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Matrix elements from “Feynman-Hellmann”

Feynman—-Hellmann in guantum mechanics:
dFE,, < ‘GH
— (N —
d

T

75 ™Y

matrix elements of the derivative of the Hamiltonian determined by derivative of
corresponding energy eigenstates

Lattice QCD: evaluate energy shifts with respect to weak external fields

Modify action with external field:

S%S+)\/d4a;()(:z:)

™~ local operator, e.g. ¢(x)v573q(x)
real parameter

Calculation of matrix element = hadron spectroscopy [2-pt functions only]

OFEg(\) 1
O\  2Eg()\)

(H|O|H)



Spin content [connected]

Modify action

S = S+ A qla)ivsysa(w)

Nucleon energy shift isolates
spin content

dEN(N) 1,
B —M<N\QW5W3CI\N>

Energy difference
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Slope — matrix element

[Chambers et al. PRD(2014)]



Feynman-Hellman with momentum transfer



Warm up: Periodic potential, 1-D QM

2
- Almost free particle  Hylp) = ;—mlm

Subject to weak external periodic potential  V(z) = 2AV, cos(gx)
AV

/ /..
\/

ViIp) = AVolp + q) + AVolp — )




Warm up: Periodic potential, 1-D QM

Geometrically: Do

| No first order
| energy shifts? |




Degenerate perturbation theory

Exact degeneracy: p = q/2

2
L AV,
H=|2m 7530 H{|q/2) £ |~q/2)} = (Eypo = \V0) {g/2) £ |—q/2)}
AVo Qp—m
Consider mixing on almost-degenerate states » ~ ¢/2
7 % >\V02 Eigenvalues
)\VO (PQ—TZ)

2 2 2 2
P+ (p—q) \/q (¢ — 2p)
1 A\2Y/2

Am, 16m2 T ATV

! Band gap determined by strength of perturbation
AFE = 2A\V,




—xternal momentum field on the lattice

Modify Lagrangian with external field containing a spatial Fourier
transform [constant in time]

L(y) = Lo(y) + A2 cos(q-¥)q(y)vuq(y)

Project onto “back-to-back” momentum state: 7/2) + |—q/2)

. “Breit frame” kinematics
E.g. pion form factor

(m(p")[3(0)7,.q(0)|7(P)) = (p+p'), Fr(q?)

“Feynman-Hellmann”

OF (p+ ')
oy — MF?T(QQ)
ON|\_,  2F




—xternal momentum field on the lattice

Modify Lagrangian with external field containing a spatial Fourier
transform [constant in time]

L(y) = Lo(y) + A2 cos(q-¥)q(y)vuq(y)

Project onto “back-to-back” momentum state: 7/2) + |—q/2)

. “Breit frame” kinematics
E.g. pion form factor

(m(p")[3(0)7,.q(0)|7(P)) = (p+p'), Fr(q?)

“Feynman-Hellmann”
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oLl _ % -y | =P
O o5 L) O\ (@)
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3-pt functions
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Proton Form Factors

Phenomenologically-
interesting region.
Domain dominated by model
calculations...

previously prohibitive to
study in lattice QCD.
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[Chambers et al. arXiv:1702.01513]



Proton form factors

my comments] Experiment Lattice
- One volume 0.4} | | | 0 3-Ipt. (var.) |.
DQQ@ % Exp. (JLab)
: 0.3} & ¢ FH
- Not worried (yet) | X &i*
o)
= o2} X { |
- One quark mass O }% i 1
\Lﬂ 0.1} % %
- Surprised that we see a O g | J‘

similar trend as experiment

-0.1f

- One lattice spacing

- We should investigate further

[Chambers et al. arXiv:1702.01513]



Deep Inelastic structure of the proton
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Deep-inelastic scattering

Almost Bjorken scaling

Slow deviations from scaling
described by perturbative QCD
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© NNPDF3.0 (NNLO) _
xf(x,u2=10 GeV?) _ |

Parton distributions

Isovector quark dlstrlbutlons

NNPDF3.0, a = 0.118, Q? = 10* GoV? i

LO 1-sigma PDF uncertamty

NLO 1-sigma PDF uncertainty

(NLO - LO)/NLO

_— e — e 4

Relative uncertainties diverge beyond x~0.6:
Opportunity for lattice to contribute

In principle, these could be
determined from QCD
Challenging so far!




