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Motivation

Non-relativistic Potential

According to the conventional constituent-quark model, the mesons

can be seen as a composition of a quark and an antiquark. The quark

potential depends on the spin structure of the interaction.

Γ ⊗ Γ =



Scalar, 1 ⊗ 1

Pseudo-scalar, γ5 ⊗ γ5

Vector, γµ ⊗ γµ

Pseudo-vector, γµγ5 ⊗ γµγ5

Tensor, σµν ⊗ σµν

Vectorµ

VV = V (r) +
1

8

(
1

m2
1

+
1

m2
2

)
∆V (r)−

1

2m1m2
{{~p1V (r)~p2 − ~p1~r

V ′(r)

r
~r~p2}}

+
2

3m1m2
∆V (r)(~s1 · ~s2) +

1

3m1m2

(
V ′(r)

r
− V ′′(r)

)(
3(~s1 · ~̂r)(~s2 · ~̂r)− ~s1 · ~s2

)
+

V ′(r)

2r

[
(~r × ~p1) · ~s1

m2
1

−
(~r × ~p2) · ~s2

m2
2

+
2

m1m2
((~r × ~p1) · ~s2 − (~r × ~p2) · ~s1)

]
,
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Motivation

Non-relativistic Potential

Scalarµ

VS = S(r)−
S′(r)

2r

(
(~r × ~p1) · ~s1

m2
1

−
(~r × ~p2) · ~s2

m2
2

)
−

1

2m2
1

{{~p1S(r)~p1}} −
1

2m2
2

{{~p2S(r)~p2}},

Pseudo-scalarµ

VP =
1

3m1m2
∆P (r)(~s1 · ~s2)

−
1

3m1m2

(
P ′(r)

r
− P ′′(r)

)(
3(~s1 · ~̂r)(~s2 · ~̂r)− ~s1 · ~s2

)
,

Pseudo-vectorµ

VA = −4A(r)(~s1 · ~s2) + O(1/m2),

Tensorµ

VT = 4T (r)(~s1 · ~s2) + O(1/m2),

with the notation

{{~piF~pj}} =
1

4
(~piF~pj + ~pjF~pi + ~pi~pjF + ~pj~piF ).
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Motivation

Relativized Quark Model

“Mesons in a relativized quark model with chromodynamics”,

S. Godfrey and N. Isgur,

Phys. Rev. D32, 189 (1985).

• The smearing function:

Ṽ (r) =

∫
d3r′ρij(r − r′)V (r′),

with

ρij(r − r′) =
σ3
ij

π3/2
e−σ

2
ij(r−r′)2 ,

σ2
ij = σ2

0

(
1

2
+

1

2

(
4m1m2

(m1 +m2)2

)4
)

+ s2
0

(
2m1m2

m1 +m2

)2

• m↔ E ambiguity:

Ṽi(r)

m1m2
→
(
m1m2

E1E2

)1/2+εi Ṽi(r)

m1m2

(
m1m2

E1E2

)1/2+εi
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The Relativistic Model

Bethe-Salpeter Equation

“A Relativistic Equation for Bound-State Problems”,

H. A. Bethe and E. E. Salpeter,

Phys. Rev. 84, 1232 (1951).

The Bethe-Salpeter Equation for the quark-antiquark system can be written as:

(p/1 −m1)χ(p1, p2)(p/2 +m2) =
1

(2π)4

∫
d4p′1d

4p′2K(p1, p2; p′1, p
′
2)χ(p′1, p

′
2),

where p1 and p2 relate to the total momentum P and the relative momentum p as

follows:

p1 = α1P − p, α1 =
m1

m1 +m2
,

p2 = α2P + p, α2 =
m2

m1 +m2
.

Using the energy-momentum conservation, we have

(p/1 −m1)χ(p, P )(p/2 +m2) =

∫
d4p′

(2π)4
K(p, p′, P )χ(p′, P ).
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The Relativistic Model

Bethe-Salpeter Equation

Here we choose the interaction kernel as the standard Coulomb-plus-linear

form, which is one-gluon-exchange (OGE) dominant at short distances with linear

confinement at long distances. If one applies the instantaneous approximation, the

kernel can be written as:

K(p, p′, P ) = γ(1) · γ(2)Vv(−k2) + Vs(−k2),

where the transferred momentum k is defined as:

k = p− p′.

Since the interaction kernel K(p,p′, P ) is no longer dependent on p′0, we

can perform the integration over p′0.

The projection operators are defined as

Λ
(i)
± =

1

2
(1±hi),

hi =
Hi
ωi
,

ωi =
√
p2 +m2

i , i = 1, 2
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The Relativistic Model

Bethe-Salpeter Equation

where

H1(p) = −α(1) · p+ β(1)m1,

H2(p) = α(2) · p+ β(2)m2.

