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Motivation

In heavy quark physics, we need to evaluate the branching
fractions of FCNC transitions, which is sensitive to the potential NP.

The b — sl*l™ process can be used to test SM. For example:
B — K*(— Km)utu~

The hadron transformation matrix element is parameterized as:

(p102|qTq|Hadron) ~ FHadron=¢12 (py, MG, 650"

~ F¢ & (m¢ s )FHadron%Resonance(q2)
1P2 192

[ |

Is non-perturbative at low Can be calculated

energy scale for QCD but perturbatively
can be calculated by EFT



ChPT Lagrangian

According to the spontaneous breaking of chiral symmetry,

SU3),xSU3)r = SU(3)y , we can construct the most
general, chirally invariant, effective Lagrangian at the lowest

order:
2

Fg
2
Lénpr = - Tr(DUDUT) + =

Tr(xU" + Ux")

U is parameterized by the 8 Goldstone fields ¢,, which live in
the quotient space SU(3), XSU(3)r/SU(3)y:

w04+ Lp V2t V2K
¢ : V3
U=exp(iz) ¢=) dada=| V2 -7+ Zn V2K
0 a=1 \/§K— \/if_{() _ 2



Power Counting

ChPT is essentially a non-renormalizable theory due to the
existence of infinitely many terms with arbitrary-high
dimensions that satisfying chiral symmetry.

L=LO 4L 4 M4
But for high dimension terms, their matrix elements are
suppressed by a factor:
()"

A

2
n = number of 0 and double of quark mass term. Mg o< mg

p 1s a typical small energy scale associated to the NG bosons. A is
called the chiral symmetry breaking scale which is around 1 GeV.

We need only finite terms to get an answer accurate to a given
order.



Meson-Meson Scattering

@ Expand the ChPT Lagrangian to 4 — ¢ order:

F? F?
Lonpr = - Tr(DLUDMUY) + 2 Tr(xUT + Ux')
—eop(i By 1442 L Ly
U—exp(zFO)—1+zFO+2!(zFo) + ...

Tree level scattering amplitudes:

6(m%)o — 2(m2)o — 3(s — 2t + u)

—4m2 + (m2)o + 3 5 5
atr— — 0.0 . Mo +3(}7’2L7r)0 + o8 Kon — Kon 12F02
0
2 2 _ _ 2(m2%)o — 2(m2)o + 3(s — 2t + u)
+ o+ 4+ _+ . (mK)0+(m7r)0_2S+t+u K, — Ko . T
K'nm > K™rn : 6F02 o7 070 12\/§FO2
KYK~ KtK— 4m%{ + 2(m%{)0 —3u Ton — TN (m721')0
— 3F02 0 0 . 3F02
. Am?% +2(m%)o — 3 16(m% )o — 7(m?
KOKO - K—}—K— mK + (mK)O U mn — mn . (mK)O (mﬂ')o

6F¢ 9F¢



Meson-Meson Scattering

\\ pi0 0 // \\ pip 0 // \\ Kp 0 //
@ One Ioop .\\ ///—\\\ p/// .\\ ///P\\\ p/// .\\ //,b\\\ p///
pip Z pp Z pp "
® ® ¢ ®
t. 2 /)\ /\\ pi0 // \ /\\ pi0 //\ /(\ pi0
correction. ) NP ) T Y PPN
L7 PP pi0 e L7 b pip AN o Y Kp N
N KO /N t /N t ’
F I . S R plo 7 7 h /e‘—a\ pIO 7 d S /e‘—a\ plo 7/ 7
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A Py Ny
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wT'mT —DOTNT'TT AN AN pio AN N pi0 AN AN pi0
S N NN D NI

Wlth the help .7 Pip KO AN pip pi0 N LT pip eta AN
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FeynArt and Bt Sl TR e 7T TR eo o TTT
/ \ / \ / \
/ \ / \ / \
FormCalc pio | Y pip Kp ¥ A KO pip ¥ | eta
/ / /
\\ y \\ y \\ ,
o e-——®— o e-—-—®T_ o e——®T
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Renormalization Program

The divergence of loop correction has the form:
2

I'; m¢
L+1 — In —-
3272 (L+1+c—In 2 )

2

In order to subtract the divergence, we need to introduce
higher order Lagrangians:

Ly = LiTx[(D,U)(D,U)'? + Lo Tx[(D,U) (D, U) T [(D*U) (DY U)]
+L3Tr[(D,U)(D*U) (D, U)(D*U)'] + LyTr[(D,U)(D*U) | Te[xUT + Ux']
+LsTx[(D,U)(D*U) (XU + Ux")] + Le Tr[xUT + Ux')?

