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Radiative decays XcJ → Vγ

1 Introduction

The radiative decays of P -wave charmonia �
cJ

have been measured by di↵erent experimental collabora-
tions: CLEO [1] and BESIII [2]. Theoretical estimates have been given in Refs. [3, 4]. In these papers,
the authors use the pQCD formalism in combination with specific models for the light meson wave func-
tions, and the constituent quark masses have been used as infrared regulator in these calculations. The
obtained estimates for the �

c1 ! ⇢(!,�)� decay rates are few times smaller than the measured ones.
To resolve this discrepancy the authors of Ref. [5] used a phenomenological model with intermediate
D�meson interactions.

In Table 1 we collect the current branching fraction measurements for the decays which have been
measured. From this table it is seen that the largest branchings for all channels are provided by decay
�
c1 ! V �. Moreover, in this case the decay rate is dominated by the longitudinal meson (Vk) in the

final state. The data presented in Refs. [1, 2] also allow one to study the contributions of the di↵erent

�
c1 ! V � �

c1 ! Vk� �
c1 ! V?� �

c0 ! V � �
c2 ! V �

�⇢ 220± 18 184.8± 15.7 35.2± 7.4 < 9 < 20
�! 69± 8 51.8± 8.9 17.3± 6.5 < 8 < 6
�� 25± 5 17.7± 4.9 7.3± 3.6 < 6 < 8

Table 1: The branching fractions �
cJ

! V � in units of 10�6. The total fractions are taken from the
Review of Particle Physics [6]. The original experimental results can be found in [1,2]. In order to obtain
the di↵erent contributions for the �

c1 decays we used the ratios fV

? = �[�
c1 ! V?�]/�[�

c1 ! V �] from
Ref. [2].

helicity amplitudes which can provide additional interesting information about the underlying mechanism
of quark-gluon interactions. This point has not yet been considered to full extent in the literature.
For instance, within the systematic QCD factorisation framework the leading-order contribution with a
longitudinal outgoing vector meson is given by the diagram as in Fig.1(a) but for a transversely polarised
meson (V?) one has to consider the matrix element with the three particle wave functions as in Fig.1(b) and
Fig.1(c). The first diagram is of order ↵2

s

, the second is of order ↵
s

but suppressed by a factor ⇤
QCD

/m
c

because of subleading twist-3 collinear operators describing the overlap with the light outgoing meson.

Figure 1: The various contributions to the decay amplitudes: (a) the leading-order contribution for the
longitudinal amplitude with Vk; (b) and (c) two di↵erent contributions for the transverse amplitude with
V?.

A description of the reactions with charmonium states can be challenging because of possible large
contributions of the colour-octet operators; see, e.g., review [7] and references therein. This mechanism
could be especially important for the description of exclusive P -wave hadronic decays and has been
studied within a phenomenological framework in Refs. [8, 9] and in the Coulomb limit in Ref. [10]. The
contributions with the colour-octet operators can also play an important role in the description of the
radiative decays of �

cJ

. A hint about this can be seen from the following observation.
The various contributions to the decay amplitudes can be associated with the following two matrix

elements: either the photon is emitted from the light quark or from the heavy quark
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Leading-order color-singlet contributions:
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where the constant
⌦O(3P0)

↵

is given by expression in Eq.(31).
In order to describe the overlap with the transverse light mesons we need 3-particle twist-3 DAs V (↵

i

),
A(↵

i

) and G(↵
i

). A detailed description of these non-perturbative functions is given in the Appendix A.
The properties of these functions allow one to conclude that the convolution integrals in Eqs.(53)-(56)
are well defined.

The NRQCD matrix element in Eqs. (53)-(56) is of order v4, the twist-3 operators in the collinear
sector are of order �6. Therefore one finds

A?
iV

⇠ T?
iV

⇠ ↵
s

(µ
h

)v4�4. (59)

Hence these amplitudes are suppressed by a factor �2 and enhanced by ↵
s

compared to the longitudinal
ones.

An appropriate contribution from the colour-octet operator is considered in Appendix B. We obtain
that in the Coulomb limit the contribution from the colour-octet matrix element behaves as

⇥
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(µ
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(µ
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)�4v4. (60)

Hence following the same arguments as in the previous subsection and extrapolating this result to the
real charmonium with v ⇠ � we expect that this contribution is of the same order as the singlet one

⇥
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/
⇥
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⇠ 1 (61)

Therefore an estimate made with the help of the singlet contribution potentially may have a large uncer-
tainty due to the colour-octet contribution.

3 Phenomenology

In this section we study numerical estimates using only contributions of the colour-singlet operators.
Our aim is to understand how well one can describe the charmonium decays in this case using reliable
estimates for various hadronic parameters.

In our numerical calculations we are using the following non-perturbative input. For the c-quark
mass we take the value m

c

= 1.5 GeV, for the charmonium states M0 = 3.42GeV, M1 = 3.51GeV and
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Radiative decays XcJ → V|| γ

where we take into account that the external collinear hadronic state gives a factor ��2 due to the
normalisation.

The hard factorisation can be violated if there is an overlap with the ultrasoft region when the one of
the gluons have ultrasoft momentum of order mv2. Such contribution can be associated with the colour-
octet mechanism. Performing the expansion of the expression for D

q

with respect to small k ⇠ mv2 one
finds that potentially dangerous terms cancel
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= 0. (41)

This cancellation is a consequence of the colour neutrality of the outgoing quark-antiquark pair. Similarly
one can see that the contribution from the region where P � k ⇠ mv2 also vanishes. This allows us to
conclude that the colour-octet mechanism is suppressed by power of v2 comparing to the contribution of
the hard region. Therefore the loop integrals in Eqs.(32) can only have IR-divergencies in the individual
diagrams and these singularities must cancel in the sum of all diagrams.

Performing the necessary calculations we obtain
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with the following hard kernels
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1 Introduction

The radiative decay of P -wave charmonia �
cJ

has been measured by di↵erent experimental collaborations:
CLEO [1] and BESIII [2]. Theoretical estimates have been given in Refs. [3,4]. In these papers, the authors
use the pQCD formalism in combination with specific models for the light meson wave functions, and
the constituent quark masses have been used as infrared regulator in these calculations. The obtained
estimates for the �

c1 ! ⇢(!,�)� decay rates are few times smaller than the measured ones. To resolve
this discrepancy the authors of Ref. [5] used a phenomenological model with intermediate D�mesons
interactions.

In Table 1 we collect the current branching fraction measurements for the decays which have been
measured. From this Table it is seen that the largest branchings for all channels are provided by decay
�
c1 ! V �. Moreover, in this case the decay rate is dominated by the longitudinal meson (Vk) in the final

state. The data presented in Refs. [1,2] also allows one to study the contributions of the di↵erent helicity

�
c1 ! V � �

c1 ! Vk� �
c1 ! V?� �

c0 ! V � �
c2 ! V �

�⇢ 220± 18 184.8± 15.7 35.2± 7.4 < 9 < 20
�! 69± 8 51.8± 8.9 17.3± 6.5 < 8 < 6
�� 25± 5 17.7± 4.9 7.3± 3.6 < 6 < 8

Table 1: The branching fractions �
cJ

! V � in units of 10�6. The total fractions are taken from the
Review of Particle Physics [6]. The original experimental results can be found in [1,2]. In order to obtain
the di↵erent contributions for the �

c1 decays we used the ratios fV

? = �[�
c1 ! V?�]/�[�

c1 ! V �] from
Ref. [2].

amplitudes which can provide an additional interesting information about the underlying mechanism
of quark-gluon interactions. This point has not yet been considered to full extent in the literature.
For instance, within the systematic QCD factorisation framework the leading-order contribution with a
longitudinal outgoing vector meson is given by the diagram as in Fig.1a but for a transversely polarised
meson (V?) one has to consider the matrix element with the three particle wave functions as in Fig.1b, c.
The first diagram is of order ↵2

s

, the second is of order ↵
s

but suppressed by a factor ⇤
QCD

/m
c

because
of subleading twist-3 collinear operators describing the overlap with the light outgoing meson.

Figure 1: The various contributions to the decay amplitudes: a) the leading order contribution for the
longitudinal amplitude with Vk, b) and c) two di↵erent contributions for the transverse amplitude with
V?.

A description of the reactions with charmonium states can be challenging because of possible large
contributions of the colour-octet operators, see e.g. review [7] and references therein. This mechanism
could be especially important for the description of exclusive P -wave hadronic decays and has been
studied within a phenomenological framework in Refs. [8, 9] and in the Coulomb limit in Ref. [10]. The
contributions with the colour-octet operators can also play an important role in the description of the
radiative decays of �

cJ

. A hint about this can be seen from the following observation.
The various contributions to the decay amplitudes can be associated with the following two matrix

elements: either the photon is emitted from the light quark or from the heavy quark

hV (p)|Jµ

em

|�
cJ

i = hV (p)|
X

u,d,s

e
q

q̄�µq|�
cJ

i+ hV (p)|e
c

c̄�µc|�
cJ

i (1)

2

A[�cJ ! Vk�] ⇠
R

0
21(0)

m

5/2
c

p
4⇡↵

Z 1

0
dx

fV

mc
�

k
V (x)↵

2
s(µh)TJ(x)

is the Spence function. These hard kernels have singular endpoint behaviour

ReT
i

(x)
x!1⇠ ln x̄

x̄
, ImT

i

(x)
x!1⇠ 1

x̄
(50)

but these singularities are compensated by the endpoint suppression of the DA �V

k (x ! 1) ⇠ x̄ therefore
the convolution integrals in Eqs.(42) and (43) are well defined. We also assume the hard scale µ

h

⇠ m
in the argument of the QCD running coupling.

Above we obtained the well-defined formula for the longitudinal amplitudes. However these contribu-
tions at leading order are already suppressed by a small factor ↵2

s

(µ
h

).
This could reduce the value of colour-singlet contribution in comparison with the colour-octet one

which potentially can be of order ↵
s

(µ
h

). In the realistic case when mv2 ⇠ ⇤ the colour-octet ma-
trix element is nonperturbative; therefore its computation is di�cult and can be done only within a
model-dependent framework. The other possibility is to perform the analysis of the leading colour-octet
correction in the Coulomb limit when mv2 � ⇤. In this case the scales v and � are well separated v � �,
and the charmonium state can be considered as a perturbative Coulomb state. Such a situation allows
one to establish the well-defined scaling behaviour with respect to the small parameters v and �. The
details of our analysis can be found in Appendix B. We obtain the scaling behaviour

h

A
k
1V

i

oct

⇠ ↵
s

(µ
h

)↵
s

(µ
us

) v6�2, (51)

where we introduced the ultrasoft scale µ
us

⇠ mv2. Therefore the ratio of octet to singlet amplitudes in

the Coulomb limit behaves as
h

A
k
1V

i

oct

/
h

A
k
1V

i

sing

⇠ ↵
s

(µ
us

)v2/↵
s

(µ
h

).

For the real charmonium v ⇠ � and one can perform only the hard factorisation which gives the
power ↵

s

(µ
h

) and a four-quark operator constructed from the heavy quark-antiquark fields (colour-octet
operator O8(3S1) in NRQCD, see Eq.(B.1) ) and hard-collinear fields, see Fig.3(a). One can assume
that the corresponding matrix element describes the soft overlap of the heavy and light mesons wave
functions. Because v ⇠ � we assume that ultrasoft fields in NRQCD and nonperturbative soft fields
in SCET with k

s

⇠ ⇤ coincide. In order to estimate the power behaviour of the colour-octet matrix
element we integrate over the hard-collinear modes in SCET, see Fig.3(b). The interactions of the soft
and hard-collinear fields in this case remain the same as in the Coulomb limit and can be described by
the same subleading interactions in SCET suppressed by a small scale � (not v as in the Coulomb limit).
Therefore instead of powers of velocity v one obtains the same powers of �, with the di↵erence that we
now assume v ⇠ �. The colour-octet operator O8(3S1) overlaps with the �

cJ

states at order O(v) and
this is also the same as in the Coulomb limit. This allows us to conclude that the scaling behaviour of
the colour-octet matrix element can be obtained from Eq.(51) assuming that ↵

s

(µ
us

) ⇠ 1. i.e.

h

A
k
1V

i

oct

/
h

A
k
1V

i

sing

⇠ v2/↵
s

(µ
h
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s

(µ
h

), (52)

For the charm quark the numerical values v2 ' 0.3 and ↵
s

(2m2
c

) = 0.29 and therefore numerically, the
relative size of these contributions is of order one. Hence we can conclude that in this case the colour-
octet contribution may potentially be important. If this is true then we must also observe this from the
numerical estimates when we take into account only the colour-singlet matrix elements. We will perform
such a numerical study in Sec. 3.

