E2) 2*— 0" 4"— 27
OCM 63.8 75.2
SUSY @ 87.6 104.7
Exp. 65.5 70.9
Cal.
B(E2) 2"—0"4"—> 2" 6"— 4"
OCM 123 168 171
SUSY 181 242 238
Exp. 120 280 160

The B(E2) values i1s also larger
because the rms radius 1s larger.
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Another phase equivalent potential

* h2
Elimination of — o 1
the ground state Intertwining opeéator . SUSY partner
d2 Lo = ~an + ar In o (Eo) d?
Ho=—“ 4V o Hy=——5+V
dr? i 4 d dr
LO = % = % 1H¢0(E0) T
= L(JSLO + Ej o . — LQLO + Eq
Intertwining relation LoHy = HiLg
Yo(Eo) : Wave function of The phase shift is
the ground state increased by tan~'(k/7o)
Addition of Intertwining operator
the ground state SOPTEY 4 SUSY partner
d? L = ~2 T In p(Eo) d? p
le——2‘|‘V1 £ 5 HQ:_W—'_%
— 'L+ E, — g = LL" + Ey
Intertwining relation LH 1 = H2 L
> The phase shift is
_ ~1 2
¢(Eo) = [¢o(Eo)]” In (04 + /T [tho(E0)] dt) decreased by tan~ (k /o)
Another phase equivalent potential If a=-—1,
/ d2 > 2 d2 " 2
Va(r) = Vo(r) — 2@ Inja + [0 (Eo)]"dt Vo(r) = Vo(r) — QW In [ [¢o(Ey)]?dt
T 0
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Another phase equivalent potential

d? > Fit the parameter
V'ir)=V(r) —2-—=1 / Eo))?dt .
(r) () a2 e , [Vo(Eo) | to reproduce the rms radius (SUSY-M)
The case of '°0 + “He 08
OCM
100} SUSY =
500 SUSYM
%
= "’ """
>
501
Vi(r
-100} ( )
2150 . . . . . -0.6 ' ' . . .
2 4 6 8 10 0 2 4 6 8 10
r[fm] r[fm]

To make rms radius smaller, the potential and the wave function are attracted inside.
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Another phase ec

Vir) =

%0 + ‘He

uivalent potential

d? > '

vir) _2W1n @t /T [¢0(E0)]2d’5| fc:trgll)erc?(?liiglz:rnolcls radius (SUSY-M)
0 EXP; . Cal. B(E2) 2'— 0" 4— 2
- OCM | 638 752
| J 709 )t SUSY | 87.6 1047
4L § 65.5[efim’] o SUSY-M| 63.7  75.5
Exp. | 655  70.9

0| EXP: + Cal. BEy) 2ot 4m2 6o ar

- 0 OCM | 123 168 171

" SUSY | 181 242 238

4l 280 y SUSY-M| 123 169 172

120[efm] Exp. | 120 280 160

The B(E2) values are also reproduce OCM values
by reproducing the rms radii.
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Summary

We generate SUSY potential from phenomenological deep potentials of
160+4He and 4°Ca+*He systems.

» The root-mean-square radius and B(E2) values
calculated by the SUSY potential is larger than the OCM potential.

 Using another SUSY transformation, we fit other observable.
Fitting the parameter to restore rms radius value
— B(E2) 1s also reproduce previous values.

Future work

Applying many body system e.g.) Mg — 160 + 4He + “He

BCr —» Y0Ca + 4He + *He
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