First:

adron tensor and

DFS



Inelastic scattering

Cross section ~ Hadron tensor
Wy ~ / d42(p|[, (z), J, (0)]|p)

Structure functions Fi 2(P.q, QQ)
P \ — “er —
27T

Forward Compton amplitude

T ~ / a4 (p| T, ()., (0) p)

p L orentz-scalar functions 11.2(P.q, Qz)



(Virtual) Compton amplitude

Compton amplitude

Ty (P, q) = pss / d*z(p,s'|TJ,(2)J,(0)|p, s)
y 1 P. P.
= (_gw + ng ) Ti(P.q, Q%) + —— (pu - —fqu) (py - q—fg) Ty (P.q,Q?)




Analytic structure of Compton amplitude




Analytic structure of Compton amplitude

Physical
scattering region




Analytic structure of Compton amplitude

Rescale

- 2Pgq

W

Re w



Analytic structure of Compton amplitude

Rescale
- 2Pgq N
W = Jmw
A
AAAAAAAAAAAAAA 1 50
1 T;(w', Q%)
2 (’ 9
Tilwo, @7) = 2—m7£d | W' — wo

a a AN , U .\ S i GBS L G A
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Analytic structure of Compton amplitude

Rescale
2P.q
W = Jm
Q2 ol [«
—1 wWo 1 Rew
X

AAAAAAAAAAAAAAAA
v v v v v NS v v v N/ VAR VARV ARV AV ARV

Discontinuity across cut
— |maginary part




Analytic structure of Compton amplitude

Rescale

- 2Pgq

W

AAAAAAAAAAAAAAAA
v v v v v NS v v v N/ VAR VARV A V A V A V

Ti(w', Q%) L[> ImTi(w', Q%)

Ti(wo, Q%) = — 7{ dw' — ~ o dw' ——
C

1 W — Wo



Moments of structure functions

Re-express integral over familiar Bjorken x:

4 2 o0 Im7T / 2 1 I 2
T1(w, Q%) — Ti(w,0) = ﬁf dw' — (W, @) :4w2/ dx x 1z, Q)
! 0

W' (w2 _ w/Q)

‘Subtraction term:
| Cottingham sum rule; Muonic hydrogen.
| Recently, see also: |
Agadjanov, MeiBner & Rusetsky, PRD(2017),

ﬂ Hill & Paz, PRD(2017), ...

Taylor
/ expansion
Moments of structure functions

1
T (w, Q%) — T (w,0) = Z4w2j/ dr ¥ 1 Fy (z, Q%)
0



Lattice QCD: Traditional way

1
T (w, Q%) — Ti(w,0) = Z4w2j/ dr ¥ 1 Fy (z, Q%)
0

Matrix elements of local twist-2 operators:

(P|OWr-vn}| PY = 2a(n, u)P" ... PY" — traces

1
aln, 1) = / Az 22"V F (2, )
0

Ot-rnt = 4(0)y"* D> ... D""4(0)

AN

Operator mixing on the lattice prohibits the
study of operators with increasing numbers
of derivatives:

Typically only access lowest moment
(e.g. quark momentum fractions)




Feynman—Hellmann (2nd order):
Study Compton amplitude directly

Fl(xv QQ)

1
Ty (w, Q%) — Th(w,0) = 4w2/0 dx:z:l ~ (1)’



Feynman—Hellman (2nd order)

Field theory version of 2nd order perturbation theory:
e 3 BIVIXEWVIN)

E = Ey + MN|V|N) +

XN by — Ex
Only get a linear term Ey < Ex
for elastic case wm=1 Intermediate states cannot

go on-shell for w<1

Final result. We study second-order perturbation on the lattice

see backup slides, or
RDY, presentation @Lattice 2017;
Somfleth et al. ... soon



Test case:
Compton amplitude — PDFs




Taylor expansion

Consider moments of structure function

1
2m—1 =/ d:r;a:2m_1F1(a:)
0

Series expansion of Compton amplitude

Ty3(w)/4 = w?pr + wisg +wlus + ...

