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Scheme-and-Scale Ambiguities in pQCD
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Consider an observable ρ(Q) in pQCD in some scheme with the following expansion,

infinite order, the prediction is free of 
scheme- and scale- dependence

fixed-order, the prediction is scheme-
and scale- dependent
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Guessing a renormalization scale,  
𝝁 = 𝑸 . only a guess work !

Varying, e.g. 𝝁 ∈ [Q/2, 2 Q], to 
estimate its uncertainty

Conventional Scale Setting 

𝑄 ---- the kinematic scale

𝜇 ---- the initial renormalization scale
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RGE
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 Predictions are scheme-and-scale dependent ! At 

every fixed-order !

 Convergence is usually problematic !  renormalon

 Unrealistic estimate of higher-order terms: Only β-

terms can be exposed by scale variation !

 Introduces an unnecessary systematic error !

Scheme-and-Scale Ambiguities in pQCD
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Problems with the conventional scale setting
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Scheme-and-Scale Ambiguities in pQCD

 the renormalization group improved effective charge (FAC).

 the principle of minimum sensitivity (PMS).

 the Brodsky-Lepage-Mackenzie method (BLM) and its underlying principle of 
maximum conformality (PMC).
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FAC

PMS

BLM -fn term PMC

A brief introduction about scale-setting methods

Systematic, all-orders, scale-setting
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“RS” stands for either the scale or the scheme parameters

Renormalization Group Invariance

At infinite order, the renormalization scheme/scale 

dependence from the running couplings and the pQCD

calculable coefficients do exactly cancel

Predictions for physical observables cannot depend on theoretical 

conventions such as the renormalization scheme or initial scale choice
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Renormalization Group Invariance

For a review, see
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The Principle of Maximum Conformality (PMC)

Main idea of PMC : all nonconformal {𝛽𝑖} terms in the perturbative

expansion series can be summed into the running coupling so that the

remaining terms in the perturbative series are identical to that of a

conformal theory, i.e., the corresponding theory with {βi}={0}.

PMC provides the principle underlying BLM scale setting

The concept of PMC
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The Principle of Maximum Conformality (PMC)

δ-Renormalization (Rδ) schemes
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The Principle of Maximum Conformality (PMC)

Rδ : illuminating renormalization scheme dependence of the QCD coupling

αs 𝑀𝜏 /π

δ-Renormalization (Rδ) schemes： during renormalization, 

subtract the finite part  𝑙𝑛 4𝜋 − 𝛾𝐸 − 𝛿 as well with the pole.

The 𝛿 subtraction defines an infinite set of renormalization schemes

All 𝑅𝛿’s are connected by scale displacements

Both the scheme dependence and 

scale-evolution of 𝑅𝛿 couplings are 

governed by the same RGE

/ 4s  
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 exposing the pattern of {βi}-terms in the coefficients at each order;

 some of the coefficients of the {βi}-terms are degenerate, i.e., the 

coefficient of  𝛽0𝛼
p+1 and  𝛽1𝛼

p+2 can be set equal.

The Principle of Maximum Conformality (PMC)

Rδ : exposing the renormalization scheme dependence of the coefficients

shows the general way that nonconformal 𝛽𝑖 terms enter an observable

/ 4s  
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 At infinite order, the 𝛿-dependence from the running couplings and the 

pQCD calculable coefficients do exactly cancel.

 Both the scheme variation and scale-evolution of the 𝑅𝛿 coupling are 

governed by the same RGE.

 The 𝛿-dependence of the couplings and the coefficients are both 

associated with the scale-dependence of the running coupling at each 

order. All these dependence are associated with β-function.

 If one can sum all 𝛽𝑖 -terms to shifting and setting the renormalization 

scales in the running couplings, then one eliminates the scheme 

dependence of the coefficients and couplings simultaneously, and 

obtain a scale-fixed, sheme-independent conformal series.

