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QCD—theory of the strong interaction

• Simple:  four parameters 

• Difficult to be applied to 
solve low-energy strong 
interaction physics

Asymptotic freedom Color confinement

Nobel prize in physics 2004
Clay Mathematics Institute seven million dollar 

problems, 2000



Chiral perturbation theory

- Spontaneously broken: pseudoscalar nonet 

- Explicitly broken: small mass, perturbative

1979

• Maps quark (u, d, s) dof’s to those of the asymptotic states, 
hadrons 

• Perturbative formulation of low energy QCD in powers of the 
external momenta and the light quark masses, instead of the 
running coupling constant

Chiral symmetry : QCD Lagrangian invariant under

SU(3)L ⇥ SU(3)R

In short



• ChPT  very successful in the study of Nanbu-Goldstone boson self-
interactions. (at least in SU(2)) 

• In the one-baryon sector, things become problematic because of the 
nonzero (large) baryon mass in the chiral limit,  which leads to the fact 
that high-order loops contribute to lower-order results, i.e., a systematic 
power counting is lost!

Power-counting-breaking (PCB) in the one-baryon sector

Chiral order =

red dots denote 
possible  
PCB terms (pion-
nucleon scattering) 

J. Gasser et al., 
NPB 307, 779(1988)
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FIG. 1: Feynman diagrams contributing to the octet- and decuplet-baryons (B and D respectively) up to O(p3) in χPT. The
solid lines correspond to octet-baryons, double lines to decuplet-baryons and dashed lines to mesons. The black dotes indicate
1st-order couplings while boxes, 2nd-order couplings (LECs).
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where B may denote an octet or decuplet baryon. The sigma terms can be obtained from the chiral corrections to
the baryon masses through the Hellman-Feynman theorem (Refs.!!!)

σπB = m
∂MB

∂m
(16)

σsB = ms
∂MB

∂ms
(17)

Up to the order considered in this work, the Eqs. (7) hold and we can express these sigma elements as

σπB =
m2

π

2

(

1

mπ

∂MB

∂mπ
+

1

2mK

∂MB

∂mK
+

1

3mη

∂MB

∂mη

)

(18)

σsB =

(

m2
K −

m2
π

2

) (

1

2mK

∂MB

∂mK
+

2

3mη

∂MB

∂mη

)

(19)

III. RESULTS

In the Figure 1 we show the Feynman diagrams that contribute in χPT up to O(p3) to the self-energy of the octet-
baryons and of the decuplet-resonances. Up to O(p2) there are only the tree-level contributions (a) that introduce
the dependence of the masses on the unknown LECs bD, bF and b0 from the Lagrangian (5) for the octet and γ0 and

Chiral order =



Nucleon mass up to O(p3)
3

(a) (b) (c)

(f)(e)(d)

FIG. 1: Feynman diagrams contributing to the octet- and decuplet-baryons (B and D respectively) up to O(p3) in χPT. The
solid lines correspond to octet-baryons, double lines to decuplet-baryons and dashed lines to mesons. The black dotes indicate
1st-order couplings while boxes, 2nd-order couplings (LECs).

matrix elements of the pion and strangeness sigma commutators defined respectively as:

σπB =
m

2MB
⟨B|ūu + d̄d|B⟩ (13)

σsB =
ms

2MB
⟨B|s̄s|B⟩ (14)

(15)

where B may denote an octet or decuplet baryon. The sigma terms can be obtained from the chiral corrections to
the baryon masses through the Hellman-Feynman theorem (Refs.!!!)

σπB = m
∂MB

∂m
(16)

σsB = ms
∂MB

∂ms
(17)

Up to the order considered in this work, the Eqs. (7) hold and we can express these sigma elements as

σπB =
m2

π

2

(

1

mπ

∂MB

∂mπ
+

1

2mK

∂MB

∂mK
+

1

3mη

∂MB

∂mη

)

(18)

σsB =

(

m2
K −

m2
π

2

) (

1

2mK

∂MB

∂mK
+

2

3mη

∂MB

∂mη

)

(19)

III. RESULTS

In the Figure 1 we show the Feynman diagrams that contribute in χPT up to O(p3) to the self-energy of the octet-
baryons and of the decuplet-resonances. Up to O(p2) there are only the tree-level contributions (a) that introduce
the dependence of the masses on the unknown LECs bD, bF and b0 from the Lagrangian (5) for the octet and γ0 and

Chiral order =

Naively  
(no PCB)



Nucleon mass up to O(p3)
3

(a) (b) (c)

(f)(e)(d)

FIG. 1: Feynman diagrams contributing to the octet- and decuplet-baryons (B and D respectively) up to O(p3) in χPT. The
solid lines correspond to octet-baryons, double lines to decuplet-baryons and dashed lines to mesons. The black dotes indicate
1st-order couplings while boxes, 2nd-order couplings (LECs).

matrix elements of the pion and strangeness sigma commutators defined respectively as:

σπB =
m

2MB
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No need to calculate, simply recall that M0~O(p0) 

Chiral order =

However

Naively  
(no PCB)



Power-counting-restoration methods

• Heavy baryon ChPT: baryons treated “semi-
relativistically”  ( Jenkins et al., 1991,  Bernard et al., 
1992) 

• Relativistic baryon ChPT: removing power counting 
breaking terms but retaining higher order corrections, 
thus keeping relativity 

- Infrared baryon ChPT: Becher & Leutwyler 1999 

- Extended on mass shell (EOMS) scheme: Gegelia 
1999, Fuchs 2003



HB & Infrared

• HB: a simultaneous expansion in terms of external 
momenta and 1/mB 

• Infrared: separating the full Feynman integral into a 
regular part and finite part
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Extended-on-Mass-Shell (EOMS)

tree = M0 + bm2
⇡

• “Drop” the PCB terms

+
⇓



Extended-on-Mass-Shell (EOMS)

tree = M0 + bm2
⇡

• “Drop” the PCB terms

+
⇓

• Equivalent to redefinition of the LECs

tree = M0 + bm2
⇡ +
⇓



Extended-on-Mass-Shell (EOMS)

tree = M0 + bm2
⇡

• “Drop” the PCB terms

+
⇓

• Equivalent to redefinition of the LECs

tree = M0 + bm2
⇡ +
⇓ChPT contains all possible terms allowed by symmetries, therefore 

whatever analytical terms come out from a loop amplitude, they must 
have a corresponding LEC



HB vs. Infrared vs. EOMS

• Heavy baryon (HB) ChPT 
- non-relativistic 
- breaks analyticity of loop amplitudes 