Applying the projection operators, the four coupled equation can be written as

(E − ω1 − ω2)φ++(p) = −2πiΓ++(p),

(E + ω1 + ω2)φ−−(p) = 2πiΓ−−(p),

φ+−(p) = 0,

φ−+(p) = 0,

where

φ±± = Λ
(1)
± Λ

(2)
± φ, Γ±± = Λ

(1)
± Λ

(2)
± Γ,

φ(p) =

∫
dp0ψ(p0,p),

Γ(p) =

∫
d3k

(2π)4
γ

(1)
0 γ

(2)
0

[
Vv(−k2)γ(1) · γ(2) − Vs(−k2)

]
φ(p+ k).
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The Relativistic Model

The Equivalent Equation

After Fourier transformation into coordinate space, we can prove that the

four coupled equation are equivalent to:(
H1 +H2 +

1

2
(h1 + h2)U − E

)
φ(r) = 0,

(h1 − h2)φ(r) = 0,

with

U(r) = U1(r) + U2(r),

U1(r) = Vv(r) + β(1)β(2)Vs(r),

U2(r) = −1

2
[α(1) · α(2) + (α(1) · r̂)(α(2) · r̂)]Vv(r).

Furthermore,

(h1 − h2)φ = 0 ⇔ φ =
1

2
(h1 + h2)ϕ.
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The Relativistic Model

The Equivalent Equation

Then we have (
H1 + H2 +

1

2
(h1 + h2)U − E

)
1

2
(h1 + h2)ϕ = 0,

which is equivalent to(
1

2
(1 + h1h2)(ω1 + ω2) +

1

2
(h1 + h2)U

1

2
(h1 + h2)−

1

2
(h1 + h2)E

)
ϕ = 0.

Noticing the relations

(1 + h1h2)
1

2
(h1 + h2) = h1 + h2,

(1 + h1h2)h1,2 = h1 + h2,

we can have two different equivalent forms, they are

1

2
(1 + h1h2)

(
ω1 + ω2 +

1

2
(h1 + h2)U

1

2
(h1 + h2)−

1

2
(h1 + h2)E

)
ϕ = 0

and(
ω1 + ω2 +

1

2
(h1 + h2)U

1

2
(h1 + h2)−

1

2
(h1 + h2)E

)
1

2
(1 + h1h2)ϕ = 0.
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The Relativistic Model

The Equivalent Equation

Here we guess a form that is equivalent to the above two equations by

employing the common part of them, that is(
ω1 + ω2 +

1

2
(h1 + h2)U

1

2
(h1 + h2)− 1

2
(h1 + h2)E

)
ψ = 0.

• Left multiplying by 1
2
(1 + h1h2),

• Taking take ψ = 1
2
(1 + h1h2)ϕ.

The above equation is equivalent to the instantaneous Bethe-Salpeter equation.

Analogously, we can obtain the two other equivalent equations(
ω1 + ω2 +

1

2
(h1 + h2)U

1

2
(h1 + h2)− h1E

)
ψ = 0,(

ω1 + ω2 +
1

2
(h1 + h2)U

1

2
(h1 + h2)− h2E

)
ψ = 0.
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The Relativistic Model

Foldy-Wouthuysen Transformation

The original Hamiltonian can be written in the form

H = βm+ E +O,

where O is the “odd” operator and E is the “even” operator.

H̃ = eiSHe−iS

eAHe−A =
∞∑
n=0

1

n!
[A(n), B],

[A(0), B] = B, [A(n+1), B] = [A, [A(n), B]]

S = − iβ

2m
O

According to the Foldy-Wouthuysen transformation, the transformed

Hamiltonian reads

H̃ = βm+ E +
β

2m
O2 +

1

8m2
[[O, E ],O]− β

8m3
O4 + · · ·
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The Relativistic Model

The Effective Hamiltonian

Now we consider performing the Foldy-Wouthuysen transformation on the

equivalent equation. the odd and even operators in the above equation are

E = −E
(
m1

ω1
− 1

)
β(1) +∆ω1 + ω2

+
1

2

(
−α

(1) · p
ω1

)
U2

1

2

(
m1

ω1
β(1) + h2

)
+ h.c.

+
1

2

(
m1

ω1
β(1) + h2

)
U1

1

2

(
m1

ω1
β(1) + h2

)
+

1

2

(
−α

(1) · p
ω1

)
U1

1

2

(
−α

(1) · p
ω1

)
and

O = −E
(
−α

(1) · p
ω1

)
+

1

2

(
−α

(1) · p
ω1

)
U1

1

2

(
m1

ω1
β(1) + h2

)
+ h.c.