+ L Te[xUT — Ux"2 4+ LsTr[Ux'Ux" + xUTxU"]
—iLoTr[r,, (D*U)(D*U)" +1,,(D*U)T(DU)]

Lq ...Lg are low energy coefficients.



Renormalization Program

L; has the form:

r I';
L; = Li(p) — 35,2 (L+1)

They must satisfy the condition:
(L2 )+ (L2 V4 (L )= finite value and independent of scale p

1loop
Which means: o Lo
)+ 3oz =

I'h I's, I's TI's I's Tg Iy TIsg TI'g Iy
3 3 o 1 3 1L o > 1 1

32 16 8 8 144

48 4 4

The L; we use:

L, L, Ls L, Ls Ls L, Lg Lg
056 1.21 -2.79 -0.36 14 0.07 -044 078 7.1 x1073

A. Gomez Nicola and J. R. Pelaez. Meson meson scattering within one loop chiral perturbation theory

and its unitarization. Phys. Rev., D65:054009, 2002.



Define the SU(2) isospin operator: J, = Of T"'Q 0

(i) =) 2 S

We found that:

J_|zt) = —v2n®) |

So we can conclude:

I, 1,+1) =
|7, 1,0) =
.. ) |7T7]-7_1> —

Similarily:

K +1) - |k KL aly =
’§’+§> = & [ty =
1 1 _ 1] 1

K7§7_§> — KO> K7§7_§> —

50 Q=(a d)
Ji — iy

= V2|r")

— |m4)

|m0)

)

| Ko)

7,0,0) = [n)

—|K-)



=) Isospin Decomposition Of The Scattering Amplitude

Two particle eigenstates of isospin:

11 _ 11
‘K+7T+> = — K,§,§>|ﬂ',1,1> |K+7T > = |K,§,§>|7T,1,—1>
3 3 1 3 1 2 1 1
= —K”’§’§> = §KW’§’—§>+\/;K”’§’—§>
00 3 [KOn~) = |Km, 3, - 3)
|K°7%) = K, 5. =5 7, 1,0) m Ty 5573
2 3 1 1 1 1
= (J2|Km S, —= Y —4/2 |Km, =, —=
3‘ ) 2> 3‘ ) 2>

Isospin decomposition of The scattering amplitude (Km — Km channel)
T(KTrt — Ktat)(s,t,u) = Té—ﬁ_)KW(S,t, u)

1 3 3
TI%W—)KW(S’t7u) — 5 I%W—)Kw(ru”t? S) o 5 12(7r—>K7r(87t7u)



Unitarization of scattering ampltudes

® Unitarization of S matrix:
St = a—itha+1D) =1+iT -TH+TT =1
Optical theorem:
2Im (3| T |3) Z| (X|Ti)

For single channel scattering, s < inelastic threshold, only
ab — ab scattering exists. Optical theorem in terms of partial-
wave amplitudes:

, 1 /1
ImTy(s) = élgf:\r;gTJ(s)F Ty(s) = 5 /_1 Pj(cos0)T(s,0)d cos@.

For Multiple-Channel Scattering, s > inelastic threshold, We have
generalized optical theorem for partial-wave amplitudes:

Im[T;(s)] = Ts(s)X(s)T;(s) (X(8))ij = 0i 87y/5




=J) Unitarization of scattering ampltudes

Im[T;(s)] = Ts(s)%(s)T5(s)

This unitarity constraint can never be exactly satisfied in a
finite-order perturbation theory. Expand T; as a perturbative

series: ) A
TJ:T§)+T§)+...