- converges slowly (particularly in three-flavor sector) 

- strict PC and simple non-analytical results 

• Infrared BChPT 
- breaks analyticity of loop amplitudes  

- converges slowly (particularly in three-flavor sector) 
- analytical terms the same as HBChPT 

• Extended-on-mass-shell (EOMS) BChPT 
- satisfies all symmetry and analyticity constraints 
- converges relatively faster--an appealing feature



Some successful applications of covariant 
BChPT (in the 3f sector)

Recent developments in SU(3) covariant baryon chiral perturbation theory  
Li-sheng Geng, Front.Phys.(Beijing) 8 (2013) 328-348 

✤ Magnetic moments                              
 PRL101:222002,2008;  PLB676:63,2009;  PRD80:034027,2009 

✤ Masses and sigma terms  
PRD82:074504,2010; PRD84:074024,2011; JHEP12:073,2012;    
PRD 87:074001,2013; PRD89:054034,2014 ; EPJC74:2754,2014 ; 
PRD91:051502,2015; Phys.Lett. B766:325, (2017)   

✤ Vector form factors (couplings) 
PRD79:094022,2009；PRD89:113007,2014  

✤ Axial form factors (couplings)                    
PRD78:014011,2008；PRD90:054502,2014



Motivation: why sigma terms

12



Energy/matter composition of the 
universe Plank:1303.5062

• Weakly Interacting Massive Particles (WIMPS)
e.g., Neutralino in MSSM.



Particle searches for WIMPs
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Direct dark matter detection in China

China JinPing Laboratory (CPJL): deepest and largest 
underground lab. in the world; PandaX and CDEX



DAMPE (DArk Matter Particle Explore), Wukong（悟空）, 
launched on December 17, 2015 

Indirect dark matter detection in China



Spin-independent neutralino-nucleon 
scattering

Dark Matter Lattice QCD Sigma terms 2010 dataset
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Strong dependence on the strangeness 
sigma term

from the !!N and "0 parameters. As shown for benchmark
model C in Table III, each of these two parameters induces
uncertainties of!30% or more in "#p;SI at the 68.3% C.L.;
"#n;SI (not shown) has similar induced uncertainties. The
large confidence intervals for the SI cross sections in
Table II are almost entirely due to the uncertainties in these
two parameters.

We focus the discussion here mainly on !!N rather than
"0 as the !!N " 64# 8 MeV result is significantly larger
than previous estimates for that parameter. Indeed the
range of estimates of the central value for !!N is far
greater than the typically quoted uncertainty. In view of
this, we also include below some results for lower values of
!!N.

In Fig. 2, we show the !!N dependence of "#N;SI for the
benchmark models, and Table IV gives the "#N;SI values
for those models for selected values of !!N . All the other
parameters are set at their fiducial values (Table I). From
the minimal value for !!N ("0 " 36 MeV) to the 2-"
upper bound (80 MeV), "#N;SI varies by more than a factor
of 10 (as much as a factor of 35 for model L). At these
benchmarks and in other models of interest, for larger
values of !!N$!!N 6! "0%, the majority of the contribution
to fp in Eq. (10) comes from the strange-quark term, with
f$p%Ts / y / !!N & "0, so that "#p;SI ! $!!N & "0%2. Thus,
the SI cross sections are particularly sensitive not just to
!!N and "0, but to their difference. For smaller values of
!!N (!!N ! "0), the strange contribution no longer domi-
nates, but a strong dependence of "#N;SI on !!N does
remain.

In Fig. 3, the SI cross sections are shown along the
WMAP-allowed coannihilation strip for tan$ " 10 and
coannihilation/funnel strip for tan$ " 50 for the !!N

reference values of 36 MeV (no strange scalar contribu-
tion), 64 MeV (central value), and 80 MeV (2-" upper
bound); CDMS and XENON10 limits are also given. As
with the benchmark models, a factor of !10 variation
occurs in "#N;SI over these !!N reference values for any
given model along the WMAP strip.

Such large variations present difficulties in using any
upper limit or possible future precision measurement of
"#N;SI from a direct detection signal to constrain the
CMSSM parameters. The present CDMS and XENON10
upper limits have (almost) no impact on the WMAP strip
for tan$ " 10$50%, if one makes the very conservative
assumption that "0 " 36 MeV (y " 0). On the other
hand, m1=2 ! 200 GeV would be excluded for tan$ " 10
if !!N " 64 or 80 MeV. This excluded region would
extend to m1=2 ! 300 GeV for tan$ " 50 if !!N " 64
or 80 MeV. Thus, the experimental uncertainty in !!N is
already impinging on the ability of the present CDMS and
XENON10 results to constrain the CMSSM parameter
space.

Looking to the future, a conjectural future measurement
of "#p;SI " 4' 10&9 pb would only constrain m1=2 to the
range 600 GeV<m1=2 < 925 GeV if tan$ " 10 and
1100 GeV<m1=2 < 1400 GeV if tan$ " 50, for the 1-"
!!N range of 64# 8 MeV. If smaller values of !!N are

FIG. 2 (color online). The spin-independent neutralino-
nucleon scattering cross section as a function of !!N for bench-
mark models C, L, and M. Note that "#p;SI and "#n;SI are nearly
indistinguishable at the scale used in this plot.

TABLE IV. Spin-independent neutralino-nucleon scattering
cross sections in the benchmark models for several values of
!!N .

Model C L M

!!N " 36 MeV:
"#p;SI (pb) 3:40' 10&10 1:38' 10&9 1:78' 10&11

"#n;SI (pb) 3:67' 10&10 1:61' 10&9 1:89' 10&11

"#n;SI="#p;SI 1.080 1.170 1.065
!!N " 45 MeV:
"#p;SI (pb) 8:80' 10&10 5:55' 10&9 4:23' 10&11

"#n;SI (pb) 9:24' 10&10 6:02' 10&9 4:41' 10&11

"#n;SI="#p;SI 1.050 1.085 1.043
!!N " 56 MeV:
"#p;SI (pb) 1:88' 10&9 1:45' 10&8 8:64' 10&11

"#n;SI (pb) 1:95' 10&9 1:52' 10&8 8:91' 10&11

"#n;SI="#p;SI 1.035 1.053 1.031
!!N " 64 MeV:
"#p;SI (pb) 2:85' 10&9 2:36' 10&8 1:28' 10&10

