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The effective field theory for bound
states



Introduction: heavy quark bound states

EFTs for bound states: NR systems

Non-relativistic systems fulfil the relation: m, > |p| > E
when bounded by QCD, we need to take into account the relation of

the scales to Aqcp

@ NR limit: m, > Aqcp

Strong coupling regime: |p| ~ Aqcp

Weak coupling regime: |p| > Aqcp
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Introduction: heavy quark bound states

EFTs for bound states: NR systems

Non-relativistic systems fulfil the relation: m, > |p| > E
When bounded by QCD in the weak coupling regime as ~ v ~ 0.3 —0.5

Scales in bound state Coulomb interaction
Hard scale: m, — m,
Soft scale: |p| — myas
Ultrasoft scale: E — mya?

Scales are well separated

We can integrate out the hard and soft scales to obtain
pNRQCD

It describes systems such as: J/v, T, tt near threshold, B, etc.
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Introduction: pNRQCD

The physics of heavy quarks

@ Bound states of heavy quarks are naturally NR systems
@ We focus in the situation my ~ my ~ m,

(80 — £ = VO(r)) é(r) =0
+ correctlons to the potential pNRQCD.
+ interaction with other low-energy degrees of freedom

@ The potentials depend on the matching procedure: on-shell, off-shell in
Coulomb and Feynman gauges, with Wilson loops, . ..
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Introduction: pNRQCD

The physics of heavy quarks

@ Bound states of heavy quarks are naturally NR systems
@ We focus in the situation my ~ my ~ m,

. 2
(90— £ = VO()) o(r) = 0
+ corrections to the potential pNRQCD.
+ interaction with other low-energy degrees of freedom

2 p2
o hs(r,p, Pr,S1,S2) = 55— + 55 + Vs(r,p, Pr,S1,S2)

2m,

v(1,0) v(0,1) v(2,0) v(0,2) v(1,1)
Vs = VO 4 + o b
mj mymy
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The potential for different masses




The NRQCD potential

The potential in position space

o static and 1/m potentials (a+ b =0,1): V(&b = v(@b)(r)

o the 1/m? potential (a+ b =2): V(@b — y&P) L y(2b)
Vit = 1{e?, Ve (0} + vEI (NS + V()

Poincaré invariance, invariant under my <> mp, ¥ <> x

Many contributions over the years

Pantaleone, Yndurain, Penin, Steinhauser, Brambilla, Pineda, Soto, Vairo ...
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The NRQCD potential

The potential in momentum space

o static and 1/m potentials:V(©) = V() (k)
o the 1/m2 potential:
"~ 2 /2 ~ -~ 2 2 2 o
VGO = P BEO(k) 4+ BRI (k) + 7L RO (k)

The D-coefficients have dimensions
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The NRQCD potential

The potential in momentum space

o static and 1/m potentials:V(©) = V(0 (k)

o the 1/m? potential:

? B0
) Dﬁn- )(k)

~ 2,12 ~ - 12_ 2
Vél2,0) _ P;(IZJ D'()g,o)(k) + D£2,0)(k) + (p k4P

The D-coefficients have dimensions

@ Only the Dog-coefficients are scheme-dependent
@ The Fourier transform of the off-shell potential contributes to
the three position space structures
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pNRQCD: Field redefinition & scheme dependence

Matching schemes are related by a field redefinition

hs = hy +

oV 1
1(!’)_’_.“ = h;:ho+725VFR+"'
m, 2ms

Unitary transformation

where g(k) ~ g(k, Vo, V1)
We can exchange 1/m, by 1/m? off-shell potential terms

Unitary transformation acts as translation between schemes

@ On-shell Green functions (S-matrix)
@ Off-shell Green functions: Coulomb & Feynman gauge

@ Wilson loops
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Matching schemes

Matching with on-shell Green functions

@ on-shell Green functions =
@ asymptotic quarks fulfilling the order by order

. : - 1 m
=Nontrivial mass dependence in the 1/m potential: ~ e
A(a:b) )y
s Do (k) =0
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Matching schemes

Matching with off-shell Green functions

o Gauge dependent: Coulomb and Feynman gauges

@ Freedom treating energy dependence:
different choices affect the 1/m and 1/m? potentials

R B
Our choice: the one that exhibits the divergence structure of the
on-shell potential most “naturally”
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pNRQCD with Wilson loops