2.3 Decay amplitudes with transverse light meson.

For the final state with transverse meson one has to consider the twist-3 distribution amplitudes. There
are two di↵erent possibilities: the photon is emitted from the light quark or from the heavy quark lines.
Examples of the corresponding diagrams are shown in Fig.4. The contributions with the three gluon
DAs are possible only for the isosinglet mesons ! and �. All these contributions are of order ↵

s

and the
corresponding hard kernels are described by tree diagrams. Their analytical expressions are quite lengthy
and we will not write them explicitly. The corresponding calculations are similar to the one described

8

endpoint behavior 

�V (x, µ) = 6xx̄
n

1 + a

V
2 (µ)C

3/2
2 (2x� 1)

o
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Radiative decays XcJ → V|| γ

Theory vs. experiment : only the color-singlet contribution

�⇢ �! ��

�c1 ! Vk�
exp.

153.1+18.2+103.7
�16.7�70.5

184.8± 15.7

13.6+1.6+9.2
�1.5�6.3

51.8± 8.9
31.3+4.2+21.4

�3.8�14.5

17.7± 4.9

�c2 ! Vk�
exp.

4.8+0.2+3.1
�0.2�2.1

< 20

0.43+0.02+0.27
�0.02�0.19

< 6

0.9+0.05+0.59
�0.04�0.41

< 8

�⇢ �! ��

�
c1 ! Vk� 153.1+18.2+103.7

�16.7�70.5
13.6+1.6+9.2

�1.5�6.3 31.3+4.2+21.4
�3.8�14.5

�
c2 ! Vk� 4.8+0.2+3.1

�0.2�2.1
0.43+0.02+0.27

�0.02�0.19 0.9+0.05+0.59
�0.04�0.41

Table 2: The obtained values for the Br
⇥

�
c1,2 ! Vk�

⇤

in units of 10�6.

with

A
i

=

Z 1

0
dx 6xx̄ T

i

(x), B
i

=

Z 1

0
dx 6xx̄C3/2

2 (2x� 1) T
i

(x). (67)

Their numerical values read

A1 = 1.32 + 5.46i, A2 = �12.71 + 6.01i , (68)

B1 = 7.00 + 4.79i, B2 = 9.61 + 6.12i. (69)

The transverse amplitudes depends on the twist-3 DAs defined in Eqs.(A.5)-(A.8) in Appendix A. For
the quark-gluon DAs we use the models given in Eq.(A.15) which has been suggested in Refs. [28–30]
. The non-perturbative parameters which enter in these formulas have been taken from Ref. [31] at the
scale µ = 1GeV:

⇢ and !-mesons : ⇣3 = 0.030± 0.010, !A

3 = �3.0± 1.4, !V

3 = 5.0± 2.4, (70)

�-meson : ⇣3 = 0.024± 0.008, !A

3 = �2.6± 1.3, !V

3 = 5.3± 3.0 . (71)

In the following estimates we neglect the small di↵erence for the �-meson and consider as a first guess
that all parameters are constrained only by the values in Eq.(70).

For the isosinglet mesons ! and � we have an additional contribution from the three gluon DAs. Taking
into account the conformal expansion and mixing with the quark operators (see details in Appendix) we
use for them the models given in Eq.(A.17). We assume that the value of the corresponding local matrix
element is small because we expect a very small pure gluon component of the meson wave function at
low scale µ = 1GeV. Hence the constant !G

3 must be much smaller then the corresponding constants of
the quark gluon operators in Eq.(A.18) or

|!G

3 (µ = 1GeV)| ⌧ 1. (72)

We consider !G

3 as a free parameter and try to estimate its value from the comparison with the data.
The QCD evolution of the all twist-3 parameters is described in the Appendix A.

The numerical results also depend on the choice of the hard scale µ
h

. In the following calculations
it is fixed to be µ2

h

= 2m2
c

if it is not written otherwise. For the total decay rates we used the data
from Ref. [6]: �

tot

[�
cJ

] = {10.5, 0.84, 1.93}MeV for J = 0, 1, 2, respectively. Finally, in the following
calculations we use the NLO QCD coupling which has the value ↵

s

(2m2
c

) = 0.290
We start our discussion from the description of the branching rations Br

⇥

�
cJ

! Vk�
⇤

because these
observables are largest for �

c1 decays. The obtained results are given in Table 2. The first error shows the
sensitivity to the value of the parameter aV2 within the intervals given in Eq.(65). The second error shows
the dependence on µ

h

within in the interval m
c

< µ
h

< 2m
c

. The corresponding errors are large because
the decay rates are proportional to the fourth power of the QCD coupling Br

⇥

�
c1 ! Vk�

⇤ ⇠ ↵4
s

(µ
h

).

With the given estimate for R0
21(0) the obtained values for Br

h

�
c1 ! ⇢k�

i

and Br
h

�
c1 ! �k�

i

are quite

reliable although the obtained numbers lie somewhat below/above of the experimental results given in
Table 1. However, the estimate for Br

⇥

�
c1 ! !k�

⇤

is about a factor of four smaller than the experimental

value. One can also consider, for instance, the ratio Br
⇥

�
c1 ! !k�

⇤

/Br
h

�
c1 ! ⇢k�

i

in which the

normalisation ambiguities cancel. If one assumes that the dominant contribution to the amplitudes arises
from the terms associated with u and d-quark components of the electromagnetic current in Eq.(3) then
using SU(2) symmetry one finds that this ratio must be

Br
⇥

�
c1 ! !k�

⇤

Br
h

�
c1 ! ⇢k�

i ' 1

9
, (73)
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Theory (0.28+/-0.06)

Br’s in units 10-6

clear indication about 
significance of the 

color-octet mechanism 

1 Introduction

The radiative decay of P -wave charmonia �
cJ

has been measured by di↵erent experimental collaborations:
CLEO [1] and BESIII [2]. Theoretical estimates have been given in Refs. [3,4]. In these papers, the authors
use the pQCD formalism in combination with specific models for the light meson wave functions, and
the constituent quark masses have been used as infrared regulator in these calculations. The obtained
estimates for the �

c1 ! ⇢(!,�)� decay rates are few times smaller than the measured ones. To resolve
this discrepancy the authors of Ref. [5] used a phenomenological model with intermediate D�mesons
interactions.

In Table 1 we collect the current branching fraction measurements for the decays which have been
measured. From this Table it is seen that the largest branchings for all channels are provided by decay
�
c1 ! V �. Moreover, in this case the decay rate is dominated by the longitudinal meson (Vk) in the final

state. The data presented in Refs. [1,2] also allows one to study the contributions of the di↵erent helicity

�
c1 ! V � �

c1 ! Vk� �
c1 ! V?� �

c0 ! V � �
c2 ! V �

�⇢ 220± 18 184.8± 15.7 35.2± 7.4 < 9 < 20
�! 69± 8 51.8± 8.9 17.3± 6.5 < 8 < 6
�� 25± 5 17.7± 4.9 7.3± 3.6 < 6 < 8

Table 1: The branching fractions �
cJ

! V � in units of 10�6. The total fractions are taken from the
Review of Particle Physics [6]. The original experimental results can be found in [1,2]. In order to obtain
the di↵erent contributions for the �

c1 decays we used the ratios fV

? = �[�
c1 ! V?�]/�[�

c1 ! V �] from
Ref. [2].

amplitudes which can provide an additional interesting information about the underlying mechanism
of quark-gluon interactions. This point has not yet been considered to full extent in the literature.
For instance, within the systematic QCD factorisation framework the leading-order contribution with a
longitudinal outgoing vector meson is given by the diagram as in Fig.1a but for a transversely polarised
meson (V?) one has to consider the matrix element with the three particle wave functions as in Fig.1b, c.
The first diagram is of order ↵2

s

, the second is of order ↵
s

but suppressed by a factor ⇤
QCD

/m
c

because
of subleading twist-3 collinear operators describing the overlap with the light outgoing meson.

Figure 1: The various contributions to the decay amplitudes: a) the leading order contribution for the
longitudinal amplitude with Vk, b) and c) two di↵erent contributions for the transverse amplitude with
V?.

A description of the reactions with charmonium states can be challenging because of possible large
contributions of the colour-octet operators, see e.g. review [7] and references therein. This mechanism
could be especially important for the description of exclusive P -wave hadronic decays and has been
studied within a phenomenological framework in Refs. [8, 9] and in the Coulomb limit in Ref. [10]. The
contributions with the colour-octet operators can also play an important role in the description of the
radiative decays of �

cJ

. A hint about this can be seen from the following observation.
The various contributions to the decay amplitudes can be associated with the following two matrix

elements: either the photon is emitted from the light quark or from the heavy quark

hV (p)|Jµ

em

|�
cJ

i = hV (p)|
X

u,d,s

e
q

q̄�µq|�
cJ

i+ hV (p)|e
c

c̄�µc|�
cJ

i (1)

2

color-octet mechanism  

?

mc = 1.5 GeV |R0
21(0)| = 0.75GeV5 B-T potential Eichten, Quigg 1995

↵s(2m
2
c) = 0.29 m2

c < µ2
h < 4m2

c



Radiative decays XcJ → VT γ

(ω, ϕ)

color singlet

hV (p)| q̄(�1n̄)gGn̄⌫

(�2n̄)/̄nq(�3n̄) |0i = i
p
2f

V

m
V

(✏⇤
V

)
⌫

p2� V(�
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p�), (A.6)

hV (p)| gdabcGa

n̄⇠

(�1n̄)G
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n̄

(�2n̄)G
c

n̄⌫

(�3n̄) |0i = i
p
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⌫

p3� G(�
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hV (p)| gdabcGa

n̄⇠

(�1n̄)G̃
b⇠

n̄

(�2n̄)G̃
c

n̄⌫

(�3n̄) |0i = �i
p
2f

V

m
V

(✏⇤)
⌫

p3� G̃(�
i

), (A.8)

where dabc is the fully symmetrical structure constant of the SU(3) colour group and

Ga

n̄⇠

(z) = n̄↵Ga

↵⇠

(z), G̃a

n̄⇠

=
1

2
"
↵⇠µ⌫

n̄↵Gµ⌫(z). (A.9)

The vector decay couplings f
V

can be obtained from the leptonic decays. Their explicit values are given
in Eq.(63).