"#n;SI (pb) 2:93' 10&9 2:46' 10&8 1:32' 10&10

"#n;SI="#p;SI 1.029 1.042 1.026
!!N " 72 MeV:
"#p;SI (pb) 4:01' 10&9 3:49' 10&8 1:78' 10&10

"#n;SI (pb) 4:11' 10&9 3:61' 10&8 1:82' 10&10

"#n;SI="#p;SI 1.025 1.035 1.022
!!N " 84 MeV:
"#p;SI (pb) 6:13' 10&9 5:61' 10&8 2:69' 10&10

"#n;SI (pb) 6:26' 10&9 5:76' 10&8 2:74' 10&10

"#n;SI="#p;SI 1.021 1.028 1.019

HADRONIC UNCERTAINTIES IN THE ELASTIC . . . PHYSICAL REVIEW D 77, 065026 (2008)

065026-9
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"#p;SI (pb) 8:80' 10&10 5:55' 10&9 4:23' 10&11

"#n;SI (pb) 9:24' 10&10 6:02' 10&9 4:41' 10&11

"#n;SI="#p;SI 1.050 1.085 1.043
!!N " 56 MeV:
"#p;SI (pb) 1:88' 10&9 1:45' 10&8 8:64' 10&11

"#n;SI (pb) 1:95' 10&9 1:52' 10&8 8:91' 10&11

"#n;SI="#p;SI 1.035 1.053 1.031
!!N " 64 MeV:
"#p;SI (pb) 2:85' 10&9 2:36' 10&8 1:28' 10&10

"#n;SI (pb) 2:93' 10&9 2:46' 10&8 1:32' 10&10

"#n;SI="#p;SI 1.029 1.042 1.026
!!N " 72 MeV:
"#p;SI (pb) 4:01' 10&9 3:49' 10&8 1:78' 10&10

"#n;SI (pb) 4:11' 10&9 3:61' 10&8 1:82' 10&10

"#n;SI="#p;SI 1.025 1.035 1.022
!!N " 84 MeV:
"#p;SI (pb) 6:13' 10&9 5:61' 10&8 2:69' 10&10

"#n;SI (pb) 6:26' 10&9 5:76' 10&8 2:74' 10&10

"#n;SI="#p;SI 1.021 1.028 1.019

HADRONIC UNCERTAINTIES IN THE ELASTIC . . . PHYSICAL REVIEW D 77, 065026 (2008)

065026-9

Ellis, Olive, Savage, PRD77(2008)065026



Quark-flavor structure of the proton

• Naive quark model—minimal quark contents 

• In reality,  
• to the spin 

– deep-inelastic lepton scattering  
• to the electromagnetic formfactors 

- parity-violating electron-proton scattering 
• to the mass 

– scalar strangeness content, cannot be measured 
directly

|pi = |uudi
|pi = |uudi(1 + |uūi+ |dd̄i+ |ss̄i)

hN |ss̄|Ni
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• In reality,  
• to the spin 

– deep-inelastic lepton scattering  
• to the electromagnetic formfactors 

- parity-violating electron-proton scattering 
• to the mass 

– scalar strangeness content, cannot be measured 
directly

|pi = |uudi
|pi = |uudi(1 + |uūi+ |dd̄i+ |ss̄i)

hN |ss̄|Ni
Determination of the scalar (strangeness) content of the 

nucleon (baryons)  using ChPT



How to determine sigma terms

20



Pion-nucleon sigma term

• Experimentally, the pion-nucleon sigma term can be inferred 
from pion-nucleon scattering data at Cheng-Dashen point 

�⇡N = 45± 8MeV

 Hoferichter et al., PRL115,  092301 

J. Gasser et al., PLB253,252

Alarcon et al., PRD 85, 051503(R) 

Chen et al., PRD 87, 054019 



Strangeness sigma term

• Because of lack of kaon-nucleon scattering data, the 
strangeness-sigma term cannot be obtained this way 

• Lattice QCD might be our hope to predict  it from first 
principles



LQCD determination of sigma terms

• Direct method—calculates the 3-point connected and 
disconnect diagrams 

• Spectrum method-calculates the baryon masses, and 
relates the sigma terms to their quark mass dependence 
via the Feynman Hellmann theorem

– JLQCD,	PRD83,114506	(2011)	
– R.	Babich	et	al.,	PRD85,054510	(2012)	
– QCDSF,	PRD85,	054502	(2012)	
– ETMC,	JHEP	1208,037(2012)	
– M.	Engelhardt	et	al.,	PRD86,	114510	(2012)	
– JLQCD,	PRD87,	034509	(2013)		
– ETMC,	PRL	116,	252001	(2016)	
– RQCD,	PRD	93,	094504	(2016)	
– χ	QCD,	PRD94,	054503	(2016)

– JLQCD,	PRD83,114506	(2011)	
– R.	Babich	et	al.,	PRD85,054510	(2012)	
– QCDSF,	PRD85,	054502	(2012)	
– ETMC,	JHEP	1208,037(2012)	
– M.	Engelhardt	et	al.,	PRD86,	114510	(2012)	
– JLQCD,	PRD87,	034509	(2013)		
– BMW,		PRL	116,	172001	(2016).

5 Pion- and strangeness baryon sigma terms

In this section, we evaluate the pion- and strangeness sigma terms for all octet baryons at

physical point using the mass formulas up to NNLO.

The light-quark sigma terms are important quantities in explaining the chiral symmetry

breaking e↵ects in QCD. In particular, for nucleon-sigma term if of vital importance to

understand the composition of nucleon mass and strangeness content of nucleon. The

accurate knowledge of the sigma terms is of essential importance in the interpretation of

the cross section for the detection of dark matter [52]. However, these quantities cannot

be directly measured by experiment, ChPT, with its LECs fixed by the LQCD data, can

make predictions for sigma terms [53–55].

The sigma terms are defined by scalar form factors of baryon at zero recoil. In this

work, we calculate all the baryon octet sigma terms �⇡B, �sB for B = N, ⇤, ⌃, ⌅ , and

through the Feynman-Hellmann theorem, which states:

�⇡B = mlhB(p)|ūu+ d̄d|B(p)i = ml
@MB

@ml
(5.1)

�sB = mshB(p)|s̄s|B(p)i = ms
@MB

@ms
. (5.2)

where ml = (mu +md)/2.

