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Scheme-and-Scale Ambiguities in pQCD
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Consider an observable ɟ(Q)in pQCD in some scheme with the following expansion,

Éinfinite order, the prediction is free of 
scheme - and scale - dependence

Éfixed -order , the prediction is scheme -
and scale - dependent
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ÉGuessing a renormalization scale,  
Ⱨ ╠. only a guess work !

ÉVarying, e.g. Ⱨ [ɴQ/2, 2 Q ], to 
estimate its uncertainty

ConventionalScale Setting 

ὗ----the kinematic scale

‘----the initial renormalization scale
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üPredictions are scheme-and-scale dependent ! At 

every fixed-order !

üConvergence is usually problematic !  renormalon

üUnrealistic estimate of higher-order terms: Only ɓ-

terms can be exposed by scale variation !

ü Introduces an unnecessary systematic error !

Scheme-and-Scale Ambiguities in pQCD

! n n

i sn b a

Problems with the conventional scale setting
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Scheme-and-Scale Ambiguities in pQCD

u the renormalization group improved effective charge (FAC).

u the principle of minimum sensitivity (PMS).

u the Brodsky-Lepage-Mackenzie method (BLM) and its underlying principle of 
maximum conformality(PMC).
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PMS

BLM -fn term PMC

A brief introduction about scale-setting methods

Systematic, all-orders, scale-setting
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ñRSò stands for either the scale or the scheme parameters

Renormalization Group Invariance

At infinite order, the renormalization scheme/scale 

dependence from the running couplings and the pQCD

calculable coefficients do exactly cancel

Predictions for physical observables cannot depend on theoretical 

conventions such as the renormalization scheme or initial scale choice
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Renormalization Group Invariance

For a review, see
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The Principle of Maximum Conformality (PMC)

Main idea of PMC : all nonconformal ‍ terms in the perturbative

expansion series can be summed into the running coupling so that the

remaining terms in the perturbative series are identical to that of a

conformal theory, i.e., the corresponding theory with {ɓi}={0}.

PMC provides the principle underlying BLM scale setting

The concept of PMC
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The Principle of Maximum Conformality (PMC)

ŭ-Renormalization (Rŭ) schemes

9



The Principle of Maximum Conformality (PMC)

Rŭ: illuminating renormalization scheme dependence of the QCD coupling

ɻ ὓ /ǭ

ŭ-Renormalization (Rŭ) schemesσ during renormalization, 

subtract the finite part  ὰὲτ“ ‎ .as well with the pole‏

The ‏subtraction defines an infinite set of renormalization schemes

All Ὑõs are connected by scale displacements

Both the scheme dependence and 

scale-evolution of Ὑ couplings are 

governed by the same RGE
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ü exposing the pattern of {ɓi}-terms in the coefficients at each order;

ü some of the coefficients of the {ɓi}-terms are degenerate, i.e., the 

coefficient of  ‍‌ and  ‍‌ can be set equal.

The Principle of Maximum Conformality (PMC)

Rŭ: exposing the renormalization scheme dependence of the coefficients

shows the general way that nonconformal ‍ terms enter an observable
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ü At infinite order, the ‏-dependence from the running couplings and the 

pQCD calculable coefficients do exactly cancel.

ü Both the scheme variation and scale-evolution of the Ὑ coupling are 

governed by the same RGE.

ü The ‏-dependence of the couplings and the coefficients are both 

associated with the scale-dependence of the running coupling at each 

order. All these dependence are associated with ɓ-function.

ü If one can sum all ‍ -terms to shifting and setting the renormalization 

scales in the running couplings, then one eliminates the scheme 

dependence of the coefficients and couplings simultaneously, and 

obtain a scale-fixed, sheme-independent conformal series.

The Principle of Maximum Conformality (PMC)

Predictions for physical observables cannot depend on theoretical 

conventions such as the renormalization scheme or initial scale choice
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ὔ ὒὕPMC scale ὗ satisfies

Scale-fixed, scheme-independent, conformal series

systematically determine the argument of the coupling order by order in pQCD

The Principle of Maximum Conformality (PMC)

PMC multi-scale approach
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The Principle of Maximum Conformality (PMC)

PMC single-scale approach (PMC-s)
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where,

The PMC-s fixes the renormalization scale by directly requiring all 

the RG-dependent nonconformal terms up to a given order to vanish.

all nonconformal terms vanish !

The Principle of Maximum Conformality (PMC)

PMC single-scale approach (PMC-s)

fixes

The pQCD expansion for ”ὗ can be reorganized into the following compact form,
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Equation

Å the effective scale ὗz is explicitly independent of the choice of initial choice of 

the renormalization scale ɛ at any fixed order. It thus has universal properties. 

Å it also converges rapidly as shall be shown below, thus any residual scale 

dependence due to uncalculated higher-order terms is greatly suppressed.

The Principle of Maximum Conformality (PMC)

Solution

PMC single-scale approach (PMC-s)

16



The Principle of Maximum Conformality (PMC)
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