+
1

2

(
m1

ω1
β(1) + h2

)
U2

1

2

(
m1

ω1
β(1) + h2

)
+

1

2

(
−α

(1) · p
ω1

)
U2

1

2

(
−α

(1) · p
ω1

)
,

where h.c. stands for Hermitian conjugate.
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The Relativistic Model

The Effective Hamiltonian

H = H0 +H ′, H ′ = H ′1 +H ′a +H ′b.

The leading order Hamiltonian H0 and the subleading Hamiltonian H ′ to order

1/m2
Q can be written as

H0 = ω1 + ω2 +
1

2
(1 + h2)U1

1

2
(1 + h2) ,

H ′1 = −1

2
{σ

(1) · p
m1

, Ũ2},

H ′a =
1

4

σ(1) · p
m1

Ũ1
σ(1) · p
m1

+
1

8
{ p

2

m1
, U1},

H ′b =
1

4E

(
Ũ2

1

2
(1− h2)Ũ1

σ(1) · p
m1

+ h.c.

)
− 1

4E

(
Ũ2

1

2
(1− h2)

σ(1) · p
m1

U1 + h.c.

)
,

the interaction potentials U1(r), Ũ1(r) and Ũ2(r) in the above equations are

defined as:

U1(r) = Vv(r) + β(2)Vs(r),

Ũ1(r) = Vv(r)− β(2)Vs(r),

Ũ2(r) = −1

2
[σ(1) · α(2) + (σ(1) · r̂)(α(2) · r̂)]Vv(r).
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Solving the Wave Equation

Ω(p)jl(kr)Ylm(r̂) = Ω(k)jl(kr)Ylm(r̂)

Ω(p) is a pseudo-differential operator function and Ω(k) is a normal function,

p and k stand for the modules of momentum operator p and momentum k,

respectively.

Ω(p)ψ(r) = Ω(p)

∫
d3r′ δ3(r − r′)ψ(r′)

=

∫
d3r′

∫
d3k

(2π)3
Ω(k)eik·(r−r′)ψ(r′).

The exponential factor eik·r can be decomposed into series of spherical harmonics

eik·r = 4π
∑
lm

iljl(kr)Y
∗
lm(k̂)Ylm(r̂),

where jl is the l-th order spherical Bessel function, Ylm(r̂) is the spherical

harmonics. With the normalization conditions of the spherical Bessel function and

the spherical harmonics, the eigenequation of Ω(p) can be easily verified.
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Solving the Wave Equation

Solving the Wave Equation

It is easy to verify that the operators

{H0, j
2, jz,K, Sz}

are a set of mutually commuting operators, where j = L+ S(2), S(2) = 1
2
Σ(2),

K = β(2)(Σ(2) · L+ 1), S = 1
2
σ(1). Then the eigenequation associated with H0

can be written as:

H0Ψ
(0)
n,k,j,mj ,s

(r) = E
(0)
n,k,jΨ

(0)
n,k,j,mj ,s

(r),

where

Ψ
(0)
n,k,j,mj ,s

(r) =

(
gn,l,j(r)y

mj
j,l (θ, ϕ)

ifn,l,j(r)y
mj
j,2j−l(θ, ϕ)

)
χs

with k = ±(j + 1/2), for l = j ± 1/2,

ymj,l =

(
k+
j,l,mY

m−1/2
l

k−j,l,mY
m+1/2
l

)
, k±j,l,m =

 +
√

l±m+1/2
2l+1

, j = l + 1/2

∓
√

l∓m+1/2
2l+1

, j = l − 1/2.
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Solving the Wave Equation

Solving the Wave Equation

The spinor part of wave function can be expanded in terms of the spherical

Bessel function in the limited space:

Ψ =
N∑
i=1

giψ
A
i +

N∑
α=1

fαψ
B
α ,

where the orthonormalized basis can be written as

ψAi =
1

NA
i

jlA(
aAi r

L
)

(
y
mj
j,lA

0

)
,

ψBα =
i

NB
α

jlB (
aBα r

L
)

(
0

y
mj
j,lB

)
.