The Principle of Maximum Conformality (PMC)

Predictions for physical observables cannot depend on theoretical 

conventions such as the renormalization scheme or initial scale choice
12



      PMC 1 2 2 3 3

1,0 1 1,0 0 2,1 1 2,1 0 3,2 2 2,1 1 0 3,2 0 4,3

1 3 2 1 2
( ) ( ) ( ) ( ) ( )

2 2 3!

p p p p p
p p p p p p p

r Q r p r p r r p r r r                 
    

        
 

 
 
 

2 3

1,0 1 2,0 2 3,0

1

3 4,0 4( ) ( ) ( ) ( ) ( )ppp pQ r Q r Q r Q r Q          

       
2 2 2

1 22

,1 ,2 ,3

1

2 2 2

23ln ln lnn n n n
n n n

n n n

Q Q Q
R R R

  
         

       

 
    

2 2
,

2

, 2

,

2

1 2

0

1 1
2 3 2 2 31 ,

2 3!
,

j n j

n j

j

n n

n

r

r
R p n p n p n p n

      




    

     
           

 

  
  


     

     

𝑁𝑛−1𝐿𝑂 PMC scale 𝑄𝑛 satisfies

Scale-fixed, scheme-independent, conformal series

systematically determine the argument of the coupling order by order in pQCD

The Principle of Maximum Conformality (PMC)

PMC multi-scale approach
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The Principle of Maximum Conformality (PMC)

PMC single-scale approach (PMC-s)
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where,

The PMC-s fixes the renormalization scale by directly requiring all 

the RG-dependent nonconformal terms up to a given order to vanish.

all nonconformal terms vanish !

The Principle of Maximum Conformality (PMC)

PMC single-scale approach (PMC-s)

fixes

The pQCD expansion for 𝜌(𝑄) can be reorganized into the following compact form,

15



Equation

• the effective scale 𝑄∗ is explicitly independent of the choice of initial choice of 

the renormalization scale μ at any fixed order. It thus has universal properties. 

• it also converges rapidly as shall be shown below, thus any residual scale 

dependence due to uncalculated higher-order terms is greatly suppressed.

The Principle of Maximum Conformality (PMC)

Solution

PMC single-scale approach (PMC-s)
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The Principle of Maximum Conformality (PMC)
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Eliminate scale dependence

Converges rapidly

The predictions are close to each other for both the total and the separate loop terms

The Principle of Maximum Conformality (PMC)

Application of PMC : R-ratio

The difference between the two nearby values 

becomes smaller and smaller when more loop 

terms are included. 

18



Summary

 The scheme-invariance of the full pQCD series is realized by cancellation

between the pQCD calculable coefficients and the QCD couplings. (RGI)

 Both the scheme dependence and the scale-evolution of the 𝑅𝛿 coupling are 

governed by the same RGE.

 The PMC uses 𝑅𝛿 to expose the renormalization scheme dependence of the 

pQCD calculable coefficients and the QCD coupling, and uses RGE fix the 

{βi} terms of each order.

 The PMC eliminates the scheme/scale dependence of the coefficients and 

couplings simultaneously by shifting and setting the optimal renormalization 

scales, i.e., absorbing all {βi} terms into the running coupling at each order.
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Summary

 Determine renormalization scales without ambiguity

 Eliminate scheme-and-scale dependence

 Test QCD to maximum precision at colliders

 Maximize sensitivity to new physics beyond SM

 Obtain high precision determination of fundamental 

parameters

The PMC provides a rigorous method for eliminating renormalization 

scheme-and-scale ambiguities for pQCD predictions.
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Regularization

Redefining integrals in a way to control the divergences

Renormalization

Redefining parameters to remove the well-defined divergences

Renormalization scale setting

Removing the arbitrariness of the previous two steps, and 
connecting the theory to experiments

Summary

Thus, in a sense, the PMC optimizes the QCD renormalization.

The PMC eliminates renormalization scheme-and-scale ambiguities 

for pQCD predictions.
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Thank you !