All functions on the rhs of Eqs. (A.5)-(A.8) can be presented as

A(V,G, G̃)(�
i

p�) =
Z

D↵
i

A(V,G, G̃)(↵
i

)ei(pn̄)(�1↵1+�2↵2+�3↵3), (A.10)

with the integration measure D↵
i

defined in Eq.(57).
The properties of the DAs, except the pure gluonic ones, has been discussed in Refs. [28–31]. The

two-particle functions are symmetrical with respect to exchange x $ x̄ and normalised as

�
k
V

(1� x) = �
k
V

(x), gv,a
V

(1� x) = gv,a
V

(x), (A.11)
Z 1

0
dx �

k
V

(x) =

Z 1

0
dxgv,a

V

(x) = 1. (A.12)

The QCD equation of motions and operator identities allow one to express the twist-3 DAs gv,a
V

in terms

of �k
V

and twist-3 functions V and A, see e.g. [29]. Neglecting the three particle contributions with V
and A, which is often referred to as the Wandzura-Wilczeck approximation, one has

gv
V

(x) =
1

2

Z

x

0
dv

�
k
V

(v)

v̄
+

1

2

Z 1

x

dv
�
k
V

(v)

v
, (A.13)

ga
V

(x) = 2x̄

Z

x

0
dv

�
k
V

(v)

v̄
+ 2x

Z 1

x

dv
�
k
V

(v)

v
. (A.14)

The models for the functions V , A have been constructed using the conformal expansion, see details
in Ref. [29]. Corresponding functions include the contributions from local operators with conformal spin
j = 7/2 and j = 9/2 and read

A(↵
i

) = 360⇣3↵1↵2↵
2
3

✓

1 + !A

3
1

2
(7↵3 � 3)

◆

, V (↵
i

) = 540⇣3!
V

3 ↵1↵2↵
2
3(↵2 � ↵1), (A.15)

The quark-gluon operators in our case mix with the pure gluonic ones. Moreover, at the leading-
logarithmic approximation such mixing is possible only for the operators with equal conformal spin.
Hence constructing the models for the gluon DAs G and G̃ we consider only the contributions with the
same conformal spin as for for the quark-gluon DAs. From the definitions of the operators in Eqs.(A.7)
and (A.8) one can see that

G(↵2,↵1,↵3) = G(↵1,↵2,↵3), G̃(↵2,↵1,↵3) = �G̃(↵1,↵2,↵3). (A.16)

Using this information and following the arguments as in Ref. [29] one obtains that the conformal ex-
pansion of the function G and G̃ is starting from the conformal spin j = 9/2 and j = 11/2, respectively.
However as soon as contributions with the spin j � 11/2 in V and A have been neglected we assume that
G̃(�

i

) can also be neglected. Therefore

G(↵
i

) = 5040 ⇣3!
G

3 ↵
2
1↵

2
2↵

2
3, G̃(↵

i

) ' 0. (A.17)
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where dabc is the fully symmetrical structure constant of the SU(3) colour group and
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The vector decay couplings f
V

can be obtained from the leptonic decays. Their explicit values are given
in Eq.(63).

All functions on the rhs of Eqs. (A.5)-(A.8) can be presented as
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with the integration measure D↵
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defined in Eq.(57).
The properties of the DAs, except the pure gluonic ones, has been discussed in Refs. [28–31]. The

two-particle functions are symmetrical with respect to exchange x $ x̄ and normalised as
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(1� x) = gv,a
V

(x), (A.11)
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The QCD equation of motions and operator identities allow one to express the twist-3 DAs gv,a
V

in terms

of �k
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and twist-3 functions V and A, see e.g. [29]. Neglecting the three particle contributions with V
and A, which is often referred to as the Wandzura-Wilczeck approximation, one has
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The models for the functions V , A have been constructed using the conformal expansion, see details
in Ref. [29]. Corresponding functions include the contributions from local operators with conformal spin
j = 7/2 and j = 9/2 and read
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The quark-gluon operators in our case mix with the pure gluonic ones. Moreover, at the leading-
logarithmic approximation such mixing is possible only for the operators with equal conformal spin.
Hence constructing the models for the gluon DAs G and G̃ we consider only the contributions with the
same conformal spin as for for the quark-gluon DAs. From the definitions of the operators in Eqs.(A.7)
and (A.8) one can see that

G(↵2,↵1,↵3) = G(↵1,↵2,↵3), G̃(↵2,↵1,↵3) = �G̃(↵1,↵2,↵3). (A.16)

Using this information and following the arguments as in Ref. [29] one obtains that the conformal ex-
pansion of the function G and G̃ is starting from the conformal spin j = 9/2 and j = 11/2, respectively.
However as soon as contributions with the spin j � 11/2 in V and A have been neglected we assume that
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The models for the functions V , A have been constructed using the conformal expansion, see details
in Ref. [29]. Corresponding functions include the contributions from local operators with conformal spin
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The quark-gluon operators in our case mix with the pure gluonic ones. Moreover, at the leading-
logarithmic approximation such mixing is possible only for the operators with equal conformal spin.
Hence constructing the models for the gluon DAs G and G̃ we consider only the contributions with the
same conformal spin as for for the quark-gluon DAs. From the definitions of the operators in Eqs.(A.7)
and (A.8) one can see that
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Table 2: The obtained values for the Br
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Their numerical values read

A1 = 1.32 + 5.46i, A2 = �12.71 + 6.01i , (68)

B1 = 7.00 + 4.79i, B2 = 9.61 + 6.12i. (69)

The transverse amplitudes depends on the twist-3 DAs defined in Eqs.(A.5)-(A.8) in Appendix A. For
the quark-gluon DAs we use the models given in Eq.(A.15) which has been suggested in Refs. [28–30]
. The non-perturbative parameters which enter in these formulas have been taken from Ref. [31] at the
scale µ = 1GeV:

⇢ and !-mesons : ⇣3 = 0.030± 0.010, !A

3 = �3.0± 1.4, !V

3 = 5.0± 2.4, (70)

�-meson : ⇣3 = 0.024± 0.008, !A

3 = �2.6± 1.3, !V

3 = 5.3± 3.0 . (71)

In the following estimates we neglect the small di↵erence for the �-meson and consider as a first guess
that all parameters are constrained only by the values in Eq.(70).

For the isosinglet mesons ! and � we have an additional contribution from the three gluon DAs. Taking
into account the conformal expansion and mixing with the quark operators (see details in Appendix) we
use for them the models given in Eq.(A.17). We assume that the value of the corresponding local matrix
element is small because we expect a very small pure gluon component of the meson wave function at
low scale µ = 1GeV. Hence the constant !G

3 must be much smaller then the corresponding constants of
the quark gluon operators in Eq.(A.18) or

|!G

3 (µ = 1GeV)| ⌧ 1. (72)

We consider !G

3 as a free parameter and try to estimate its value from the comparison with the data.
The QCD evolution of the all twist-3 parameters is described in the Appendix A.

The numerical results also depend on the choice of the hard scale µ
h

. In the following calculations
it is fixed to be µ2

h

= 2m2
c

if it is not written otherwise. For the total decay rates we used the data
from Ref. [6]: �

tot

[�
cJ

] = {10.5, 0.84, 1.93}MeV for J = 0, 1, 2, respectively. Finally, in the following
calculations we use the NLO QCD coupling which has the value ↵

s

(2m2
c

) = 0.290
We start our discussion from the description of the branching rations Br

⇥

�
cJ

! Vk�
⇤

because these
observables are largest for �

c1 decays. The obtained results are given in Table 2. The first error shows the
sensitivity to the value of the parameter aV2 within the intervals given in Eq.(65). The second error shows
the dependence on µ

h

within in the interval m
c

< µ
h

< 2m
c

. The corresponding errors are large because
the decay rates are proportional to the fourth power of the QCD coupling Br

⇥

�
c1 ! Vk�

⇤ ⇠ ↵4
s

(µ
h

).

With the given estimate for R0
21(0) the obtained values for Br

h
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c1 ! ⇢k�

i

and Br
h
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c1 ! �k�

i

are quite

reliable although the obtained numbers lie somewhat below/above of the experimental results given in
Table 1. However, the estimate for Br

⇥

�
c1 ! !k�

⇤

is about a factor of four smaller than the experimental

value. One can also consider, for instance, the ratio Br
⇥

�
c1 ! !k�

⇤

/Br
h

�
c1 ! ⇢k�

i

in which the

normalisation ambiguities cancel. If one assumes that the dominant contribution to the amplitudes arises
from the terms associated with u and d-quark components of the electromagnetic current in Eq.(3) then
using SU(2) symmetry one finds that this ratio must be
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where the constant
⌦O(3P0)

↵

is given by expression in Eq.(31).
In order to describe the overlap with the transverse light mesons we need 3-particle twist-3 DAs V (↵

i

),
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i

) and G(↵
i

). A detailed description of these non-perturbative functions is given in the Appendix A.
The properties of these functions allow one to conclude that the convolution integrals in Eqs.(53)-(56)
are well defined.
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An appropriate contribution from the colour-octet operator is considered in Appendix B. We obtain
that in the Coulomb limit the contribution from the colour-octet matrix element behaves as
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Hence following the same arguments as in the previous subsection and extrapolating this result to the
real charmonium with v ⇠ � we expect that this contribution is of the same order as the singlet one
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/
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Therefore an estimate made with the help of the singlet contribution potentially may have a large uncer-
tainty due to the colour-octet contribution.

3 Phenomenology

In this section we study numerical estimates using only contributions of the colour-singlet operators.
Our aim is to understand how well one can describe the charmonium decays in this case using reliable
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= 783MeV, m
�

= 1019MeV. For the
derivative of the radial wave function we use the value from Ref. [27] computed for the Buchmüller-Tye
potential
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For the description of the light meson matrix elements we use the following values of the decay
constants

f
⇢
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!
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�
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which are defined according to Eq.(A.2).
The estimates for the vector meson DAs have been studied in many works, see e.g. Refs. [28–31]. The

leading-order DA is described by the model with one parameter

�
V

(x, µ) = 6xx̄
n

1 + aV2 (µ)C
3/2
2 (2x� 1)

o

, (64)

For the coe�cients aV2 we use the values from Ref. [31]

a⇢2 = a!2 = 0.15± 0.07, a�2 = 0.18± 0.08, (65)

where all parameters are given at the scale µ = 1GeV.
Using the explicit expressions for the coe�cient functions T

i

(x) one can easily obtain the values for
the convolution integrals

Z 1

0
dx �

V

(x)T
i

(x) = A
i

+ aV2 (µh

) B
i

, (66)
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1 Introduction

The radiative decay of P -wave charmonia �
cJ

has been measured by di↵erent experimental collaborations:
CLEO [1] and BESIII [2]. Theoretical estimates have been given in Refs. [3,4]. In these papers, the authors
use the pQCD formalism in combination with specific models for the light meson wave functions, and
the constituent quark masses have been used as infrared regulator in these calculations. The obtained
estimates for the �

c1 ! ⇢(!,�)� decay rates are few times smaller than the measured ones. To resolve
this discrepancy the authors of Ref. [5] used a phenomenological model with intermediate D�mesons
interactions.

In Table 1 we collect the current branching fraction measurements for the decays which have been
measured. From this Table it is seen that the largest branchings for all channels are provided by decay
�
c1 ! V �. Moreover, in this case the decay rate is dominated by the longitudinal meson (Vk) in the final

state. The data presented in Refs. [1,2] also allows one to study the contributions of the di↵erent helicity

�
c1 ! V � �

c1 ! Vk� �
c1 ! V?� �

c0 ! V � �
c2 ! V �

�⇢ 220± 18 184.8± 15.7 35.2± 7.4 < 9 < 20
�! 69± 8 51.8± 8.9 17.3± 6.5 < 8 < 6
�� 25± 5 17.7± 4.9 7.3± 3.6 < 6 < 8

Table 1: The branching fractions �
cJ

! V � in units of 10�6. The total fractions are taken from the
Review of Particle Physics [6]. The original experimental results can be found in [1,2]. In order to obtain
the di↵erent contributions for the �

c1 decays we used the ratios fV

? = �[�
c1 ! V?�]/�[�

c1 ! V �] from
Ref. [2].

amplitudes which can provide an additional interesting information about the underlying mechanism
of quark-gluon interactions. This point has not yet been considered to full extent in the literature.
For instance, within the systematic QCD factorisation framework the leading-order contribution with a
longitudinal outgoing vector meson is given by the diagram as in Fig.1a but for a transversely polarised
meson (V?) one has to consider the matrix element with the three particle wave functions as in Fig.1b, c.
The first diagram is of order ↵2

s

, the second is of order ↵
s

but suppressed by a factor ⇤
QCD

/m
c

because
of subleading twist-3 collinear operators describing the overlap with the light outgoing meson.

Figure 1: The various contributions to the decay amplitudes: a) the leading order contribution for the
longitudinal amplitude with Vk, b) and c) two di↵erent contributions for the transverse amplitude with
V?.