Other interesting quantities, like the strangeness content (yB) and the so-called ”di-

mensionless sigma terms” (flB, fsB) are also calculated

yB =
2hB(p)|s̄s|B(p)i

hB(p)|ūu+ d̄d|B(p)i =
ml

ms

2�sB
�⇡B

(5.3)

flB =
mlhB(p)|ūu+ d̄d|B(p)i

MB
=

�⇡B
MB

(5.4)

fsB =
mshB(p)|s̄s|B(p)i

MB
=

�sB
MB

. (5.5)

Using the previous Fit-I parameters and combining with the Eq. (5.1) and (5.3), we

obtain the results (Table 8) of the pion- and strangeness sigma terms �⇡B, �sB for all the

baryon octet members, and the corresponding strangeness content yB, ”dimensionless sigma

terms” flB, fsB. For the nucleon pion-sigma term at physical point, �⇡N = 42(2)(12), is in

reasonable agreement with the empirical determination coming from ⇡�N scattering data

Table 8. The sigma-terms, the strangeness content and the ”dimensionless sigma terms” for all
octet baryons at physical point. The first error is statistical, the second one systematic.

�⇡B [MeV] �sB [MeV] yB flB fsB
N 43(2)(12) 128(22)(55) 0.248(44)(127) 0.0457(21)(128) 0.136(23)(59)

⇤ 19(2)(15) 269(21)(66) 1.178(154)(974) 0.0170(18)(134) 0.241(19)(59)

⌃ 18(2)(13) 295(21)(50) 1.364(180)(1012) 0.0151(17)(109) 0.247(18)(42)

⌅ 4(1)(7) 395(20)(55) 8.221(2097)(144432) 0.00303(76)(531) 0.300(15)(42)

– 15 –

R. Young,  Plenary 01



Our aim

• To apply the Feynman-Hellmann theorem to predict the 
baryon sigma terms using the covariant (EOMS) baryon 
chiral perturbation theory 

• To fix the unknown low-energy constants of BChPT, we rely 
on the lQCD simulations of baryon masses
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hB(p)|ūu+ d̄d|B(p)i =
ml

ms

2�sB
�⇡B

(5.3)

flB =
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LQCD parameters and simulation costs

• light quark masses: mu/md 

• lattice spacing:  a 

• lattice volume：V=L4

1

2

1 2 3

∆E(t)

t

! !
!

!
! !

Figure 8: Monte Carlo values ∆E(t) ≡ log(G(t)/G(t+a))/a plotted versus t for an harmonic
oscillator, as in Fig. 4 but with Ncor = 1. The errorbars are unreliable.

3 Field Theory on a Lattice

3.1 From Quantum Mechanics to Field Theory

Field theories of the sort we are interested in have lagrangian formulations
and so can be quantized immediately using path integrals. The procedure is
precisely analogous to what we do in the previous section when quantizing
the harmonic oscillator. The analogues of the coordinates x(t) in quantum
mechanics are just the fields φ(x) or Aµ(x) where x = (t, x⃗) is a space-time
point. Indeed our quantum mechanical examples can be thought of as field
theory examples in 0 spatial and 1 temporal dimension: x(t) → φ(t) → φ(x).
The analogue of the ground state in quantum field theory is the vacuum state,
|0⟩, while the analogues of the excited states, created when φ(x) or φ3 or . . . acts
on |0⟩, correspond to states with one or more particles create in the vacuum.

In the lattice approximation both space and time are discrete:

! ! ! !

! ! ! !

! ! ! !

! ! ! !

✻

❄

L

✲✛
a

✲site

✲link
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• To reduce cost: employ larger than physical light 
quark masses, finite lattice spacing and volume.  

• To obtain physical quantities, multiple extrapolations 
are needed

Ross, Chen, Feng  Plenary 01



Multiple extrapolations

• Chiral extrapolations: light quark masses to their 
physical values 

• Finite volume corrections: infinite space-time 

• Continuum extrapolations: zero lattice spacing

Multiple extrapolations

• Chiral extrapolations: light quark masses 
to the physical world

• Finite volume corrections: infinite space-
time

• Continuum extrapolations: zero lattice 
spacing

13�12�14� ���
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• Chiral extrapolations: light quark masses 
to the physical world

• Finite volume corrections: infinite space-
time

• Continuum extrapolations: zero lattice 
spacing
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Two key factors for a reliable 
determination of sigma terms

• A reliable formulation of ChPT, which not only can 
well describe the LQCD data, but also needs to 
satisfy all symmetry and analyticity constrains 

• Lattice QCD simulations of baryon masses at 
various quark masses, volumes, and lattice 
spacings, and with various fermion/gauge actions

Our choice: the EOMS BChPT



Landscape of latest (before 2014) 2+1f 
LQCD simulations of g.s. octet baryon 

• Extrapolate to the continuum:  
• Extrapolate to physical light quark masses: 
• Extrapolate to infinite space-time:
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Figure 2. (color online). The landscape of the PACS-CS Collaboration (red circles), the LHPC
Collaboration (blue squares), the QCDSF-UKQCD Collaboration (green diamonds), the HSC Col-
laboration (yellow upper triangles) and the NPLQCD Collaboration (sky-blue pentagons) in the
2M2

K �M2
⇡ vs M2

⇡ plane (left panel) and in the L vs M2
⇡ plane (right panel). The star denotes the

physical point with the physical light- and strange-quark masses.

volume e↵ects on the baryon masses. The large range of light pion masses provides an

opportunity to explore the applicability of chiral perturbation theory for the extrapolation

of baryon masses. Although the light u/d quark masses adopted are always larger than their

physical counterpart, the strange quark masses vary from collaboration to collaboration:

those of the PACS-CS and LHPC collaborations are larger than the physical one; those of

the HSC and NPLQCD groups are a bit smaller, while as those of the QCDSF-UKQCD

collaboration are all lighter than physical one.

In the L–M2
⇡ plane, it is seen that the PACS-CS and LHPC groups adopt a single

value of lattice volume, the HSC and QCDSF-UKQCD groups use the two di↵erent lattice

volumes and the NPLQCD employs four di↵erent lattice volumes for every ensembles in

order to study the finite-volume e↵ects on the baryon octet masses. Many of the simulations

are still performed with M�L from 3 to 5 and with M� larger than 300 MeV. As a result,

finite-volume corrections may not be negligible (see, e.g., Ref. [48]). In our study, we will

take into account finite-volume corrections a self-consist way as in Ref. [43, 48].

Except for the large di↵erent of light- and strange-quark masses and lattice size, there

are many di↵erent choices for lattice actions in the current lattice calculations,which lead

to be the same continuum theory. Therefore, it’s crucial to test all these simulation results,

whether they are consistent with each other [12].