0.20(

{1 Compton amplitude in
| unphysical region

0.15)

input PDFs: MSTW(LO)




“Inversion”

Discrete approximation to parton distribution Fi(x)

Consider discretised integral

M
_ _m 4w? .,
N <M
Use singular value decomposition to invert NxM matrix
K=U [dj,ag(wl, L WNGWN 4 - wn)] VT
/

-~ /
NxM “diag” WN'+1 -, Wy =20, N <N

Pseudoinverse

K~ ' =V |diag(1/wi,...,1/wn,0,...,0)]U"



Qutput

“Pseudo-

inverse”

WX

1
Tys = 4 d Fud
33 W/O Tz (wz)2 " (%)

2 F(x) = 5 [u(z) — d()

Chambers et al., PRL(2017)

input PDFs: MSTW(LO)

Toy model test



http://inspirehep.net/record/1516003

Numerical investigation



Numerical set-up

Single external momenta

2T
7= (3.5,0) —
q ( Y Y/ ) L
oP.q 2P.q
W = = —
Q? q°
qs = 0

Lattice specs

SU(3) symmetric point:
my ~ 400 MeV

323x64, a=~0.074 fm

O(900) configs

Elastic pole

Blue dots: different nucleon Fourier momenta

Broad coverage of  from single

Lattice kiﬂema’[iCS calculation (computationally “cheap”)




Numerical test: Lattice results

Compton amplitude from quadratic energy shift
(subtraction term removed)

10—

0.08/
0.06/

0.04/

T33(p,q)

0.0 0.2 0.4 0.6 0.8

Chambers et al., PRL(2017)



http://inspirehep.net/record/1516003

New access to form factors
at large momenta
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| (Virtual) Compton amplitude
accessible on the lattice
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Sack-up slides
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Feynman—-Hellmann (2nd order)

Two-point correlator

—S(A) Z |)\ Q|X|N7p | e—EN,p()\)QBO
2EN p (M)
Integral over all fields I only interested in perturpative
— shift of ground-state energy
A4

~ Ay (e PrMzo

“Momentum” quantum# at finite field

‘N7p>)\
p=p+nq, ne



Feynman—-Hellmann (2nd order)

Differentiate spectral sum

a)\z ‘A Q’X‘Nap) ’ e—EN,p(A):CLL _ Z lﬁAN,P(A) _AN,p()\)x48ENaP] e—EN,p()\)CIM

2EN (P, A N oA 7
| [aAgA(A) A %EA ] e~ Eo(Vzs
And again
L4 [] -5 PAng() ,04we), IBNEN) 4 (), P Ep) +AN,p(>\)xi<8Eig,§()\))2]

e

Watch for temporal enhancement ~ xse™

——— e e S ————— S ——————— -




Feynman—-Hellmann (2nd order)

Differentiate path integral

3 3 —ip.X 1 T —S(A)

8>\/d v /mx(x)x (0)e
0S \
A\

— /d% eip.x$/D¢X(x)XT(o) [_8_ _ | eSO

“Disconnected” operator insertions;
drop for simplicity

Differentiate again, take zero-field limit and note: 2°5 _ 0

ON?
—/d?’xe_ip'xi/qu (z)xT(0) o5 26_50
N Z XA o

Current insertions integrated 05 / 4 _
— = [ d*y2 ,
over 4-volume O\ y2cos(q.y)q(y)vua(y)

52




Field time orderings

ignore finite T

Current insertion possibilities

Both currents “outside” (together)

______>t

@)X O)T(T ()T (2)), Y24 <0 < 24
R

(J(2)x@)xT(0) (1)), ya<0<zy <z

~e PXT By > By

Ex= Ep = changes amplitudes

(x(2)J(2)XxT(0)J(y)),  ya <0< 24 < x4
OF,

B\ rie PrTt 5

Y

linear energy shift
(and changed amplitude)



Field time orderings

Both currents between creation/annihilation

x'(0) o J(a) J(z) ¢ x(wa)

. 1 98\
/d?’a:e_?’p'xZ—O/qux(x) T(O) (ﬁ) e 90

d>k 1 d3 k'
— d3 d4 d4 sz zqz 1.2 1q.y —1q.y
Z/2w32ENk/2w32ENk/ / / ve e (@ 4 e

X (Qx(2) [N, k) (k| TJ(2) ] (y) k') (N7, K'[x(0)]2),

Ap

. EMG_EPM /d‘*f (€€ + e=19:€) (p|TJ(£).J(0)|p)

Note g4 =0 = q.&=¢q¢



Final steps

Equate spectral sum and path integral representation

Asymptotically, we have

2B, . A, i y
Ay e P = P Bt [ i (1 4 70 (pITI(€)T(O)lp)
O’E, 1

o ~ T3E, d*¢ (€' +e7'¢) (p|TJ(€)J(0)|p)

S e R R e N