A description of the reactions with charmonium states can be challenging because of possible large
contributions of the colour-octet operators, see e.g. review [7] and references therein. This mechanism
could be especially important for the description of exclusive P -wave hadronic decays and has been
studied within a phenomenological framework in Refs. [8, 9] and in the Coulomb limit in Ref. [10]. The
contributions with the colour-octet operators can also play an important role in the description of the
radiative decays of �

cJ

. A hint about this can be seen from the following observation.
The various contributions to the decay amplitudes can be associated with the following two matrix

elements: either the photon is emitted from the light quark or from the heavy quark

hV (p)|Jµ

em

|�
cJ

i = hV (p)|
X

u,d,s

e
q

q̄�µq|�
cJ

i+ hV (p)|e
c

c̄�µc|�
cJ

i (1)
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OZI-suppressed
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A description of the reactions with charmonium states can be challenging because of possible large
contributions of the colour-octet operators, see e.g. review [7] and references therein. This mechanism
could be especially important for the description of exclusive P -wave hadronic decays and has been
studied within a phenomenological framework in Refs. [8, 9] and in the Coulomb limit in Ref. [10]. The
contributions with the colour-octet operators can also play an important role in the description of the
radiative decays of �

cJ

. A hint about this can be seen from the following observation.
The various contributions to the decay amplitudes can be associated with the following two matrix

elements: either the photon is emitted from the light quark or from the heavy quark
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Radiative decays XcJ → VT γ

(ω, ϕ)

However the experimental value for this ratio is 0.28 which is about a factor of three larger. The large
di↵erence indicates that the assumption about the small contribution of the c-quark components in Eq.(1)

is not valid. However the longitudinal amplitude in which the photon is emitted from a heavy quark A
k
Q

can only be generated from a colour-octet operator. The basic idea is that one gluon in the diagram in
Fig.1c is ultrasoft while the other two are hard-collinear. These gluons create a light quark-antiquark
pair in the octet state which after interaction with the ultasoft gluon becomes colorless, see also Fig. 7.
In Appendix B we consider such colour-octet matrix element in the Coulomb limit. We obtain that such
contribution behaves as

A
k
Q

⇠ ↵
s

(µ
h

)↵
s

(µ
us

) �2v7. (74)

where we used that ↵
s

(µ ⇠ mv) ⇠ v that providing one more power of v. Following the same arguments
as in Sec.2 we expect that for real charmonium with v ⇠ � this amplitude can be estimated as

A
k
Q

⇠ ↵
s

(µ
h

)�2v7. (75)

Therefore this amplitude is only suppressed by a factor v comparing to the colour-octet amplitude [Ak
1V ]oct

in Eq.(52). We assume that the interference of this amplitude with the larger amplitudes Ak
1V and [Ak

V

]
oct

can be responsible the large ratio in Eq.(73). Perhaps, these contributions strongly enhance the decay
rate of the !� channel. One reason could be that the used value of R0

21(0) is somewhat large and therefore
this numerically enhances the singlet contribution. In case the realistic value R0

21(0) is smaller, then the
relative e↵ect of the colour-octet contribution in the ⇢� channel must be larger in order to describe the

data. In any case it seems that the contribution of the colour-octet amplitude Ak
Q

must play an important
role in the correct description of the !k� decay mode.

The computed branching ratios for the state �
c2 are substantially smaller and they easily satisfy the

experimental constraints. When comparing our results to Ref. [3], we note that our estimates for �
c1

shown in Table 2 are about an order of magnitude larger than theirs, while the results for the �
c2 decays

are in good agreement.
We next consider the decay rates with transversely polarised mesons in the final state. The numerical

evaluation with arbitrary twist-3 DA parameters (at scale µ = 1GeV) gives

�?
⇢

= 222.4 ⇣23(�9.82 + 4.78!A

3 + 3.31!V

3 )
2, (76)

�?
!

= 181.2 ⇣23(�3.3 + 1.4 !A

3 + 8.3 !V

3 + 735.6 !G

3 )
2, (77)

�?
�

= 168.7 ⇣23(6.5� 3.3 !A

3 + 2.9 !V

3 + 733.6 !G

3 )
2, (78)

One can observe that the coe�cients in front of the gluon parameter !G

3 are always quite large, hence
even the relatively small values of !G

3 can produce a significant numerical impact. Formally, the large
coe�cient in Eqs.(77) and (78) arises due to the large normalization of the twist-3 gluon DA in Eq.(A.17).

The existing data do not allow us to fix the DAs parameters in Eqs.(76)-(78) in order to unambiguously
predict the decay widths for �

c0,2. From the numerical estimates we observe that there are di↵erent
solutions which describe the data for �

c1 ! V?� decays within the experimental error bars and at the
same time provide very di↵erent estimates for the �

c0,2 decays. In order to illustrate this let us consider
a few examples. It is convenient to fix the parameters ⇣3 and !A

3 in accordance with the estimates
in Eq.(70) and to study the possible restrictions on the two remaining constants !V

3 = 5.0 ± 2.4 and
�

�!G

3

�

� < 0.1. The latter inequality must be considered as assumption. For simplicity, for all final mesons
V we imply the value a2 = 0.22 in the longitudinal amplitudes of �

c2 decays. In the following we consider
two fixed values: ⇣3 = 0.03 and ⇣3 = 0.04. The di↵erent possible solutions for these values of ⇣3 for few
di↵erent values of !A

3 are shown in Fig.5. In the given regions we can describe the data for �
c1 satisfying

the experimental constraints for the �
c0,2 decays. We observe that the strongest restrictions on the DA

parameters are provided by the data for �
c1 decay. The restrictions on �

c2 decay rates are relatively
weak but also allow to get some constraints. The computed values for the decay widths of �

c0 are always
so small that they do not contradict the experimental restrictions.

In Table 3 we show examples of the di↵erent values of parameters and corresponding results for the
branching fractions. Note that we found the values of !G

3 to be always negative, within this approach.
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3 = 5.0 ± 2.4 and
�

�!G

3

�

� < 0.1. The latter inequality must be considered as assumption. For simplicity, for all final mesons
V we imply the value a2 = 0.22 in the longitudinal amplitudes of �

c2 decays. In the following we consider
two fixed values: ⇣3 = 0.03 and ⇣3 = 0.04. The di↵erent possible solutions for these values of ⇣3 for few
di↵erent values of !A

3 are shown in Fig.5. In the given regions we can describe the data for �
c1 satisfying

the experimental constraints for the �
c0,2 decays. We observe that the strongest restrictions on the DA

parameters are provided by the data for �
c1 decay. The restrictions on �

c2 decay rates are relatively
weak but also allow to get some constraints. The computed values for the decay widths of �

c0 are always
so small that they do not contradict the experimental restrictions.

In Table 3 we show examples of the di↵erent values of parameters and corresponding results for the
branching fractions. Note that we found the values of !G

3 to be always negative, within this approach.
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However the experimental value for this ratio is 0.28 which is about a factor of three larger. The large
di↵erence indicates that the assumption about the small contribution of the c-quark components in Eq.(1)

is not valid. However the longitudinal amplitude in which the photon is emitted from a heavy quark A
k
Q

can only be generated from a colour-octet operator. The basic idea is that one gluon in the diagram in
Fig.1c is ultrasoft while the other two are hard-collinear. These gluons create a light quark-antiquark
pair in the octet state which after interaction with the ultasoft gluon becomes colorless, see also Fig. 7.
In Appendix B we consider such colour-octet matrix element in the Coulomb limit. We obtain that such
contribution behaves as

A
k
Q

⇠ ↵
s

(µ
h

)↵
s

(µ
us

) �2v7. (74)

where we used that ↵
s

(µ ⇠ mv) ⇠ v that providing one more power of v. Following the same arguments
as in Sec.2 we expect that for real charmonium with v ⇠ � this amplitude can be estimated as

A
k
Q

⇠ ↵
s

(µ
h

)�2v7. (75)

Therefore this amplitude is only suppressed by a factor v comparing to the colour-octet amplitude [Ak
1V ]oct

in Eq.(52). We assume that the interference of this amplitude with the larger amplitudes Ak
1V and [Ak

V

]
oct

can be responsible the large ratio in Eq.(73). Perhaps, these contributions strongly enhance the decay
rate of the !� channel. One reason could be that the used value of R0

21(0) is somewhat large and therefore
this numerically enhances the singlet contribution. In case the realistic value R0

21(0) is smaller, then the
relative e↵ect of the colour-octet contribution in the ⇢� channel must be larger in order to describe the

data. In any case it seems that the contribution of the colour-octet amplitude Ak
Q

must play an important
role in the correct description of the !k� decay mode.

The computed branching ratios for the state �
c2 are substantially smaller and they easily satisfy the

experimental constraints. When comparing our results to Ref. [3], we note that our estimates for �
c1

shown in Table 2 are about an order of magnitude larger than theirs, while the results for the �
c2 decays

are in good agreement.
We next consider the decay rates with transversely polarised mesons in the final state. The numerical

evaluation with arbitrary twist-3 DA parameters (at scale µ = 1GeV) gives

�?
⇢

= 222.4 ⇣23(�9.82 + 4.78!A

3 + 3.31!V

3 )
2, (76)

�?
!

= 181.2 ⇣23(�3.3 + 1.4 !A

3 + 8.3 !V

3 + 735.6 !G

3 )
2, (77)

�?
�

= 168.7 ⇣23(6.5� 3.3 !A

3 + 2.9 !V

3 + 733.6 !G

3 )
2, (78)

One can observe that the coe�cients in front of the gluon parameter !G

3 are always quite large, hence
even the relatively small values of !G

3 can produce a significant numerical impact. Formally, the large
coe�cient in Eqs.(77) and (78) arises due to the large normalization of the twist-3 gluon DA in Eq.(A.17).

The existing data do not allow us to fix the DAs parameters in Eqs.(76)-(78) in order to unambiguously
predict the decay widths for �

c0,2. From the numerical estimates we observe that there are di↵erent
solutions which describe the data for �

c1 ! V?� decays within the experimental error bars and at the
same time provide very di↵erent estimates for the �

c0,2 decays. In order to illustrate this let us consider
a few examples. It is convenient to fix the parameters ⇣3 and !A

3 in accordance with the estimates
in Eq.(70) and to study the possible restrictions on the two remaining constants !V

3 = 5.0 ± 2.4 and
�

�!G

3

�

� < 0.1. The latter inequality must be considered as assumption. For simplicity, for all final mesons
V we imply the value a2 = 0.22 in the longitudinal amplitudes of �

c2 decays. In the following we consider
two fixed values: ⇣3 = 0.03 and ⇣3 = 0.04. The di↵erent possible solutions for these values of ⇣3 for few
di↵erent values of !A

3 are shown in Fig.5. In the given regions we can describe the data for �
c1 satisfying

the experimental constraints for the �
c0,2 decays. We observe that the strongest restrictions on the DA

parameters are provided by the data for �
c1 decay. The restrictions on �

c2 decay rates are relatively
weak but also allow to get some constraints. The computed values for the decay widths of �

c0 are always
so small that they do not contradict the experimental restrictions.