In Appendix A, we tabulate the baryon octet masses of the PACS-CS, LHPC, HSC,

QCDSF-UKQCD and NPLQCD collaborations. The numbers are given in physical unites

using either the lattice scale specified in the original publications [5, 7, 8, 11] or the method

of ratios such as QCDSF-UKQCD [10]. It is di�cult to guess the applicability region of

SU(3) BChPT. To redue the uncertainty from higher order terms in the chiral expansion,

we take the lattice simulations with pion-masses M2
⇡ < 0.25 GeV2. And we single out

– 10 –

To obtain g.s. baryon masses in the physical world
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To obtain g.s. baryon masses in the physical world

Some of these simulations can be used to fix our 
low-energy constants



A careful selection of LQCD data

• All nf=2+1 LQCD simulations 
– PACS-CS, LHPC, QCDSF-UKQCD, HSC, NPLQCD, BWM

– BMW—not publicly available 
– HSC/NPLQCD—Low statistics/single combination of 

quark masses 
• We take PACS-CS, LHPC, QCDSF-UKQCD

m𝛑<500 MeV 
mΦL>4



An accurate determination of baryon 
sigma terms 

• Scale setting: mass independent (given by the LQCD 

simulations or self-consistently determined) vs. mass 

dependent (r0, r1, Xπ) 

• Isospin breaking effects: better constrain the LQCD 

LECs—consistent with the latest BMW study [Science 

347 (2015) 1452)] 

• Theoretical uncertainties caused by truncating chiral 

expansions: NNLO vs. N3LO; EOMS vs. FRR



Systematic study of the LQCD data  
with the EOMS BChPT

• NNLO EOMS BChPT study of the PACS-CS and LHPC data: 
Camalich, LSG, Vacas, PRD82(2010)074504  

• Finite volume corrections:  LSG, Ren,  Camalich,  Weise, 
PRD84(2011)074024; 

• First systematic study of all publically available LQCD data: Ren, 
LSG, Camalich, Meng, Toki, JHEP12(2012)073;             

• Effects of virtual decuplet baryons: Ren, LSG, Meng, Toki, 
PRD87(2013)074001 

• Continuum extrapolations: Ren, LSG, Meng, Eur.Phys.J. 
C74:2754,2014      



Systematic study of the LQCD data  
with the EOMS BChPT

• NNLO EOMS BChPT study of the PACS-CS and LHPC data: 
Camalich, LSG, Vacas, PRD82(2010)074504  

• Finite volume corrections:  LSG, Ren,  Camalich,  Weise, 
PRD84(2011)074024; 

• First systematic study of all publically available LQCD data: Ren, 
LSG, Camalich, Meng, Toki, JHEP12(2012)073;             

• Effects of virtual decuplet baryons: Ren, LSG, Meng, Toki, 
PRD87(2013)074001 

• Continuum extrapolations: Ren, LSG, Meng, Eur.Phys.J. 
C74:2754,2014      

The EOMS BChPT can be trusted to predict 
the baryon sigma terms



Three different fits at N3LO

• Mass independent 
– Lattice spacing a fixed 

to the published value 
– Lattice spacing a 

determined self-
consistently 

• Mass dependent 
– r0 for PACS-CS 
– r1 for LHPC 
– Xπ for QCDSF-

UKQCD

3

TABLE II. Predicted pion- and strangeness-sigma terms of the octet
baryons at the physical point by the NNLO BChPT with the LECs of
Table I.

EOMS FRR
Fit-I Fit-II Fit-III Fit-IV

�⇡N [MeV] 56(0) 47(1) 47(0) 53(1)

�⇡⇤ [MeV] 35(1) 30(1) 31(1) 34(1)

�⇡⌃ [MeV] 32(0) 27(1) 25(0) 27(1)

�⇡⌅ [MeV] 13(1) 12(1) 13(1) 13(1)

�sN [MeV] 35(6) 27(7) 21(6) 20(7)

�s⇤ [MeV] 147(7) 152(7) 162(7) 153(7)

�s⌃ [MeV] 218(7) 222(7) 226(7) 214(7)

�s⌅ [MeV] 295(7) 313(8) 332(7) 312(8)

the physical point, the experimental octet baryon masses are
also included in the fits. The best fit results are tabulated in
Table I. We have preformed four fits with either the EOMS
BChPT or the FRR BChPT of Ref. [29]. We have also al-
lowed the LECs F� and ⇤ to vary to get an estimation of the
induced variation. All the obtained �2/d.o.f. is larger than
1, indicating that higher-order chiral contributions need to be
taken into account. In addition, if one allows the F� to deviate
from the chiral limit value to take into account SU(3) breaking
effects, the EOMS BChPT can fit the data as well as the FRR
approach. It should be noted that the so-obtained F� is close
to its SU(3) average 1.17f⇡ with f⇡ = 92.1 MeV [59].

The correspondingly predicted sigma terms are listed in Ta-
ble II. It is seen that depending on the fits, the predicted baryon
pion- and strangeness-sigma terms can vary by about 20 MeV.
Nevertheless, given the relatively large �2/d.o.f., it is clear
that one needs to go to N3LO to have more confidence in the
predictions.

N3LO studies: At N3LO, the LQCD and experimental
meson masses are described by the next-to-leading order
ChPT [61] with the LECs of Refs. [62] and FVCs [63] are
taken into account but found to play an negligible role. In Ta-
ble III, we tabulate the LECs and the corresponding �2/d.o.f.
from three best fits to the LQCD mass data and the experi-
mental octet baryon masses. In the first fit, we use the lat-
tice spacings a determined by the LQCD collaborations them-
selves to obtain the hadron masses in physical units as done in
Ref. [30]. In the second fit, we determine the lattice spacing a
self-consistently. Interestingly, we find that the so determined
lattice spacings a are very close to the ones determined by
the LQCD collaborations. The PACS-CS deviation is 2.5%,
the LHPC deviation is 4.1%, and the QCDSF-UKQCD devi-
ation is 2.1%. The corresponding �2/d.o.f. also look simi-
lar. While in the third fit, we adopt the so-called mass depen-
dent scale setting, either from r0 for the PACS-CS data with
r0(phys) = 0.465(12) fm [64], r1 for the LHPC data with
r1(phys) = 0.31174(20) fm [32], or X⇡ for the QCDSF-
UKQCD data with X⇡(phys) = 0.4109 GeV [43]. The third
fit yields a smaller �2/d.o.f. and different LECs compared to
the other two fits.