The unitarity constraint can only be satisfied order by order:

ImT? = 0
m7{" = 7P%7?®



Unitarization of scattering ampltudes

® We need a non-perturbative form of T; that satisfy the exact

unitarity relation:
Im[T(s)] = T(s)E(s)T; (s)

Feyman diagram interpretation:

><><><><><><><

T(2) T (4) T®HT2)—-174)

unltarlzed

Where we only need S-channel scattering.

unitarize 2 2 4)\ — 2
punitarized _ p(®) (73 _ 7(1))-17:®



An amazing result

Unitarized scattering amplitude, I1=1, J=1, nr — nr channel:

UnitarizedTI1J1[1,1]

\ The peak around
780 MeV implies

the p meson
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Scalar Form Factor

Scalar current: .
Sij(z) = Qi(x)Q;(x) Q=(u d s)

For QCD Lagrangian, we have:

L=QLiPQr+ QriPQr — QrX,Qr — QLX[Qr — iG/‘ij“W

S oL N oL v My
i1 = — = m
’ (X )i 8(X;r)ij X =M ’ my

With similar procedure for ChPT, we have:

F¢B
Lihes =~ Tr(MUT + UM)

oL () oL ()
@ — (= -
1] (8/\/{@] + (9./\/1:3) |M—M
_FO2BO

= 5 (UT‘|—U)jz'




Scalar Form Factor

At lowest order:

_ 1 1
au = BO_—FO2+K+K_—|—%;7+677 —|—27r0—|—7r+7r_]+...
- on 1 1
dd = DBy —F0+K0Ko—%+677 —|—27T0—|—7r+7r |+ ...
- _ 2
§5s = DBo[-F; +KyKo+K,K_+ §772] + ...

2
ud = BO[KOK_+\/;W_]+...

_ K.n K_
is = BolKom_ — \/7 \;0]
_ K K
ds = Bo|-—2 2070 \ g x4+



Scalar Form Factor

Define the scalar form factor as: F°(s) = (a;(pa, )b; (ps, )|dq|0)
Introduce an auxiliary scalar field ¢
FiS(S) — <ai(pa¢)bi(pbi) T|¢> — <ai(pai)bi(pbi> Qq¢|¢>
Tree level amplitude (ud current for example) .
.kt T
/Kp/// K /p:p//
O -—->-—-a’ ¢ --->---«
exS \\ exS \\\
Ko \\\KO eta \\\ n
For 1-loop correction we should also include ¢ - r? :
Kp T[+ Ko T[+ T[+ T[+
Co T e S e o
O R I U Ve Lo
PiO\\\\ T[O piO\\\\ T[O " \\K:// \\plg\ T[O \pr/ \\\\\T[O

~

To subtract divergence, we need to introduce currents from higher

order Lagrangian: o _ or®  or@

(S2..)+(S? V+(SFic1d renorm) T {(Siree) = finite value and independent of scale pu

tree 1loop



Unitarization of Scalar Form Factor

Unitary constraint: 2Im (a;b;| T'|¢) = Y (X|T |asbs)™ (X| T |¢)
X

ImF79(s) = T¢ (s)2(s)FT9(s)

Only J=0 contributes.
By power counting we can expand F into series:

F=F94+F® 4.
But such series only satisfy ImF©® = 0
perturbative unitary relation: ImF® = TgO2F©

To satisfy non-perturbative unitary relation, F must be:

F=rpr0 4 To(2) (Téz) _ Té‘l))—lF(?)



Amplitude

—_

Scalar Form Factors above thredshold

ScalarCurrent[n]I0_pipi

— Imaginary part

— Real part

o[T T 11
m_
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0.9
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|
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N

V2
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ScalarCurrent[n]I0_KKbar

— Imaginary part

—— Real part
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Dispersion relation improvement

The unitarization approach may generate some spurious substructures
such as peaks below the thredshold that do not correspond to any physical

resonance. This 1s the so-called Adler zero:

The denominator can be very small at

(0 @) (@) _ (@)1 (2)
F=F" 4157 (Tp Io") F the minimum of det[T? (sq) — TW(s¢)]

To extend our unitarized form factors to the region below the threshold,
we use the dispersion relation:
Evaluated above thredshold

/

ReF(s) = l/OO dzw

/ T s 278

Evaluated at the whole region



Dispersion relation improvement

To reproduce the asymptotic 1/s-behavior, we need some modification on
the high energy behavior of ImF (s):
o)