In Table 3 we show examples of the di↵erent values of parameters and corresponding results for the
branching fractions. Note that we found the values of !G

3 to be always negative, within this approach.
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Radiative decays XcJ → VT γ

only the color singlet
�c1 ! V?� �c2 ! V � �c0 ! V �

⇣3 !A
3 !V

3 !G
3 ⇢ ! � ⇢ ! � ⇢ ! �

0.03 -2.2 2.8 -0.037
(35.2± 7.4)

29.6
(17.3± 6.5)

20.8
(7.3± 3.6)

4.8
3.4 0.18 2.6 2.0 0.17 0.66

0.03 -4.4 5.9 -0.043 30.0 13.9 8.5 17.2 3.7 6.5 0.40 0.05 0.15
0.04 -2.5 3.7 -0.041 39.2 13.5 6.5 7.1 0.40 5.6 1.9 0.16 0.54
0.04 -3.4 5.1 -0.038 33.2 14.2 6.2 16.3 3.6 6.50 0.62 0.09 0.23

�c1 ! V?� �c2 ! V � �c0 ! V �
⇣3 !A

3 !V
3 !G

3 ⇢ ! � ⇢ ! � ⇢ ! �

0.03 -2.2 2.8 -0.037
< 20
3.4

< 6
0.18

< 8
2.6

2.0 0.17 0.66

0.03 -4.4 5.9 -0.043 30.0 13.9 8.5 17.2 3.7 6.5 0.40 0.05 0.15
0.04 -2.5 3.7 -0.041 39.2 13.5 6.5 7.1 0.40 5.6 1.9 0.16 0.54
0.04 -3.4 5.1 -0.038 33.2 14.2 6.2 16.3 3.6 6.50 0.62 0.09 0.23

�c1 ! V?� �c2 ! V � �c0 ! V �
⇣3 !A

3 !V
3 !G

3 ⇢ ! � ⇢ ! � ⇢ ! �

0.03 -2.2 2.8 -0.037
< 9
2.0

< 8
0.17

< 6
0.66

0.03 -4.4 5.9 -0.043 30.0 13.9 8.5 17.2 3.7 6.5 0.40 0.05 0.15
0.04 -2.5 3.7 -0.041 39.2 13.5 6.5 7.1 0.40 5.6 1.9 0.16 0.54
0.04 -3.4 5.1 -0.038 33.2 14.2 6.2 16.3 3.6 6.50 0.62 0.09 0.23

Data can be described
 including small
3g contribution

branching  fractions in units 10-4

�⇢ �! ��

�
c1 ! Vk� 153.1+18.2+103.7

�16.7�70.5
13.6+1.6+9.2

�1.5�6.3 31.3+4.2+21.4
�3.8�14.5

�
c2 ! Vk� 2.11+0.09+1.3

�0.08�0.9
0.19+0.008+0.12

�0.007�0.08 0.41+0.02+0.26
�0.02�0.18

Table 2: The obtained values for the Br
⇥

�
c1,2 ! Vk�

⇤

in units of 10�6.

with

A
i

=

Z 1

0
dx 6xx̄ T

i

(x), B
i

=

Z 1

0
dx 6xx̄C3/2

2 (2x� 1) T
i

(x). (67)

Their numerical values read

A1 = 1.32 + 5.46i, A2 = �12.71 + 6.01i , (68)

B1 = 7.00 + 4.79i, B2 = 9.61 + 6.12i. (69)

The transverse amplitudes depend on the twist-3 DAs defined in Eqs.(A.5)-(A.8) in Appendix A. For
the quark-gluon DAs we use the models given in Eq.(A.15) which has been suggested in Refs. [21–23]
. The nonperturbative parameters which enter in these formulas have been taken from Ref. [24] at the
scale µ = 1GeV:

⇢ and !-mesons : ⇣3 = 0.030± 0.010, !A

3 = �3.0± 1.4, !V

3 = 5.0± 2.4, (70)

�-meson : ⇣3 = 0.024± 0.008, !A

3 = �2.6± 1.3, !V

3 = 5.3± 3.0 . (71)

In the following estimates we neglect the small di↵erence for the �-meson and consider as a first guess
that all parameters are constrained only by the values in Eq.(70).

For the isosinglet mesons ! and � we have an additional contribution from the three gluon DAs.
Taking into account the conformal expansion and mixing with the quark operators (see details in the
Appendix) we use for them the models given in Eq.(A.17). We assume that the value of the corresponding
local matrix element is small because we expect a very small pure gluon component of the meson wave
function at low scale µ = 1GeV. Hence the constant !G

3 must be much smaller then the corresponding
constants of the quark gluon operators in Eq.(A.18) or

|!G

3 (µ = 1GeV)| ⌧ 1. (72)

We consider !G

3 as a free parameter and try to estimate its value from the comparison with the data.
The QCD evolution of all the twist-3 parameters is described in Appendix A.

The numerical results also depend on the choice of the hard scale µ
h

. In the following calculations
it is fixed to be µ2

h

= 2m2
c

if it is not written otherwise. For the total decay rates we used the data
from Ref. [6]: �

tot

[�
cJ

] = {10.5, 0.84, 1.93}MeV for J = 0, 1, 2, respectively. Finally, in the following
calculations we use the NLO QCD coupling which has the value ↵

s

(2m2
c

) = 0.290
We start our discussion from the description of the branching rations Br

⇥

�
cJ

! Vk�
⇤

because these
observables are largest for �

c1 decays. The obtained results are given in Table 2. The first error shows the
sensitivity to the value of the parameter aV2 within the intervals given in Eq.(65). The second error shows
the dependence on µ

h

within the interval m
c

< µ
h

< 2m
c

. The corresponding errors are large because the
decay rates are proportional to the fourth power of the QCD coupling Br

⇥

�
c1 ! Vk�

⇤ ⇠ ↵4
s

(µ
h

). With the

given estimate for R0
21(0) the obtained values for Br

h

�
c1 ! ⇢k�

i

and Br
h

�
c1 ! �k�

i

are quite reliable

although the obtained numbers lie somewhat below/above the experimental results given in Table 1.
However, the estimate for Br

⇥

�
c1 ! !k�

⇤

is about a factor of four smaller than the experimental value.

One can also consider, for instance, the ratio Br
⇥

�
c1 ! !k�

⇤

/Br
h

�
c1 ! ⇢k�

i

in which the normalisation

ambiguities cancel. If one assumes that the dominant contribution to the amplitudes arises from the terms
associated with u and d-quark components of the electromagnetic current in Eq.(3) then using SU(2)
symmetry one finds that this ratio must be

Br
⇥

�
c1 ! !k�

⇤

Br
h

�
c1 ! ⇢k�

i ' 1

9
, (73)
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DAs parameters (QCD Sum rules)

�⇢ �! ��

�
c1 ! Vk� 153.1+18.2+103.7

�16.7�70.5
13.6+1.6+9.2

�1.5�6.3 31.3+4.2+21.4
�3.8�14.5

�
c2 ! Vk� 4.8+0.2+3.1

�0.2�2.1
0.43+0.02+0.27

�0.02�0.19 0.9+0.05+0.59
�0.04�0.41

Table 2: The obtained values for the Br
⇥

�
c1,2 ! Vk�

⇤

in units of 10�6.

with

A
i

=

Z 1

0
dx 6xx̄ T

i

(x), B
i

=

Z 1

0
dx 6xx̄C3/2

2 (2x� 1) T
i

(x). (67)

Their numerical values read

A1 = 1.32 + 5.46i, A2 = �12.71 + 6.01i , (68)

B1 = 7.00 + 4.79i, B2 = 9.61 + 6.12i. (69)

The transverse amplitudes depends on the twist-3 DAs defined in Eqs.(A.5)-(A.8) in Appendix A. For
the quark-gluon DAs we use the models given in Eq.(A.15) which has been suggested in Refs. [28–30]
. The non-perturbative parameters which enter in these formulas have been taken from Ref. [31] at the
scale µ = 1GeV:

⇢ and !-mesons : ⇣3 = 0.030± 0.010, !A

3 = �3.0± 1.4, !V

3 = 5.0± 2.4, (70)

�-meson : ⇣3 = 0.024± 0.008, !A

3 = �2.6± 1.3, !V

3 = 5.3± 3.0 . (71)

In the following estimates we neglect the small di↵erence for the �-meson and consider as a first guess
that all parameters are constrained only by the values in Eq.(70).

For the isosinglet mesons ! and � we have an additional contribution from the three gluon DAs. Taking
into account the conformal expansion and mixing with the quark operators (see details in Appendix) we
use for them the models given in Eq.(A.17). We assume that the value of the corresponding local matrix
element is small because we expect a very small pure gluon component of the meson wave function at
low scale µ = 1GeV. Hence the constant !G

3 must be much smaller then the corresponding constants of
the quark gluon operators in Eq.(A.18) or

|!G

3 (µ = 1GeV)| ⌧ 1. (72)

We consider !G

3 as a free parameter and try to estimate its value from the comparison with the data.
The QCD evolution of the all twist-3 parameters is described in the Appendix A.

The numerical results also depend on the choice of the hard scale µ
h

. In the following calculations
it is fixed to be µ2

h

= 2m2
c

if it is not written otherwise. For the total decay rates we used the data
from Ref. [6]: �

tot

[�
cJ

] = {10.5, 0.84, 1.93}MeV for J = 0, 1, 2, respectively. Finally, in the following
calculations we use the NLO QCD coupling which has the value ↵

s

(2m2
c

) = 0.290
We start our discussion from the description of the branching rations Br

⇥

�
cJ

! Vk�
⇤

because these
observables are largest for �

c1 decays. The obtained results are given in Table 2. The first error shows the
sensitivity to the value of the parameter aV2 within the intervals given in Eq.(65). The second error shows
the dependence on µ

h

within in the interval m
c

< µ
h

< 2m
c

. The corresponding errors are large because
the decay rates are proportional to the fourth power of the QCD coupling Br

⇥

�
c1 ! Vk�

⇤ ⇠ ↵4
s

(µ
h

).

With the given estimate for R0
21(0) the obtained values for Br

h

�
c1 ! ⇢k�

i

and Br
h

�
c1 ! �k�

i

are quite

reliable although the obtained numbers lie somewhat below/above of the experimental results given in
Table 1. However, the estimate for Br

⇥

�
c1 ! !k�

⇤

is about a factor of four smaller than the experimental

value. One can also consider, for instance, the ratio Br
⇥

�
c1 ! !k�

⇤

/Br
h

�
c1 ! ⇢k�

i

in which the

normalisation ambiguities cancel. If one assumes that the dominant contribution to the amplitudes arises
from the terms associated with u and d-quark components of the electromagnetic current in Eq.(3) then
using SU(2) symmetry one finds that this ratio must be

Br
⇥

�
c1 ! !k�

⇤

Br
h

�
c1 ! ⇢k�

i ' 1

9
, (73)
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1 Introduction

The radiative decay of P -wave charmonia �
cJ

has been measured by di↵erent experimental collaborations:
CLEO [1] and BESIII [2]. Theoretical estimates have been given in Refs. [3,4]. In these papers, the authors
use the pQCD formalism in combination with specific models for the light meson wave functions, and
the constituent quark masses have been used as infrared regulator in these calculations. The obtained
estimates for the �

c1 ! ⇢(!,�)� decay rates are few times smaller than the measured ones. To resolve
this discrepancy the authors of Ref. [5] used a phenomenological model with intermediate D�mesons
interactions.

In Table 1 we collect the current branching fraction measurements for the decays which have been
measured. From this Table it is seen that the largest branchings for all channels are provided by decay
�
c1 ! V �. Moreover, in this case the decay rate is dominated by the longitudinal meson (Vk) in the final

state. The data presented in Refs. [1,2] also allows one to study the contributions of the di↵erent helicity

�
c1 ! V � �

c1 ! Vk� �
c1 ! V?� �

c0 ! V � �
c2 ! V �

�⇢ 220± 18 184.8± 15.7 35.2± 7.4 < 9 < 20
�! 69± 8 51.8± 8.9 17.3± 6.5 < 8 < 6
�� 25± 5 17.7± 4.9 7.3± 3.6 < 6 < 8

Table 1: The branching fractions �
cJ

! V � in units of 10�6. The total fractions are taken from the
Review of Particle Physics [6]. The original experimental results can be found in [1,2]. In order to obtain
the di↵erent contributions for the �

c1 decays we used the ratios fV

? = �[�
c1 ! V?�]/�[�

c1 ! V �] from
Ref. [2].

amplitudes which can provide an additional interesting information about the underlying mechanism
of quark-gluon interactions. This point has not yet been considered to full extent in the literature.
For instance, within the systematic QCD factorisation framework the leading-order contribution with a
longitudinal outgoing vector meson is given by the diagram as in Fig.1a but for a transversely polarised
meson (V?) one has to consider the matrix element with the three particle wave functions as in Fig.1b, c.
The first diagram is of order ↵2

s

, the second is of order ↵
s

but suppressed by a factor ⇤
QCD

/m
c

because
of subleading twist-3 collinear operators describing the overlap with the light outgoing meson.