In Fig. 1, we show the octet baryon masses as functions of

TABLE III. Values of the LECs from the best fits to the LQCD data
and the experimental octet baryon masses up to N3LO. The lattice
scale in each simulation is determined using both the mass indepen-
dent scale setting (MIS) and the mass dependent scale setting (MDS)
methods. In the MIS, both the original lattice spacings determined
by the LQCD collaborations “a fixed” and the self-consistently de-
termined lattice spacings “a free” are used (see text for details).

MIS MDS
a fixed a free

m0 [MeV] 884(11) 877(10) 887(10)

b0 [GeV�1] �0.998(2) �0.967(6) �0.911(10)

bD [GeV�1] 0.179(5) 0.188(7) 0.039(15)

bF [GeV�1] �0.390(17) �0.367(21) �0.343(37)

b1 [GeV�1] 0.351(9) 0.348(4) �0.070(23)

b2 [GeV�1] 0.582(55) 0.486(11) 0.567(75)

b3 [GeV�1] �0.827(107) �0.699(169) �0.553(214)

b4 [GeV�1] �0.732(27) �0.966(8) �1.30(4)

b5 [GeV�2] �0.476(30) �0.347(17) �0.513(89)

b6 [GeV�2] 0.165(158) 0.166(173) �0.0397(1574)

b7 [GeV�2] �1.10(11) �0.915(26) �1.27(8)

b8 [GeV�2] �1.84(4) �1.13(7) 0.192(30)

d1 [GeV�3] 0.0327(79) 0.0314(72) 0.0623(116)

d2 [GeV�3] 0.313(26) 0.269(42) 0.325(54)

d3 [GeV�3] �0.0346(87) �0.0199(81) �0.0879(136)

d4 [GeV�3] 0.271(30) 0.230(24) 0.365(23)

d5 [GeV�3] �0.350(28) �0.302(50) �0.326(66)

d7 [GeV�3] �0.435(10) �0.352(8) �0.322(7)

d8 [GeV�3] �0.566(24) �0.456(30) �0.459(33)

�2/d.o.f. 0.87 0.88 0.53

M2
⇡ (2M2

K � M2
⇡) using the LECs from Table III with the

physical light- and strange-quark masses. In order to cross-
check the validity of our N3LO BChPT fit, the BMW Collab-
oration data [26] are shown as well. It is clear that our three
fits yield similar results and are all consistent with the BMW
data, which are not included in our fits.

Using the best fit LECs, we predict the sigma terms of the
octet baryons and tabulate the results in Table IV. For com-

TABLE IV. Predicted pion- and strangeness-sigma terms of the octet
baryons by the N3LO BChPT with the LECs of Table III.

Ref. [48] MIS MDS
a fixed a free

�⇡N [MeV] 40(0) 55(1)(4) 54(1) 51(2)

�⇡⇤ [MeV] 23(0) 32(1)(2) 32(1) 30(2)

�⇡⌃ [MeV] 18(0) 34(1)(3) 33(1) 37(2)

�⇡⌅ [MeV] 6(1) 16(1)(2) 18(2) 15(3)

�sN [MeV] 4(1) 27(27)(4) 23(19) 26(21)

�s⇤ [MeV] 83(3) 185(24)(17) 192(15) 168(14)

�s⌃ [MeV] 228(3) 210(26)(42) 216(16) 252(15)

�s⌅ [MeV] 355(5) 333(25)(13) 346(15) 340(13)

Ren, LSG, Meng, PRD91 (2015) 051502 



Evolution of baryon masses with u/d  
and s quark masses
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In comparison with the BMW13 data
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FIG. 1. (color online) Dependence of octet baryon masses as a function of M2
⇡ and 2M2

K � M2
⇡ vs. the BMW [23] lattice data. The solid

and dash lines are obtained with the LECs from the Fit-I, II, and III. LQCD data points and BChPT results are obtained by use of the physical
strange quark mass. For the mB vs. M2

s̄s plane, all results are obtained by use of the physical u/d quark masses.

FIG. 2. (color online) Nucleon strangeness sigma term from lat-
tice calculation. The red circles denote N3LO BChPT, blue squares
represent NNLO BChPT and green diamonds are nf = 2 + 1

LQCD. The blue band and red band are our results up to NNLO and
N3LO, respectively. Data points are taken from the following refer-
ences: MILC(2009) [12], BMW(2012) [23], QCDSF-UKQCD [24],
MILC(2013) [13], JLQCD(2013) [19], Engelhardt [18], Junnarkar
& Walker-Loud [29], �QCD(2013) [20], Young and Thomas [22],
Martin-Camalich et al. [50], Shanahan et al. [26], Semke &
Lutz [25], Ren et al. [27].

are.
For comparison, the latest �-SU(3) results of Ref. [52] ) are

also listed. We can see that a relatively larger pion-sigma term

of nucleon, �⇡N = 53(2) MeV, is obtained, which is in rea-
sonable agreement with the latest ⇡-N scattering study [9],
�⇡N = 59(7) MeV. Our �⇡N is also consistent with the
JLQCD result [53], �⇡N = 50(4.5) MeV.

Our predicted �SN is compared with those of earlier studies
in Fig. 2. We classify the �sN into three groups according to
the calculation methods. First group is the results reported
by the nf = 2 + 1 LQCD simulations. For second and third
groups, the �sN is predicted by the NNLO and N3LO BChPT,
respectively, combined with the latest lattice baryon spectrum.
Our results are consistent with the average LQCD result on
the strange sigma term, �sN = 40(10) [29]. The extremely
accurate determination of Ref. [52] might be due to the fact
that the LECs are over constrained. Similar effects can be
seen in the NNLO fit of the present work, which has a much
smaller uncertainty compared to the N3LO fit.

Conclusion: In this work, we have performed an accu-
rate determination of the octet baryon sigma terms and found
�sN = 37(). A number of key issues are taken into ac-
count, including uncertainties induced by truncating chiral ex-
pansions and the lattice-scale setting method. In addition,
we have used the strong-interaction isospin splitting effects
from the LQCD simulations to further constrain the relevant
LECs. Within the spectrum method, a more precise value for
�SN can only be made possible by increasing statistics and
performing simulations at a even larger range of light-quark
masses both larger and smaller their physical counterparts.
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Baryon sigma terms from N3LO BChPT

• All three scale-
setting methods 
yield similar 
baryon sigma 
terms
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FIG. 1. (color online). Octet baryon masses as a function of M2
⇡ and 2M2

K �M2
⇡ vs. the BMW LQCD data [19]. The solid, dashed, and dot-

dashed lines are obtained with the LECs from the three fits of Table I. On the left and right panels, the strange-quark mass and the light-quark
mass are fixed at their respective physical values.

lar. While in the third fit, we adopt the so-called mass depen-
dent scale setting, either from r0 for the PACS-CS data with
r0(phys.) = 0.465(12) fm [51], r1 for the LHPC data with
r1(phys.) = 0.31174(20) fm [25], or X⇡ for the QCDSF-
UKQCD data with X⇡(phys.) = 0.4109 GeV [32]. The third
fit yields a smaller �2/d.o.f. and different LECs compared to
the other two fits.