ImF M (s) = (1~ o(s)ImF(s) + o (s)~—

o(s) = % (tanh {4(8(5_8 50) } + 1) o(—00) = 0 and o(+00) = 1

Do iteration:
ImF™ Y (5) = Re[T*(s)SF(™ (s)]
1 [  ImPF®+D
ReF("H)(s) = —/ dz (2)

T

in <z — S

F ) (5) = ReF(" U (5) + iImF ™+ ()



Scalar form factors of current n (real part)

Fn_pipi_Re[F]
3t —— 1 iteration
2i —— 2 iteration
: —— 3 iteration
1 L
; — 4 iteration
: ———— Energy GeV
; 0.6 1V\—\1.2
-1t
] FKK_Re[F]
_2:, [ —— 1 iteration
\’ 3j
: ; —— 2 iteration
-3F 2¢ . .
[ i —— 3 iteration
1t 4i i
—— 4 iteration
Fetaeta_Re[F] ; K
sl —— 1 iteration i 0.4 0.6 0.8 .0 2 Fneray GeV
? —— 2 jteration
2" —— 3 iteration
[ —— 4 iteration
a1
] Energy GeV
[ 0.4 0.6 0.8 1 1.2
-1 f
_2}




Scalar form factors of current n (image part)

Fn_pipi_Im[F]
1
. . Energy GeV
I 0.6 0.8 0 1.2
16
I Fn_KK_Im[F]
I — 1 i
-2r e B ~——— Energy GeV
] -2¢
3 3 |
[ I 4 _4f
Fn_etaeta_Im[F] -6¢
_al — 1
8r 81
j ﬁ : 2
-10r
: : — 3
6+ I
I — 1 -12¢
0 [ — 4
I — 2
4+
[ — 3
— e : Energy GeV
0.6 0.8 1.0 —F2




Vector Current

" Vector current corresponds to SU(3):
V; = QTG’V/LQ

QCD Lagrangian:
['ext — q_RfY'UJTZTGQR =+ QLV'UJTGZZQL

. (0 0
R L

Vector current in lowest order ChPT:

V2 = ZZO Tr[M\[U, 8,U1)
uytd = VI +iV)

— KR K+ iV2me i o+ ...
uyts = V{4V

_ 3 )
— i PR, — i\gl{_ﬁn _ %K_ﬁwo ;o



Vector form factors of current ss

Fss_KK_Im[F]
0.6° —— 1 jteration
0_4} —— 2 iteration
- —— 3 iteration
0.2+ . :
- — 4 iteration
: : Energy GeV
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~0.2¢
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20! —— 1 iteration
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7 4 iteration
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Tensor Current

Since thers’s no tensor source term in both QCD and ChPT
Lagrangian, we need to add it by hand:

= VU= exp A ;;:’o(w) } u, = i(u'0,u — ud,ul)

th” = uTthul & ut™u

LW 5 — iAo Tr[tH uyu,
" T’“’ ) = Qi(x)a“”@j (x)

L e OL e OL
(s

txp)ij 8(t;p)ij
aoc*u = ?22( 0,Kt0,K~ +0,K 0,K" —9,ntd,n~ + 9,7 d,m") + ...
do*vd i —5 (O K%, K" — 8MK08,,K'O + 8M7r+8,,7r_ — 8M7r_8,,7r+) +

Fg



Tensor form factors of current ss

Fss_KK_Re[F]

——
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145 1 iteration
—1.50? —— 2 iteration
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Conclusions

Meson-Meson Scattering

T with 1-loop correction.
Ty with isospin decomposition.

Unitarized T]

Meson Form Factors

Scalar, Vector and Tensor Currents in Meson ChPT.

Unitarized form factors.

Dispersion relation improvement.



Thank you for your attention !



In The Language of Group

Assume the 8 Goldstone bosons ¢; form an 8-dimension
space M.

® Define an action of G on q_5 , which has properties:
90(6,61_5) =&, V& e M, eidentity of G

o(g1,0(g2,®)) = ©(g192,®), | V® € M, g1,92 € G

homomorphism

® After symmetry breaking, the symmetry group becomes H,
under which the ground state ¢; = 0 (origin of M) should be
iInvariant.