Figure 1: The various contributions to the decay amplitudes: a) the leading order contribution for the
longitudinal amplitude with Vk, b) and c) two di↵erent contributions for the transverse amplitude with
V?.

A description of the reactions with charmonium states can be challenging because of possible large
contributions of the colour-octet operators, see e.g. review [7] and references therein. This mechanism
could be especially important for the description of exclusive P -wave hadronic decays and has been
studied within a phenomenological framework in Refs. [8, 9] and in the Coulomb limit in Ref. [10]. The
contributions with the colour-octet operators can also play an important role in the description of the
radiative decays of �

cJ

. A hint about this can be seen from the following observation.
The various contributions to the decay amplitudes can be associated with the following two matrix

elements: either the photon is emitted from the light quark or from the heavy quark

hV (p)|Jµ

em

|�
cJ

i = hV (p)|
X

u,d,s

e
q

q̄�µq|�
cJ

i+ hV (p)|e
c

c̄�µc|�
cJ

i (1)

2

Radiative decays XcJ → VT γ

(ω, ϕ)

only the color-singlet contributions

Data can only be described including small 3g contributions
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Figure 5: The numerical restrictions for the DA parameters !V

3 and !G

3 at fixed ⇣3 and !A

3 values
(indicated on the allowed regions in the both figures).

�
c1 ! V?� �

c2 ! V � �
c0 ! V �

⇣3 !A

3 !V

3 !G

3 ⇢ ! � ⇢ ! � ⇢ ! �
0.03 -2.2 2.8 -0.037 29.6 20.8 4.8 3.4 0.18 2.6 2.0 0.17 0.66
0.03 -4.4 5.9 -0.043 30.0 13.9 8.5 17.2 3.7 6.5 0.40 0.05 0.15
0.04 -2.5 3.7 -0.041 39.2 13.5 6.5 7.1 0.40 5.6 1.9 0.16 0.54
0.04 -3.4 5.1 -0.038 33.2 14.2 6.2 16.3 3.6 6.50 0.62 0.09 0.23

Table 3: The examples of the DAs parameters and the corresponding values of branching fractions in
units of 10�6.

We also observe that the twist-3 gluon contribution is critically important for a description of decays
with ! and � mesons. From the numerical results we find that

Br[�
c1 ! �⇢] > Br[�

c2 ! �⇢] > Br[�
c0 ! �⇢], (79)

and
Br[�

c2 ! �⇢] > Br[�
c2 ! ��] > Br[�

c2 ! �!]. (80)

One can also see that there are solutions for which

Br[�
c2 ! ��] � Br[�

c1 ! ��]. (81)

The obtained results allows us to conclude that a further progress in our understanding of the radiative
decays would come from a measurement of the branching for the Br[�

c2 ! �⇢]. It will also be interesting
to carry out the corresponding helicity analysis. The estimates in Table 3 show that for the �

c2 decays
the transverse branching fraction can be much larger the the longitudinal one, see Eq.(2). The dominant
contribution is provided by the amplitude T?

2⇢ which describes the decay of the charmonium state with
helicity � = ±2. Hence a prediction for the Br[�

c2 ! �⇢] obtained only from the ⇢
L

� contribution can
strongly underestimate the realistic value of the branching. Notice that for �

c1 decay the situation is

opposite: the dominant amplitude is Ak
1⇢ describing the decay of �

c1(� = ±1).
We also see that the used non-perturbative input and DAs models potentially allows one to describe

the existing data for the transverse decays without the colour-octet contributions. If such scenario is
realised then the radiative decays can be used for a study of the twist-3 wave functions of the vector
mesons. The future data on these decays will be helpful in order to reduce the ambiguities in the
presented description and would allow to further constrain the role of the various contributions.
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3 and !G

3 at fixed ⇣3 and !A

3 values
(indicated on the allowed regions in the both figures).
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c1 ! V?� �

c2 ! V � �
c0 ! V �

⇣3 !A

3 !V

3 !G

3 ⇢ ! � ⇢ ! � ⇢ ! �
0.03 -2.2 2.8 -0.037 29.6 20.8 4.8 3.4 0.18 2.6 2.0 0.17 0.66
0.03 -4.4 5.9 -0.043 30.0 13.9 8.5 17.2 3.7 6.5 0.40 0.05 0.15
0.04 -2.5 3.7 -0.041 39.2 13.5 6.5 7.1 0.40 5.6 1.9 0.16 0.54
0.04 -3.4 5.1 -0.038 33.2 14.2 6.2 16.3 3.6 6.50 0.62 0.09 0.23

Table 3: The examples of the DAs parameters and the corresponding values of branching fractions in
units of 10�6.

We also observe that the twist-3 gluon contribution is critically important for a description of decays
with ! and � mesons. From the numerical results we find that

Br[�
c1 ! �⇢] > Br[�

c2 ! �⇢] > Br[�
c0 ! �⇢], (79)

and
Br[�

c2 ! �⇢] > Br[�
c2 ! ��] > Br[�

c2 ! �!]. (80)

One can also see that there are solutions for which

Br[�
c2 ! ��] � Br[�

c1 ! ��]. (81)

The obtained results allows us to conclude that a further progress in our understanding of the radiative
decays would come from a measurement of the branching for the Br[�

c2 ! �⇢]. It will also be interesting
to carry out the corresponding helicity analysis. The estimates in Table 3 show that for the �

c2 decays
the transverse branching fraction can be much larger the the longitudinal one, see Eq.(2). The dominant
contribution is provided by the amplitude T?

2⇢ which describes the decay of the charmonium state with
helicity � = ±2. Hence a prediction for the Br[�

c2 ! �⇢] obtained only from the ⇢
L

� contribution can
strongly underestimate the realistic value of the branching. Notice that for �

c1 decay the situation is

opposite: the dominant amplitude is Ak
1⇢ describing the decay of �

c1(� = ±1).
We also see that the used non-perturbative input and DAs models potentially allows one to describe

the existing data for the transverse decays without the colour-octet contributions. If such scenario is
realised then the radiative decays can be used for a study of the twist-3 wave functions of the vector
mesons. The future data on these decays will be helpful in order to reduce the ambiguities in the
presented description and would allow to further constrain the role of the various contributions.
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1 Introduction

The radiative decay of P -wave charmonia �
cJ

has been measured by di↵erent experimental collaborations:
CLEO [1] and BESIII [2]. Theoretical estimates have been given in Refs. [3,4]. In these papers, the authors
use the pQCD formalism in combination with specific models for the light meson wave functions, and
the constituent quark masses have been used as infrared regulator in these calculations. The obtained
estimates for the �

c1 ! ⇢(!,�)� decay rates are few times smaller than the measured ones. To resolve
this discrepancy the authors of Ref. [5] used a phenomenological model with intermediate D�mesons
interactions.

In Table 1 we collect the current branching fraction measurements for the decays which have been
measured. From this Table it is seen that the largest branchings for all channels are provided by decay
�
c1 ! V �. Moreover, in this case the decay rate is dominated by the longitudinal meson (Vk) in the final

state. The data presented in Refs. [1,2] also allows one to study the contributions of the di↵erent helicity

�
c1 ! V � �

c1 ! Vk� �
c1 ! V?� �

c0 ! V � �
c2 ! V �

�⇢ 220± 18 184.8± 15.7 35.2± 7.4 < 9 < 20
�! 69± 8 51.8± 8.9 17.3± 6.5 < 8 < 6
�� 25± 5 17.7± 4.9 7.3± 3.6 < 6 < 8

Table 1: The branching fractions �
cJ

! V � in units of 10�6. The total fractions are taken from the
Review of Particle Physics [6]. The original experimental results can be found in [1,2]. In order to obtain
the di↵erent contributions for the �

c1 decays we used the ratios fV

? = �[�
c1 ! V?�]/�[�

c1 ! V �] from
Ref. [2].

amplitudes which can provide an additional interesting information about the underlying mechanism
of quark-gluon interactions. This point has not yet been considered to full extent in the literature.
For instance, within the systematic QCD factorisation framework the leading-order contribution with a
longitudinal outgoing vector meson is given by the diagram as in Fig.1a but for a transversely polarised
meson (V?) one has to consider the matrix element with the three particle wave functions as in Fig.1b, c.
The first diagram is of order ↵2

s

, the second is of order ↵
s

but suppressed by a factor ⇤
QCD

/m
c

because
of subleading twist-3 collinear operators describing the overlap with the light outgoing meson.

Figure 1: The various contributions to the decay amplitudes: a) the leading order contribution for the
longitudinal amplitude with Vk, b) and c) two di↵erent contributions for the transverse amplitude with
V?.

A description of the reactions with charmonium states can be challenging because of possible large
contributions of the colour-octet operators, see e.g. review [7] and references therein. This mechanism
could be especially important for the description of exclusive P -wave hadronic decays and has been
studied within a phenomenological framework in Refs. [8, 9] and in the Coulomb limit in Ref. [10]. The
contributions with the colour-octet operators can also play an important role in the description of the
radiative decays of �

cJ

. A hint about this can be seen from the following observation.
The various contributions to the decay amplitudes can be associated with the following two matrix

elements: either the photon is emitted from the light quark or from the heavy quark
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Radiative decays XcJ → V|| γ

Theory vs. experiment : only the color-singlet contribution
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Table 2: The obtained values for the Br
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Their numerical values read

A1 = 1.32 + 5.46i, A2 = �12.71 + 6.01i , (68)

B1 = 7.00 + 4.79i, B2 = 9.61 + 6.12i. (69)

The transverse amplitudes depends on the twist-3 DAs defined in Eqs.(A.5)-(A.8) in Appendix A. For
the quark-gluon DAs we use the models given in Eq.(A.15) which has been suggested in Refs. [28–30]
. The non-perturbative parameters which enter in these formulas have been taken from Ref. [31] at the
scale µ = 1GeV:

⇢ and !-mesons : ⇣3 = 0.030± 0.010, !A

3 = �3.0± 1.4, !V

3 = 5.0± 2.4, (70)

�-meson : ⇣3 = 0.024± 0.008, !A

3 = �2.6± 1.3, !V

3 = 5.3± 3.0 . (71)

In the following estimates we neglect the small di↵erence for the �-meson and consider as a first guess
that all parameters are constrained only by the values in Eq.(70).

For the isosinglet mesons ! and � we have an additional contribution from the three gluon DAs. Taking
into account the conformal expansion and mixing with the quark operators (see details in Appendix) we
use for them the models given in Eq.(A.17). We assume that the value of the corresponding local matrix
element is small because we expect a very small pure gluon component of the meson wave function at
low scale µ = 1GeV. Hence the constant !G

3 must be much smaller then the corresponding constants of
the quark gluon operators in Eq.(A.18) or

|!G

3 (µ = 1GeV)| ⌧ 1. (72)

We consider !G

3 as a free parameter and try to estimate its value from the comparison with the data.
The QCD evolution of the all twist-3 parameters is described in the Appendix A.

The numerical results also depend on the choice of the hard scale µ
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. In the following calculations
it is fixed to be µ2
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if it is not written otherwise. For the total decay rates we used the data
from Ref. [6]: �
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CLEO [1] and BESIII [2]. Theoretical estimates have been given in Refs. [3,4]. In these papers, the authors
use the pQCD formalism in combination with specific models for the light meson wave functions, and
the constituent quark masses have been used as infrared regulator in these calculations. The obtained
estimates for the �

c1 ! ⇢(!,�)� decay rates are few times smaller than the measured ones. To resolve
this discrepancy the authors of Ref. [5] used a phenomenological model with intermediate D�mesons
interactions.