Matching with Wilson loops

Wo = Pexp {figf dz“A“(z)}
rX Ty

@ Green functions in position space and setting the time of the
quark and anti-quark equal
@ Gauge independent: comparison with lattice is possible

2 2 (1,0) (0,1) (2,0) (0,2) (1,1)
P Pr o , E E E E E
P E
2m; Kl 2M il u my u mo v I”% i 2

Example

EQDy = (g7 _ d" Gim [ ar £2(gEL(t)gEL(0)))
L2 d—1 r2 T—oc0 0 L 2 ¢

where ((...) = (... Wa)/(Wa)
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pNRQCD with Wilson loops

The potential with Wilson loops

° Ve w(r) = Es(r)|sott

@ Feynman rules for chromoelectric insertions

Example:

o2 C .. rirj T de : ’kz
V(lvl) — '8 “F SV _ o li / dt t2/ i(kot—kr) 0 P;i(k
T (d—1) 2 ) 5% Jo @m)P© P

Only need the off-shell potential to extract the N3LO potential
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The B. spectrum




Computation of the spectrum

The quarkonium spectrum

o Pineda, Yndurain (1998) O(mal) my = my

@ Brambilla et al. (2000) O(ma?) n=20,m # m
o Brambila et al. (1999) O(ma2 In(as))

@ Pineda (2001) O(mad ™ In™(ay))

@ Penin, Steinhauser (2002) O(ma?) n=0,m =m
@ Beneke et al., Penin et al. (2005) O(ma?) S-wave, my = my
@ Kiyo, Sumino (2014) O(ma?) my = my

@ CP et al. (2015) O(ma?) my # my
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Computation of the spectrum

The renormalized potential

Y5(1 — loop) = _g,gCFVX(lJré)r(2+e)r(—3—2e)r )

ﬂ—2+e

where AV = VO — v©

@ Its UV divergences (0 Vs) cancel the US divergences of the soft

potential:
VMS L5V, = V.
° V_}TS produces results
@ dVsis we choose it so that the 4-dimensional

potentials are finite
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Computation of the spectrum

S

SE(m 1,5, = & (1+ LA(L) + (%) Ao + (%) PEL)).

™

et h5.) 6 [(2) e+ (2) 7]

@ ¢3¢ involves the use of quantum-mechanical perturbation theory

1
-V [Yny)

VXV
SE, :<'¢nlj|\/m

v v
o —
= [ dradritpp;(r2) V(r2) Go(r1, r2) V (r1 )t (r1)

The Bc spectrum at N3LO - The Bc spectrum 11 / 16



The quarkonium spectrum

The renormalon subtraction

@ we take the masses to the renormalon subtracted scheme

. = (Bo\" a(ni, vr) Rl &9, Fr(b+N+1-—n)
ome =N (3) (22) L
N=0 n=0

Pineda

- o (B0 (o v\ S T(b+ N +1—n)
5mRS/_Nm7WfNZ:1<2) T ZX" rb+1—n)

n=0

Pineda

@ The mass dependence of §E is non-trivial for the B,
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The quarkonium spectrum
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The quarkonium spectrum

@ v =2
RS | RS’
9.5’\\ ' 9 \NLO
9.47,: - <_ﬁN3L 45r\
~ 9.3F T nRLS =
> 7 NLO T Z
291} Lo =
Z 90 = 935
8.9f
8.8t =rmrmrmas Eoeoeces S Socccoco = 9.30~— ) : : :
2 4 6 8 10 2 4 6 8 10
v v PRELIMINARY
RS& RS’:
mp(mp) ~ 4.19(4) GeV (PReLIMINARY)
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The quarkonium spectrum
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The quarkonium spectrum
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The quarkonium spectrum
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The quarkonium spectrum

8 10

PRELIMINARY
o Fit m. from Mg, — M,, /2 by fixing my,

RS
mec(me) =~ 1.25(X) GeV (PRELIMINARY)
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Final remarks




Summary of results and final remarks

@ We develop the N3LO potential in pNRQCD for different masses

@ The potentials obtained are valid for mv > Aqcp

@ The O(as/m?,a3/m) potential in different matching schemes

2/
@ all schemes are feasible

@ they are related by a field redefinition
@ 1/m potential in Wilson loop scheme

@ The US contribution is valid for mv2 > Nqcp
@ We computed the full N3LO spectrum for different masses