In Fig. 1, we show the octet baryon masses as functions of
M2

⇡ (2M2
K �M2

⇡) using the LECs from Table I with the phys-
ical light- (right panel) and strange-quark (left panel) masses.
In order to crosscheck the validity of our N3LO BChPT fit, the
BMW Collaboration data [19] are shown as well. It is clear
that our three fits yield similar results and are all consistent
with the high-quality BMW data, which are not included in
our fits.

Predicted baryon sigma terms. Using the best fit LECs,
we predict the sigma terms of the octet baryons and tabulate
the results in Table II. Our predictions given by the LECs of
Table I are consistent with each other within uncertainties,
and the scale-setting effects on the sigma terms seem to be

TABLE II. Predicted pion- and strangeness-sigma terms of the octet
baryons (in units of MeV) by the N3LO BChPT with the LECs of
Table I.

MIS MDS
a fixed a free

�⇡N 55(1)(4) 54(1) 51(2)

�⇡⇤ 32(1)(2) 32(1) 30(2)

�⇡⌃ 34(1)(3) 33(1) 37(2)

�⇡⌅ 16(1)(2) 18(2) 15(3)

�sN 27(27)(4) 23(19) 26(21)

�s⇤ 185(24)(17) 192(15) 168(14)

�s⌃ 210(26)(42) 216(16) 252(15)

�s⌅ 333(25)(13) 346(15) 340(13)

FIG. 2. (color online). Strangeness-nucleon sigma term determined
from different studies. The blue and red bands are our NNLO and
N3LO results, respectively.

small. Therefore, we take the central values from the fit to
the mass independent a fixed LQCD simulations as our fi-
nal results, and treat the difference between different lattice
scale settings as systematic uncertainties, which are given in
the second parenthesis of the second column of Table II. It is
clear that for �⇡N , uncertainties due to scale setting is dom-
inant, while for �sN statistics errors are much larger, calling
for improved LQCD simulations. It should be noted that we
have studied the effects of virtual decuplet baryons and varia-
tion of the LECs D, F , F�, and the renormalization scale µ,
and found that the induced uncertainties are negligible com-
pared to those shown in Table II. Furthermore, as shown in

Ren, LSG, Meng, PRD91 (2015) 051502 



Comparison with other studies

• Consistent with most 

recent LQCD studies 

and those of NNLO 
ChPT, e.g., that of 

Young and Shanahan 

• Uncertainties  at 

N3LO substantially 
larger, because of the 

extra  LECs

Nucleon Strangeness Sigma Term
Ren, LSG, Meng, PRD91 (2015) 051502 



Strangeness-nucleon sigma term

χ	QCD,	PRD94,	054503	(2016)



Pi-N sigma term still controversial

χ	QCD,	PRD94,	054503	(2016)



Pi-N sigma term still controversial

χ	QCD,	PRD94,	054503	(2016)



Pi-N sigma term still controversial

χ	QCD,	PRD94,	054503	(2016)



A latest determination of pi-N sigma term
1704.02647



Further checks

• We have studied most relevant lattice artifacts: chiral 
extrapolation, finite volume effects, finite lattice spacing 
effects , effects of heavier virtual states, and used all 
publicly available LQCD data 

• What else is still missing?— an explicit check on the 
validity of SU(3) baryon chiral perturbation theory 
– large kaon mass leads to concerns about convergence 

of SU(3) BChPT, as seen in early failures of heavy-
baryon BChPT and infrared BChPT



Prominent examples

• Octet baryon magnetic moments and chiral extrapolation of 
nucleon magnetic moments 

• lattice QCD baryon masses at leading one-loop order in 
HBChPT

• V. Pascalutsa et al., Phys.Lett.B600:239-247,2004.  
• LSG, J. Martin Camalich , L. Alvarez-Ruso, M.J. Vicente Vacas, 

Phys.Rev.Lett.101:222002,2008 

• LHPC (A. Walker-Loud et al.),  Phys.Rev.D79:054502, 2009. 
• PACS-CS (K.-I. Ishikawa), Phys.Rev.D80:054502, 2009.   
• J. Martin Camalich, LSG, V. Vacas, PRD82(2010)074504  

The application of the EOMS formulation seems to remove 
or at least alleviate the problem



Matching SU(3) to SU(2)

• Take the strange quark mass as a heavy scale and perform 
an expansion in terms of  mu/d/ms of the SU(3) results and 
compare them with the results of the SU(2) study 
– Alvarez-Ruso, Ledwig, Camalich, and Vicente-Vacas, 

PRD88, 054507 (2013) 

• An earlier study similar in spirit, but with no quantitative 
analysis, tried to constrain the SU(3) LECs with SU(2) inputs 
– M. Frink and U.-G. Meissner, JHEP 0407, 028 (2004)



The procedure

• In SU(3) up to O(p4)



The procedure

• Isolate the strange quark contribution, introducing a 
fictitious meson 

• Leading-order ChPT 

• Expand the kaon and eta contributions in terms of 



• SU(2) equivalent nucleon mass 

• To be compared with the SU(2) result
 Alvarez-Ruso, Ledwig, Camalich, and Vicente-Vacas, PRD88, 054507 (2013)

 Ren, Alvarez-Ruso, LSG, Ledwig, Meng, Vicente Vacas, Phys.Lett. B766 (2017) 325



• SU(2) equivalent nucleon mass 

• To be compared with the rewritten SU(2) results

 Ren, Alvarez-Ruso, LSG, Ledwig, Meng, Vicente Vacas, Phys.Lett. B766 (2017) 325



Comparison of effective parameters

• SU(3): Ren, Geng, Meng, PRD91 (2015) 051502  

• SU(2):  Alvarez-Ruso, Ledwig, Camalich, and Vicente-Vacas, 
PRD88, 054507 (2013)

😁

😁

😒

😒

 Ren, Alvarez-Ruso, LSG, Ledwig, Meng, Vicente Vacas, Phys.Lett. B766 (2017) 325



Decomposition of different contributions

agree at small 
mπ<300 MeV 
differ at larger mπ

 Ren, Alvarez-Ruso, LSG, Ledwig, Meng, Vicente Vacas, Phys.Lett. B766 (2017) 325



Chiral extrapolation of nucleon mass

 Ren, Alvarez-Ruso, LSG, Ledwig, Meng, Vicente Vacas, Phys.Lett. B766 (2017) 325



Light quark dependence of pion-
nucleon sigma term

 Ren, Alvarez-Ruso,LSG, Ledwig, Meng, Vicente Vacas, Phys.Lett. B766 (2017) 325



In comparison with χQCD16

χ	QCD,	PRD94,	054503	(2016)



Summary
✤ Explained how the baryon sigma terms (particularly those 

of the nucleon) are related to dark matter direct searches 
and the quark-flavor structure of the nucleon. 