In Table 1 we collect the current branching fraction measurements for the decays which have been
measured. From this Table it is seen that the largest branchings for all channels are provided by decay
�
c1 ! V �. Moreover, in this case the decay rate is dominated by the longitudinal meson (Vk) in the final

state. The data presented in Refs. [1,2] also allows one to study the contributions of the di↵erent helicity
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! V � in units of 10�6. The total fractions are taken from the
Review of Particle Physics [6]. The original experimental results can be found in [1,2]. In order to obtain
the di↵erent contributions for the �
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Ref. [2].

amplitudes which can provide an additional interesting information about the underlying mechanism
of quark-gluon interactions. This point has not yet been considered to full extent in the literature.
For instance, within the systematic QCD factorisation framework the leading-order contribution with a
longitudinal outgoing vector meson is given by the diagram as in Fig.1a but for a transversely polarised
meson (V?) one has to consider the matrix element with the three particle wave functions as in Fig.1b, c.
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but suppressed by a factor ⇤
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because
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Figure 1: The various contributions to the decay amplitudes: a) the leading order contribution for the
longitudinal amplitude with Vk, b) and c) two di↵erent contributions for the transverse amplitude with
V?.

A description of the reactions with charmonium states can be challenging because of possible large
contributions of the colour-octet operators, see e.g. review [7] and references therein. This mechanism
could be especially important for the description of exclusive P -wave hadronic decays and has been
studied within a phenomenological framework in Refs. [8, 9] and in the Coulomb limit in Ref. [10]. The
contributions with the colour-octet operators can also play an important role in the description of the
radiative decays of �

cJ

. A hint about this can be seen from the following observation.
The various contributions to the decay amplitudes can be associated with the following two matrix

elements: either the photon is emitted from the light quark or from the heavy quark
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In the following estimates we neglect the small di↵erence for the �-meson and consider as a first guess
that all parameters are constrained only by the values in Eq.(70).

For the isosinglet mesons ! and � we have an additional contribution from the three gluon DAs. Taking
into account the conformal expansion and mixing with the quark operators (see details in Appendix) we
use for them the models given in Eq.(A.17). We assume that the value of the corresponding local matrix
element is small because we expect a very small pure gluon component of the meson wave function at
low scale µ = 1GeV. Hence the constant !G

3 must be much smaller then the corresponding constants of
the quark gluon operators in Eq.(A.18) or
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1 Introduction

The radiative decays of P -wave charmonia �
cJ

have been measured by di↵erent experimental collabora-
tions: CLEO [1] and BESIII [2]. Theoretical estimates have been given in Refs. [3, 4]. In these papers,
the authors use the pQCD formalism in combination with specific models for the light meson wave func-
tions, and the constituent quark masses have been used as infrared regulator in these calculations. The
obtained estimates for the �

c1 ! ⇢(!,�)� decay rates are few times smaller than the measured ones.
To resolve this discrepancy the authors of Ref. [5] used a phenomenological model with intermediate
D�meson interactions.

In Table 1 we collect the current branching fraction measurements for the decays which have been
measured. From this table it is seen that the largest branchings for all channels are provided by decay
�
c1 ! V �. Moreover, in this case the decay rate is dominated by the longitudinal meson (Vk) in the

final state. The data presented in Refs. [1, 2] also allow one to study the contributions of the di↵erent
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Table 1: The branching fractions �
cJ

! V � in units of 10�6. The total fractions are taken from the
Review of Particle Physics [6]. The original experimental results can be found in [1,2]. In order to obtain
the di↵erent contributions for the �

c1 decays we used the ratios fV
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Ref. [2].

helicity amplitudes which can provide additional interesting information about the underlying mechanism
of quark-gluon interactions. This point has not yet been considered to full extent in the literature.
For instance, within the systematic QCD factorisation framework the leading-order contribution with a
longitudinal outgoing vector meson is given by the diagram as in Fig.1(a) but for a transversely polarised
meson (V?) one has to consider the matrix element with the three particle wave functions as in Fig.1(b) and
Fig.1(c). The first diagram is of order ↵2

s

, the second is of order ↵
s

but suppressed by a factor ⇤
QCD

/m
c

because of subleading twist-3 collinear operators describing the overlap with the light outgoing meson.

Figure 1: The various contributions to the decay amplitudes: (a) the leading-order contribution for the
longitudinal amplitude with Vk; (b) and (c) two di↵erent contributions for the transverse amplitude with
V?.

A description of the reactions with charmonium states can be challenging because of possible large
contributions of the colour-octet operators; see, e.g., review [7] and references therein. This mechanism
could be especially important for the description of exclusive P -wave hadronic decays and has been
studied within a phenomenological framework in Refs. [8, 9] and in the Coulomb limit in Ref. [10]. The
contributions with the colour-octet operators can also play an important role in the description of the
radiative decays of �

cJ

. A hint about this can be seen from the following observation.
The various contributions to the decay amplitudes can be associated with the following two matrix
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The radiative decays of P -wave charmonia �
cJ

have been measured by di↵erent experimental collabora-
tions: CLEO [1] and BESIII [2]. Theoretical estimates have been given in Refs. [3, 4]. In these papers,
the authors use the pQCD formalism in combination with specific models for the light meson wave func-
tions, and the constituent quark masses have been used as infrared regulator in these calculations. The
obtained estimates for the �

c1 ! ⇢(!,�)� decay rates are few times smaller than the measured ones.
To resolve this discrepancy the authors of Ref. [5] used a phenomenological model with intermediate
D�meson interactions.

In Table 1 we collect the current branching fraction measurements for the decays which have been
measured. From this table it is seen that the largest branchings for all channels are provided by decay
�
c1 ! V �. Moreover, in this case the decay rate is dominated by the longitudinal meson (Vk) in the

final state. The data presented in Refs. [1, 2] also allow one to study the contributions of the di↵erent

�
c1 ! V � �

c1 ! Vk� �
c1 ! V?� �

c0 ! V � �
c2 ! V �

�⇢ 220± 18 184.8± 15.7 35.2± 7.4 < 9 < 20
�! 69± 8 51.8± 8.9 17.3± 6.5 < 8 < 6
�� 25± 5 17.7± 4.9 7.3± 3.6 < 6 < 8

Table 1: The branching fractions �
cJ

! V � in units of 10�6. The total fractions are taken from the
Review of Particle Physics [6]. The original experimental results can be found in [1,2]. In order to obtain
the di↵erent contributions for the �

c1 decays we used the ratios fV

? = �[�
c1 ! V?�]/�[�

c1 ! V �] from
Ref. [2].

helicity amplitudes which can provide additional interesting information about the underlying mechanism
of quark-gluon interactions. This point has not yet been considered to full extent in the literature.
For instance, within the systematic QCD factorisation framework the leading-order contribution with a
longitudinal outgoing vector meson is given by the diagram as in Fig.1(a) but for a transversely polarised
meson (V?) one has to consider the matrix element with the three particle wave functions as in Fig.1(b) and
Fig.1(c). The first diagram is of order ↵2

s

, the second is of order ↵
s

but suppressed by a factor ⇤
QCD

/m
c

because of subleading twist-3 collinear operators describing the overlap with the light outgoing meson.

Figure 1: The various contributions to the decay amplitudes: (a) the leading-order contribution for the
longitudinal amplitude with Vk; (b) and (c) two di↵erent contributions for the transverse amplitude with
V?.

A description of the reactions with charmonium states can be challenging because of possible large
contributions of the colour-octet operators; see, e.g., review [7] and references therein. This mechanism
could be especially important for the description of exclusive P -wave hadronic decays and has been
studied within a phenomenological framework in Refs. [8, 9] and in the Coulomb limit in Ref. [10]. The
contributions with the colour-octet operators can also play an important role in the description of the
radiative decays of �

cJ

. A hint about this can be seen from the following observation.
The various contributions to the decay amplitudes can be associated with the following two matrix

elements: either the photon is emitted from the light quark or from the heavy quark
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Conclusions

The dominant contribution in              is the color-singlet term
suppressed as 

�c1 ! Vk�

The discrepancy with data for the ratio

�⇢ �! ��

�
c1 ! Vk� 153.1+18.2+103.7

�16.7�70.5
13.6+1.6+9.2

�1.5�6.3 31.3+4.2+21.4
�3.8�14.5

�
c2 ! Vk� 4.8+0.2+3.1

�0.2�2.1
0.43+0.02+0.27

�0.02�0.19 0.9+0.05+0.59
�0.04�0.41

Table 2: The obtained values for the Br
⇥

�
c1,2 ! Vk�

⇤

in units of 10�6.
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Their numerical values read

A1 = 1.32 + 5.46i, A2 = �12.71 + 6.01i , (68)

B1 = 7.00 + 4.79i, B2 = 9.61 + 6.12i. (69)

The transverse amplitudes depends on the twist-3 DAs defined in Eqs.(A.5)-(A.8) in Appendix A. For
the quark-gluon DAs we use the models given in Eq.(A.15) which has been suggested in Refs. [28–30]
. The non-perturbative parameters which enter in these formulas have been taken from Ref. [31] at the
scale µ = 1GeV:

⇢ and !-mesons : ⇣3 = 0.030± 0.010, !A

3 = �3.0± 1.4, !V

3 = 5.0± 2.4, (70)

�-meson : ⇣3 = 0.024± 0.008, !A

3 = �2.6± 1.3, !V

3 = 5.3± 3.0 . (71)

In the following estimates we neglect the small di↵erence for the �-meson and consider as a first guess
that all parameters are constrained only by the values in Eq.(70).

For the isosinglet mesons ! and � we have an additional contribution from the three gluon DAs. Taking
into account the conformal expansion and mixing with the quark operators (see details in Appendix) we
use for them the models given in Eq.(A.17). We assume that the value of the corresponding local matrix
element is small because we expect a very small pure gluon component of the meson wave function at
low scale µ = 1GeV. Hence the constant !G

3 must be much smaller then the corresponding constants of
the quark gluon operators in Eq.(A.18) or

|!G

3 (µ = 1GeV)| ⌧ 1. (72)

We consider !G

3 as a free parameter and try to estimate its value from the comparison with the data.
The QCD evolution of the all twist-3 parameters is described in the Appendix A.

The numerical results also depend on the choice of the hard scale µ
h

. In the following calculations
it is fixed to be µ2

h

= 2m2
c

if it is not written otherwise. For the total decay rates we used the data
from Ref. [6]: �

tot

[�
cJ

] = {10.5, 0.84, 1.93}MeV for J = 0, 1, 2, respectively. Finally, in the following
calculations we use the NLO QCD coupling which has the value ↵
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(2m2
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) = 0.290
We start our discussion from the description of the branching rations Br

⇥
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cJ

! Vk�
⇤

because these
observables are largest for �

c1 decays. The obtained results are given in Table 2. The first error shows the
sensitivity to the value of the parameter aV2 within the intervals given in Eq.(65). The second error shows
the dependence on µ
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< µ
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. The corresponding errors are large because
the decay rates are proportional to the fourth power of the QCD coupling Br
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reliable although the obtained numbers lie somewhat below/above of the experimental results given in
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�
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⇥
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/Br
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i

in which the

normalisation ambiguities cancel. If one assumes that the dominant contribution to the amplitudes arises
from the terms associated with u and d-quark components of the electromagnetic current in Eq.(3) then
using SU(2) symmetry one finds that this ratio must be
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9
, (73)
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tions: CLEO [1] and BESIII [2]. Theoretical estimates have been given in Refs. [3, 4]. In these papers,
the authors use the pQCD formalism in combination with specific models for the light meson wave func-
tions, and the constituent quark masses have been used as infrared regulator in these calculations. The
obtained estimates for the �

c1 ! ⇢(!,�)� decay rates are few times smaller than the measured ones.
To resolve this discrepancy the authors of Ref. [5] used a phenomenological model with intermediate
D�meson interactions.

In Table 1 we collect the current branching fraction measurements for the decays which have been
measured. From this table it is seen that the largest branchings for all channels are provided by decay
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c1 ! V �. Moreover, in this case the decay rate is dominated by the longitudinal meson (Vk) in the
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Table 1: The branching fractions �
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! V � in units of 10�6. The total fractions are taken from the
Review of Particle Physics [6]. The original experimental results can be found in [1,2]. In order to obtain
the di↵erent contributions for the �

c1 decays we used the ratios fV
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helicity amplitudes which can provide additional interesting information about the underlying mechanism
of quark-gluon interactions. This point has not yet been considered to full extent in the literature.
For instance, within the systematic QCD factorisation framework the leading-order contribution with a
longitudinal outgoing vector meson is given by the diagram as in Fig.1(a) but for a transversely polarised
meson (V?) one has to consider the matrix element with the three particle wave functions as in Fig.1(b) and
Fig.1(c). The first diagram is of order ↵2

s

, the second is of order ↵
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but suppressed by a factor ⇤
QCD
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because of subleading twist-3 collinear operators describing the overlap with the light outgoing meson.