@ Study the B, spectrum and decays
@ obtain the charm mass
@ numerical improvement cp, pineda, Segovia

@ Compute higher order contributions: O(m,alIn(ay))
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Thank you!
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Back-up

Quasi-static energies: comparison with lattice
@ Quasi-static energies E(vs,vys) = V + Eys computed up to arbitrary
constant in the lattice
® Ep ¢ 4. are linear combinations of the 1/m2 potentials, rp ~ GeV !
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Back-up

Quasi-static energies: comparison with lattice

@ E(vs,vus) = V + Eys computed up to arbitrary constant in the lattice

@ Ep ¢ g, are linear combinations of the 1/m? potentials, rg ~ GeV !
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Back-up

Quasi-static energies: comparison with lattice

@ Quasi-static energies E(vs,vys) = V + Eys computed up to arbitrary
constant in the lattice
® Ep ¢ 4. are linear combinations of the 1/m2 potentials, rp ~ GeV !
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The spin-dependent and the static potentials

o gauge independent order-by-order

o already computed to O(a?)

o renormalized result for different masses computed in 1986 by
Pantaleone et al.

o bare potential needs prescription for the D-dimensional
Levi-Civita symbol

o the renormalized potential is enough to compute the spectrum

The Bc spectrum at N3LO - Final remarks 16 / 16



The spin-dependent and the static potentials

o gauge independent order-by-order

o already computed to O(a?)

o renormalized result for different masses computed in 1986 by
Pantaleone et al.

o bare potential needs prescription for the D-dimensional
Levi-Civita symbol

o the renormalized potential is enough to compute the spectrum

The Bc spectrum at N3LO - Final remarks 16 / 16



The potential with Wilson loops

@ We obtain: Vi w(r) = Es(r)|soft

Only need compute off-shell potential

5%5

° :5 5 ;ﬁ ‘:ﬁi:::::»—*;
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Example of potential result

The 1/m% renormalized potential with Wilson loops :

2,0),MS Cra )« 5/ 3 2 8
0= (G2 () s (3074)

ol ((% TP gc;:) ) Ca— - (Cg) F Cfl(1)> TF”f) |n(1/)}> 478C) (r)

Cra2 ((4 5 2 1
- {(7 aln 76(1)2> Ca— 3 (cg) a cf/(l)) Tan} reg-3,

8m 3 6°F

2,0),MS, \ _ CaCra2 (11 8
V|_2Y ( )*? ?—gln(rye'“f) ,

2,0),MS CaCraZ (2 1
Vp(zy,/,)/ (r)szs (§+§|n(rue75)>
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The spectrum functions

2 m? —3(1 =) my my >
D X — X —X
3n mymy { Il +1)(21 +1) ( s+ ALs + my LSz + m LS

2
_ 45160 [2+3m17m22 In (1;)} }
m m

iz

2 1

2m2 1—5/0
r 2n(4S1, — D
9n2m1m2{l(l+1)(2/+1){ n(4512 — Ds)

my my 3n n
6(Ds + 2 Xps, + —2X Do I+ =
- <S+m1 R LS><2/+1+2/(/+1)(2/+1)+ *3

m m 1
+2n{51(l+ )+ S1(2 — 1) — 25,21 + 1) — I + =My 4z, — 5™ 4 g}ﬂ

+ 85,0512 [1 +4n (% L G —1) — S - nSQ(n))} }
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Logarithmic functions

Lo =In (525) + Sin+1) Lus =In (E22) + Si(n+ 1)

Ln=1In (%) +Sin+1)

The Bethe logarithm is defined as

1 < 3k K23 EC
LE = 2-C / 3|<r>kn‘2 <Er$: - > In - K2
(Cras)?Ef Jo  (2m) 2m;, EEF — P
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Energy dependence in the Coulomb gauge

i 2 2¢—4
k5 k
— B RN edm) e Tonpe(l+ €)

¥ pterancty r(e+3)

—_—

e+3)?
— CACE ((e + 1)(e(56¢ + 121) + 60)) — %46“(6 1 1)(2¢ + 3)(4e + 3)
2

_ B o R Rer DI - or(26)
T 3m; 3
= g2e+1,612 r(2¢+3)

{E,- (k2 _ (p/z _ p2)2) + Ei/ (kz + (p/2 _ p2)2)]
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