In the representation of {ψAi , ψBα } , the operator H0 has its matrix form

H0 =

(
< ω1 + ω2 >ij

< ω1 + ω2 >αβ

)
+

1

4

(
< Ha >ij < Hb >iβ
< Hc >αj < Hd >αβ

)
.
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Solving the Wave Equation

Solving the Wave Equation

We have

< ω1 + ω2 >ij =

[
ω1(

aAi
L

) + ω2(
aAi
L

)

]
δij ,

< ω1 + ω2 >αβ =

[
ω1(

aBα
L

) + ω2(
aBα
L

)

]
δαβ ,

here we define a symbolic notation

〈φ(r)〉m,lA;n,lB
=

∫ L

0

dr r2jlA(
aAmr

L
)φ(r)jlB (

aBn r

L
),

then we have

< Ha >ij =
1

NA
i NA

j

 m2

ω2(
aAi
L

)
+ 1

 m2

ω2(
aAj
L

)

+ 1

 < Vv + Vs >i,lA;j,lA

+
1

NA
i NA

j

1

ω2(
aAi
L

)

1

ω2(
aAj
L

)

〈(
k + 1

r
+

d

dr

)†
(Vv − Vs)

(
k + 1

r
+

d

dr

)〉
i,lA;j,lA

,
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Solving the Wave Equation

Solving the Wave Equation

< Hb >iβ =
1

NA
i NB

β

 m2

ω2(
aAi
L

)
+ 1

 1

ω2(
aB
β

L
)

〈
(Vv + Vs)

(
k − 1

r
−

d

dr

)〉
i,lA;β,lB

+
1

NA
i NB

β

1

ω2(
aAi
L

)

 −m2

ω2(
aB
β

L
)

+ 1

〈(k + 1

r
+

d

dr

)†
(Vv − Vs)

〉
i,lA;β,lB

,

< Hc >αj =< Hb >
∗
jα,

< Hd >αβ =
1

NB
α NB

β

 −m2

ω2(
aBα
L

)
+ 1

 −m2

ω2(
aB
β

L
)

+ 1

 < Vv − Vs >α,lB ;β,lB

+
1

NB
α NB

β

1

ω2(
aBα
L

)

1

ω2(
aB
β

L
)

〈(
k − 1

r
−

d

dr

)†
(Vv + Vs)

(
k − 1

r
−

d

dr

)〉
α,lB ;β,lB

.

Diagonalizing the Hermitian matrix of H0, we can get the eigenenergy of H0 and

the coefficients gi, fα, then the eigenequation associated with H0 is solved and

the eigenfunction is obtained.
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Numerical Results and Discussion
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Numerical Results and Discussion

Wave Functions
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Numerical Results and Discussion

The String Tension b

HSchr
0 = ω1 + ω2 + Vv(r) + Vs(r),

HDirac
0 = ω1 +H2(p) + Vv(r) + β(2)Vs(r),

HB−S
0 = ω1 + ω2 +

1

2
(1 + h2) (Vv(r) + β(2)Vs(r))

1

2
(1 + h2) .

Figure: The energy gap ∆E between the first radial excitation and the ground

state as a function of mq. The dashed, dotted and solid lines stand for the

Schrödinger, Dirac and Bethe-Salpeter schemes, respectively.
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Numerical Results and Discussion

The String Tension b

• When mq is taken large enough, the three schemes tend to give the same

value for the energy gap ∆E. It indicates the equivalence of the three

schemes when dealing with double-heavy mesons.

• In the region mq < 1GeV, which is the case for heavy-light mesons, the

three schemes give quite different values for the energy gap. It has the

pattern: ∆ESchr > ∆EDirac > ∆EB−S . In order to give the same energy

gap for a specific meson, the confinement parameter should be chosen as:

bSchr < bDirac < bB−S .

• In the Schrödinger and Dirac schemes, the energy gap changes slowly over

mq, this is especially true when mq is less then 1 Gev, ∆ESchr and ∆EDirac

can be viewed as constants. While in the Bethe-Salpeter scheme, ∆EB−S

changes drastically over mq. Experimentally, the ∆E’s are not sensitive to

their light quark masses. Thus bSchr and bDirac can be taken as a constant,

while bB−S varies with the quark mass.
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Numerical Results and Discussion

Spectrum of D mesons
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Numerical Results and Discussion

Spectrum of Ds mesons
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Numerical Results and Discussion

Spectrum of B mesons
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Numerical Results and Discussion

Spectrum of Bs mesons
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Summary

Summary

• A equation that is equivalent to the originally relativistic

Bethe-Salpeter equation is derived.

• The relativistic model is obtained through a heavy-quark expansion

with the Foldy-Wouthuysen transformation.

• the string tension b depend on the mass of the constituent quark,

especially of the light quark.

• Theoretical results are in good agreement with available experimental

data except for the anomalous D∗
s0(2317) and Ds1(2460) states.

• Heavy-light meson decays can be studied in the relativistic model in

further researches.
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Thank you!
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