✤ Shown how a combination of lattice QCD simulations and 
baryon chiral perturbation theory allows us to make a 
reliable prediction of these terms.  

✤ It is to be stressed that we have taken into account as 
much as possible lattice artifacts and checked the 
validity of SU(3) BChP 

✤ We should bear in mind, however, that our results are tied 
to the reliability and accuracy  of the available lQCD 
simulations 



Thank you very much  
for your attention!



Scale-setting effects on the 
determination of baryon sigma terms

• Lattice-scale setting  
– PACS-CS data with mass independent scale-setting:  

– PACS data with mass dependent (r0) scale-setting: 

• Whether other LQCD data will show the same trend?

σ sN = 59 ± 7 (MeV)

σ sN = 21± 6 (MeV)

arXiv:1301.3231 
P.E. Shanahan∗, A.W. Thomas and R.D. Young



Quark-flavor structure of octet baryons 

Naive quark model



Global fit of strangeness vector and 
axial vector form factors of nucleon

The electric and magnetic form 
factors are consistent with 
zero, but not the axial-vector 
form factor

International Nuclear Physics Conference 2013
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Figure 1. Results of the determination of Gs
E , Gs

M , and Gs
A at individual values of Q2, and also from our global

fit. The separate determinations were done by Liu et al. [15] (green squares at 0.1 GeV2), Androić et al. [9] (blue
inverted triangles), Baunack et al. [12] (red squares at 0.23 GeV2), Ahmed et al. [7] (red triangles at 0.62 GeV2),
and Pate et al. [16] (open and closed circles). The preliminary results of our global fit (see text) are shown by the
solid line; the 70% confidence level limit curves for the fit are shown as the dashed line in the right-hand panel.
The vertical scale for Gs

A in the right-hand panel has been adjusted to accommodate the limit curves of the fit.

Strong limits are placed on the contribution of the strange quarks to the vector form factors throughout
this Q2 range. On the other hand, �S is also consistent with 0 but the uncertainty is very large because
there are no ⌫p or ⌫̄p elastic data at su�ciently low Q2 to constrain it. As a result the uncertainties
in the global fit to Gs

A are very much larger than the uncertainties in the separate determinations of
Gs

A in Figure 1. We cannot determine �S in this method until additional neutrino scattering data are
obtained at low Q2.

Table 1. Preliminary results for our 5-parameter fit to the 48 elastic neutrino- and PV electron-scattering data
points from BNL E734, HAPPEx, SAMPLE, G0, and PVA4.

Parameter Fit value
⇢s �0.071 ± 0.096
µs 0.053 ± 0.029
�S �0.30 ± 0.42
⇤A 1.1 ± 1.1
S A 0.36 ± 0.50
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Figure 1. Results of the determination of Gs
E , Gs

M , and Gs
A at individual values of Q2, and also from our global

fit. The separate determinations were done by Liu et al. [15] (green squares at 0.1 GeV2), Androić et al. [9] (blue
inverted triangles), Baunack et al. [12] (red squares at 0.23 GeV2), Ahmed et al. [7] (red triangles at 0.62 GeV2),
and Pate et al. [16] (open and closed circles). The preliminary results of our global fit (see text) are shown by the
solid line; the 70% confidence level limit curves for the fit are shown as the dashed line in the right-hand panel.
The vertical scale for Gs

A in the right-hand panel has been adjusted to accommodate the limit curves of the fit.

Strong limits are placed on the contribution of the strange quarks to the vector form factors throughout
this Q2 range. On the other hand, �S is also consistent with 0 but the uncertainty is very large because
there are no ⌫p or ⌫̄p elastic data at su�ciently low Q2 to constrain it. As a result the uncertainties
in the global fit to Gs

A are very much larger than the uncertainties in the separate determinations of
Gs

A in Figure 1. We cannot determine �S in this method until additional neutrino scattering data are
obtained at low Q2.

Table 1. Preliminary results for our 5-parameter fit to the 48 elastic neutrino- and PV electron-scattering data
points from BNL E734, HAPPEx, SAMPLE, G0, and PVA4.

Parameter Fit value
⇢s �0.071 ± 0.096
µs 0.053 ± 0.029
�S �0.30 ± 0.42
⇤A 1.1 ± 1.1
S A 0.36 ± 0.50
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Lattice QCD  
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Figure 8: Monte Carlo values ∆E(t) ≡ log(G(t)/G(t+a))/a plotted versus t for an harmonic
oscillator, as in Fig. 4 but with Ncor = 1. The errorbars are unreliable.

3 Field Theory on a Lattice

3.1 From Quantum Mechanics to Field Theory

Field theories of the sort we are interested in have lagrangian formulations
and so can be quantized immediately using path integrals. The procedure is
precisely analogous to what we do in the previous section when quantizing
the harmonic oscillator. The analogues of the coordinates x(t) in quantum
mechanics are just the fields φ(x) or Aµ(x) where x = (t, x⃗) is a space-time
point. Indeed our quantum mechanical examples can be thought of as field
theory examples in 0 spatial and 1 temporal dimension: x(t) → φ(t) → φ(x).
The analogue of the ground state in quantum field theory is the vacuum state,
|0⟩, while the analogues of the excited states, created when φ(x) or φ3 or . . . acts
on |0⟩, correspond to states with one or more particles create in the vacuum.

In the lattice approximation both space and time are discrete:

! ! ! !

! ! ! !

! ! ! !

! ! ! !

✻

❄

L

✲✛
a

✲site

✲link

15Basic idea：discretize space-time and solve non-perturbative  
strong interaction physics in a finite hypercube, utilizing monte 
carlo sampling techniques