¢(h,0) =0, YVh €¢ H



T

) In The Language of Group

)
Jag yonG

@ Consider the quotient G/H:

G/H ={gH|g € G}, gH ={ghlh € H}
® Themap f:G/H - M, ® = ¢(gh,0) Ygh € gH | f has two
properties:
1. Elements of the same coset gH map the origin to the same
point in M:
2. The mapping is injective with respect to the elements of G /H
f

—




In The Language of Group

® Consider the quotient G/H:
G/H ={gH|g € G}, gH ={ghlh € H}
The map G/H - M: ® = ¢(gh,0) has two properties:

1. Elements of the same coset gH map the origin to the same
point in M:

p(gh,0) = ¢(g,¢(h,0)) = ©(g,0) Vgh €gH, Vg €G
2. The mapping is injective with respect to the elements of G/H

If g1,92 € G and g2 ¢ g1 H, asume ©(g1,0) = ©(g2,0). Then:
0= ¢(e,0) = (g7 91,0) = p(g7 ", v(91,0)) = w(g; ", ©(g2,0)) = (g7 ' g2,0)

Which implies g; lgo € H or g5 € g1H in contradiction to the assumption.



In terms of QCD

For QCD:
G=SU(3)xSU(3)={(L,R)|[L € SUB3),Re SU(3)}
H={(V, V)|V e SU(3)}
A coset can be expressed as:
forVg=(L,R) € G
gH = (L,R)H = (L,R)(L",L"YH = (1, RL")H
Thus a coset can be characterized by a SU(3) matrix: RL'
Under transformation g:

ggH = (L, RRLYH = (1, RRL'LY)(L,L)H = (1, R(RLHLHH

if U= RL! then U — RUL!



Locally Invariant QCD Lagrangian

Vector currents Locp = L%C »+ Lext
orach: Lozt = gy (vp + 5a)q
v = vl at = ay Y

Define: r,=v,+a, l,=v,—a,

Lezt = qrY*1par + q27"1u4L
Under SU(3)xSU(3) transformation:
T, — R?“MRJr + iR@MRT

l, = LI, LT +4iLo, LT



One Particle Eigenstates of Isospin

Meaon wave functions: Define the SU(2) isospin operator:

A A+ Ti A A ~\T
:ng i=Q'2Q Q=(a d)
1 ~
75 (1)~ o) i= () a=(3)
[us) ‘ ;
|s1) Jy = J1 +idy = ald = alag + bb],
|ds)
d A N " n
’SR J_=Jy—iJy =d'a=ala, + babl
75 (Juz) + |dJ> — 2|s5)) ) )
J_|7T) = (alay + bgb})|ud)
= |dd) + |tu)

= |dd) — |au) = —v2|n°)

J_|7%) = V2|da) = V2|7 ™)



One Particle Eigenstates of Isospin

Since for isospin eigenstates:

j-l- |I7 I3>
J_|I,15)

VI —L)YT +1I3+1)|1,13+1)
VI + )T —I3+1) 1,13 —1)

We can conclude that: |7, 1,41)

Similarily:
1 1
K, - +- =
) 27+2> |K+>
1 1
K, - —— = |K
’ 27 2> | 0>

17, 1,0)

|, 1, —1)

= —|my)

= |mo)

= [7)



Unitarization of scattering ampltudes

We need a non-perturbative form of T; that satisfy the exact
unitarity relation: Im[T;(s)] = T5(s)X(s)T5(s)

This relation means:
Im[T;'] = -X

T; = (Re[T;] —ix) ™

Expand T; in series:

T, = TV +17 + ...
—1
— T;1 = (T}2)+T}4)+..)

1
- ((1 + 7Tt ) T§2))

—1
= TP (17T L)

= 7P (1-TPTP T+ )



#7) Unitarization of scattering ampltudes

Ty = (Re[T; '] —ix) ™

Since 7%~ is real,
Re[T; ") = 777" (1= Re[TyT3 " + ..
- —1
T, = TP (1= Re[T{TP T 4 ) - 732}

= |17 (1P~ Re[1}?) - TP 2T

|\/—|-
|
&%

= TP (1) — RelT) — T P31 + .
= 7 (T(Q) Re[T'Y] — iIm[T§4)]+...)