Figure 1: The various contributions to the decay amplitudes: (a) the leading-order contribution for the
longitudinal amplitude with Vk; (b) and (c) two di↵erent contributions for the transverse amplitude with
V?.

A description of the reactions with charmonium states can be challenging because of possible large
contributions of the colour-octet operators; see, e.g., review [7] and references therein. This mechanism
could be especially important for the description of exclusive P -wave hadronic decays and has been
studied within a phenomenological framework in Refs. [8, 9] and in the Coulomb limit in Ref. [10]. The
contributions with the colour-octet operators can also play an important role in the description of the
radiative decays of �

cJ

. A hint about this can be seen from the following observation.
The various contributions to the decay amplitudes can be associated with the following two matrix

elements: either the photon is emitted from the light quark or from the heavy quark
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The octet and singlet contributions in              �c1 ! V?� are of the same order.
Observation: the data can be described by color-singlet mechanism  including 
small 3g coupling for I=0 mesons. More accurate data for hadronic DAs are 
important!

Further measurements for               will help to clarify the decay mechanism�c0,2 ! V �
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Radiative decays XcJ → Vγ

Using that the heavy quark mass is quite large m � ⇤
QCD

one finds

q ' m(1, 0, 0, 1) = 2m
n̄

2
, p ' m(1, 0, 0,�1) = 2m

n

2
, (7)

where we introduced auxiliary light-cone vectors n and n̄ with (nn̄) = 2. The four-velocity in Eq.(5)
reads

! =
1

2
(n+ n̄) , !2 = 1. (8)

Any 4-vector Fµ can be expanded as

Fµ = (F · n) n̄
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+ (F · n̄) n
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where F? denotes the components transverse to the light-like vectors : (F? · n) = (F? · n̄) = 0. Similarly,
one can also write a decomposition

Fµ = (F · !)!µ + Fµ

>, (10)

where F> denotes the component which is orthogonal to the velocity !: (! · F>) = 0.
The amplitudes defined in Eq.(3) can be parametrised as
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where ✏
�

and ✏⇤
V

denotes polarisation vectors (or tensors in case of �
c2) of the initial and final mesons.

Furthermore, the amplitudes A
k
iV

and A?
iV

(T?
2V ) correspond to the longitudinal and transverse vector

meson V , respectively. In Eq.(12) the following notation has been used
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The definitions of the amplitudes in Eqs.(11-13) are chosen in such way that they are dimensionless
and can be associated with the corresponding helicity amplitudes �
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Using that the heavy quark mass is quite large m � ⇤
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1 Introduction

The radiative decays of P -wave charmonia �
cJ

have been measured by di↵erent experimental collabora-
tions: CLEO [1] and BESIII [2]. Theoretical estimates have been given in Refs. [3, 4]. In these papers,
the authors use the pQCD formalism in combination with specific models for the light meson wave func-
tions, and the constituent quark masses have been used as infrared regulator in these calculations. The
obtained estimates for the �

c1 ! ⇢(!,�)� decay rates are few times smaller than the measured ones.
To resolve this discrepancy the authors of Ref. [5] used a phenomenological model with intermediate
D�meson interactions.

In Table 1 we collect the current branching fraction measurements for the decays which have been
measured. From this table it is seen that the largest branchings for all channels are provided by decay
�
c1 ! V �. Moreover, in this case the decay rate is dominated by the longitudinal meson (Vk) in the

final state. The data presented in Refs. [1, 2] also allow one to study the contributions of the di↵erent

�
c1 ! V � �

c1 ! Vk� �
c1 ! V?� �

c0 ! V � �
c2 ! V �

�⇢ 220± 18 184.8± 15.7 35.2± 7.4 < 9 < 20
�! 69± 8 51.8± 8.9 17.3± 6.5 < 8 < 6
�� 25± 5 17.7± 4.9 7.3± 3.6 < 6 < 8

Table 1: The branching fractions �
cJ

! V � in units of 10�6. The total fractions are taken from the
Review of Particle Physics [6]. The original experimental results can be found in [1,2]. In order to obtain
the di↵erent contributions for the �

c1 decays we used the ratios fV

? = �[�
c1 ! V?�]/�[�

c1 ! V �] from
Ref. [2].

helicity amplitudes which can provide additional interesting information about the underlying mechanism
of quark-gluon interactions. This point has not yet been considered to full extent in the literature.
For instance, within the systematic QCD factorisation framework the leading-order contribution with a
longitudinal outgoing vector meson is given by the diagram as in Fig.1(a) but for a transversely polarised
meson (V?) one has to consider the matrix element with the three particle wave functions as in Fig.1(b) and
Fig.1(c). The first diagram is of order ↵2

s

, the second is of order ↵
s

but suppressed by a factor ⇤
QCD

/m
c

because of subleading twist-3 collinear operators describing the overlap with the light outgoing meson.

Figure 1: The various contributions to the decay amplitudes: (a) the leading-order contribution for the
longitudinal amplitude with Vk; (b) and (c) two di↵erent contributions for the transverse amplitude with
V?.

A description of the reactions with charmonium states can be challenging because of possible large
contributions of the colour-octet operators; see, e.g., review [7] and references therein. This mechanism
could be especially important for the description of exclusive P -wave hadronic decays and has been
studied within a phenomenological framework in Refs. [8, 9] and in the Coulomb limit in Ref. [10]. The
contributions with the colour-octet operators can also play an important role in the description of the
radiative decays of �

cJ

. A hint about this can be seen from the following observation.
The various contributions to the decay amplitudes can be associated with the following two matrix

elements: either the photon is emitted from the light quark or from the heavy quark

hV (p)|Jµ

em

|�
cJ

i = hV (p)|
X

u,d,s

e
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q̄�µq|�
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Radiative decays XcJ → V|| γ

Theory vs. experiment : only the color singlet contribution
branching  fractions in units 10-4

color octet contributions 

is the Spence’s function. These hard kernels have singular endpoint behaviour

ReT
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(x)
x!1⇠ 1

x̄
(50)

but these singularities are compensated by the endpoint suppression of the DA �V

k (x ! 1) ⇠ x̄ therefore
the convolution integrals in Eqs.(42) and (43) are well defined. We also assume the hard scale µ

h

⇠ m
in the argument of the QCD running coupling.

Above we obtained the well defined formula for the longitudinal amplitudes. However these contribu-
tions at leading-order are already suppressed by a small factor ↵2

s

(µ
h

).
This could reduce the value of colour-singlet contribution in comparison with the colour-octet one

which potentially can be of order ↵
s

(µ
h

). In the realistic case when mv2 ⇠ ⇤ the colour-octet ma-
trix element is nonperturbative therefore its computation is di�cult and can be done only within a
model-dependent framework. The other possibility is to perform the analysis of the leading colour-octet
correction in the Coulomb limit when mv2 � ⇤. In this case the scales v and � are well separated v � �
and the charmonium state can be considered as a perturbative Coulomb state. Such situation allows one
to establish the well defined scaling behaviour with respect to the small parameters v and �. The details
of our analysis can be found in Appendix B. We obtain the scaling behaviour

h
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where we introduced the ultrasoft scale µ
us

⇠ mv2. Therefore the ratio of octet to singlet amplitudes in

the Coulomb limit behaves as:
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).

For the real charmonium v ⇠ � and one can perform only the hard factorisation which gives the
power ↵

s

(µ
h

) and a four quark operator constructed from the heavy quark-antiquark fields (colour-octet
operator O8(3S1) in NRQCD, see Eq.(B.1) ) and hard-collinear fields, see Fig.3a. One can assume
that the corresponding matrix element describes the soft-overlap of the heavy and light mesons wave
functions. Because v ⇠ � we assume that ultrasoft fields in NRQCD and nonperturbative soft fields
in SCET with k

s

⇠ ⇤ coincides. In order to estimate the power behaviour of the colour-octet matrix
element we integrate over the hard-collinear modes in SCET, see Fig.3b. The interactions of the soft and
hard-collinear fields in this case remains the same as in the Coulomb limit and can be described by the
some subleading interactions in SCET suppressed by a small scale � (not v as in the Coulomb limit).
Therefore instead of powers of velocity v one obtains the same powers of �, with the di↵erence that we
now assume v ⇠ �. The colour-octet operator O8(3S1) overlap with the �

cJ

states at order O(v) and
this is also the same as in the Coulomb limit. This allows us to conclude that the scaling behaviour of
the colour-matrix element can be obtained from Eq.(51) assuming that ↵

s

(µ
us

) ⇠ 1. i.e.
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), (52)

For the charm quark the numerical values v2 ' 0.3 and ↵
s

(2m2
c

) = 0.29 and therefore numerically, the
relative size of these contributions is of order one. Hence we can conclude that in this case the colour-
octet contribution may potentially be important. If this is true then we must also observe this from the
numerical estimates when we take into account only the colour-singlet matrix elements. We will perform
such numerical study in Sec. 3.

2.3 Decay amplitudes with transverse light meson.

For the final state with transverse meson one has to consider the twist-3 distribution amplitudes. There
are two di↵erent possibilities: the photon is emitted from the light quark or from the heavy quark lines.
Examples of the corresponding diagrams are shown in Fig.4. The contributions with the three gluon
DAs are possible only for the isosinglet mesons ! and �. All these contributions are of order ↵

s

and the
corresponding hard kernels are described by tree diagrams. Their analytical expressions are quite lengthy
and we will not write them explicitly. Corresponding calculations are similar to the one described above
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now assume v ⇠ �. The colour-octet operator O8(3S1) overlap with the �

cJ

states at order O(v) and
this is also the same as in the Coulomb limit. This allows us to conclude that the scaling behaviour of
the colour-matrix element can be obtained from Eq.(51) assuming that ↵

s

(µ
us

) ⇠ 1. i.e.

h

A
k
1V

i

oct

/
h

A
k
1V

i

sing

⇠ v2/↵
s

(µ
h

) ⇠ �2/↵
s

(µ
h

), (52)

For the charm quark the numerical values v2 ' 0.3 and ↵
s

(2m2
c

) = 0.29 and therefore numerically, the
relative size of these contributions is of order one. Hence we can conclude that in this case the colour-
octet contribution may potentially be important. If this is true then we must also observe this from the
numerical estimates when we take into account only the colour-singlet matrix elements. We will perform
such numerical study in Sec. 3.

2.3 Decay amplitudes with transverse light meson.

For the final state with transverse meson one has to consider the twist-3 distribution amplitudes. There
are two di↵erent possibilities: the photon is emitted from the light quark or from the heavy quark lines.
Examples of the corresponding diagrams are shown in Fig.4. The contributions with the three gluon
DAs are possible only for the isosinglet mesons ! and �. All these contributions are of order ↵

s

and the
corresponding hard kernels are described by tree diagrams. Their analytical expressions are quite lengthy
and we will not write them explicitly. Corresponding calculations are similar to the one described above
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�⇢ �! ��

�c1 ! Vk�
exp.

153.1+18.2+103.7
�16.7�70.5

184.8± 15.7

13.6+1.6+9.2
�1.5�6.3

51.8± 8.9
31.3+4.2+21.4

�3.8�14.5

17.7± 4.9

�c2 ! Vk�
exp.

2.11+0.09+1.3
�0.08�0.9

< 20

0.19+0.008+0.12
�0.007�0.08

< 6

0.41+0.02+0.26
�0.02�0.18

< 8

Vk
) octet

singlet

⇠ v

2

↵s
⇠ ↵sv

4(⇤/mc)
2

!k,�k
)⇠ ↵sv

5(⇤/mc)
2 octet

singlet

⇠ v

3

↵s