—1
TP (1 - 1)

(2)

Q

() _ (4)) L@



Unitarization of Scalar Form Factor

Unitary constraint:  op, (4.5, 7 |4) = S (X T Jaibs)* (X T [o)
X

In terms of partial wave amplitude:

ImF?9(s) = T} (s)2(s)FT9(s)
Only J=0 contributes.
By power counting we can expang F into series:
F=F9 4+ Fp® 4
But such F only satisfy perturbative unitary relation:

ImF® = 0
mF® = TVsF©



Unitarization of Scalar Form Factor

To satisfy non-perturbative unitary relation, we find that F
must has the following form: (A is a real vector)
F=TyA
Since Ti¥XTpA = (ImTp)A =ImF
Unitarized Ty is: Ty = T\ (T — (V) -17¥
Then: F=17P1® —1-11 4
= Ty (15" = 15") 7 (A© + 4@ 1)
= T57((1 - TV 1) A + AP 4 )
= A© 4 (A® 4 TITA71 4Oy 4
=FO L @ 4
Thus we have:

A0) — p(0) A® = F@ _7W (7P -1F(0)



(1

— ) _

— ) _
— ) _
— ) _
— g0

F = 1P 1"

20 -1 (@?) HFO + PO

~ Ty (1) FO 4 B

ReTy" +imTV)(T?) ' F© + ReF® + iImF?)
ReT\¥ (T(2)) Lp©) B (1Y -1FO) 4 ReF® 4+ {ImF®)
Re T(4)( NLEO) i ImF® + ReF® + iImF®

- ReT()(4)(T()(2)) 'FO 1+ ReF® mm |s real !

Then we have the simplified form:

F

= T(17 = To7) 70 - TP (1) ) FO 4 FO)
— F(O) + TO(Q) (Té2) . TO(4))—1F(2)



Scalar Form Factor

® 1-loop correction ¢ -» KTK?:

pio pip Kp
VAEEREN - Y TN - AN
[ ) // [ ‘ // -~
N p N p N p
——— r\ —_——— r\ ——— r\
exS \\ exS \\ exS N
A 4 A / A /
KO >~ KO~ KO~
N N
N N
KO eta
/r\\ // /\\ //
[ ) // l ) // KO Kp P
/-~ \ Ve o d< (
N Kp N Kp Vs 7
- I o - _ —
SN e N o »— Q
exS ~ exS ~ exS \ < Ko
KO ~ KO ~ N
~ N Kp
N N
s
eta Kp 7
//—\\ /(
__’__‘ ‘
exS A // < Ko
> A 4



Scalar Form Factor

pio pip Kp
RN - AN - AdREN
| // { ] // -~
\ /o7 \ PR o
N pip N pip N pip
exS ~ exS \\ exS ~
N N N
eta > eta > eta
N N
~N N
KO eta
i - i \ -~ KO pip
\ y nd \ nd - v
— - PP > - PP /
e —— < —_——— S -——>——-@
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Scalar Form Factor

To subtract divergence, we need to introduce currents from
higher order Lagrangian:

or4  yr)
s — (2= _
= any omr) e

= —2BoL4Tr[(8,U0)(0*UN(UT +U) ;s — 2BoLs(UT(0,U)(0*UT) + (8, U)(0*UNU ) i
—8BALeTr[MU' + UMM (U + U)j; — 8B3 Ly Te[MUT — UMT(UT — U);;
—8B2Lg(UM'U + UTMUT) ;

To satisfy:

(S82.c0) + (S%looz?) +(St...) = finite value and independent of scale



Unitarization of scattering ampltudes

Partial-wave decomposition:
Extract out the angular dependence of the scattering amplitude T:

o0

T(s,0) =Y (2J + 1)Py(cos0)Ty(s)

J=0
Using the orthogonality relation of Legendre polynomials:

Ty(s) = l/ Pj(cos0)T'(s,0)dcos¥.

Optical theorem:

A A

ST = 1—iTHA+1T) =1+i(T-TH+T'T =1

2Im (i| T'|4) Z| (X|Ti)



