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1. The Motivation



Motivation

. The precise evaluation of disconnected diagrams is one of the many
existing technical issues in lattice calculation.
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. More loosely speaking, we define the “disconnected” contraction to be
the contraction between two points with the same time coordinates.

. Disconnected contractions lead to unsuppressed noise:
Signal ~ exp{-m(t, —t,)} Noise ~ exp{—m'(t —t)} ~ const

so such diagrams are extremely NOISY.



Motivation

First example: lattice study of pion-pion scattering (scattering lengths
and energy-dependence):

Existing literatures:

I=2: can be traced back to Sharpe, Gupta and Kilcup, NPB 383
(1992) 309 (quenched). ~15 more papers since then.
Unquenched study starts from Yamazaki et al., PRD70 (2004)
074513.

[=1: Aoki et al., PRD 84 (2011) 094505. ~10 more papers since
then

[=0: Early attempts (quenched) made in Kuramashi et al., PRL
71 (1993) 2387 and Fukugita et al., PRD 52 (1995) 3003. Full
calculation starts from Fu, PRD 87 (2013) 074501. ~ 3 more

papers since then.



Motivation

. Significant difference in the difficulty level for the lattice study of
pion-pion scattering in different isospin channels, due to the different
contraction diagrams involved!
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“doubly-
disconnected”:
I=1: con. + sing.disc. Noisy!
I=0: con. + sing.disc. + doub.disc. More noisy!
. On the other hand, there’s no fundamental difference between
different contractions in terms of field theory!
. Lattice technology has improved, but still beneficial to gain insights

from field theory.



Motivation

. Other relevant questions: (a) hadronic P and (b) CP-violation
. (a) SM flavor-diagonal PV-interactions in non-leptonic
processes-
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Motivation

Other relevant questions: (a) hadronic P and (b) CP-violation

. (a) SM flavor-diagonal PV-interactions in non-leptonic
processes:
q q" q ”
Wiz I
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q q"
. At low energy, they reveal themselves as effective nucleon-

meson 1interactions:
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Desplanques, Donoghue and Holstein, Ann. Phys. 124 (1980) 449



Motivation
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Different models yield greatly-varying outcomes! hﬁ- , Haxton. nuclth0802 2984

Experiments:

Longitudinal Analyzing Power (LAP): N +N'—> N + N
y —ray asymmetry: N+ N'— A+y
Circular polarization of y-ray:N+N'—> A+y

n

To evaluate h,,, on lattice, one needs to calculate matrix element of the form (Nz|O,|N).




Motivation

 Lattice effort to evaluate h "'  Wwasem PRC 85, 022501 (2012)

@ o state
B  nostate
(a) (b)

Connected Quark Loop

B Signal/noise ratio too low!

\j
hisy = (1.099 £ 0.505700°%) x 1077, This is an INCOMPLETE result

o Again, aid from theory to understand the quark-loop contribution
will be very helpful!
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Motivation

Other relevant questions: (a) hadronic P and (b) CP-violation

. (b) CP-violation from BSM physics: required to explain
matter-antimatter asymmetry

. For a class of BSM scenarios known
as left-right symmetric models,
CP-violation at low energy takes the

form of four-quark operator:

C,qd 7 u Uy, dg +he.

. The leading long-range effects on hadron systems are again in
the form of pion-nucleon coupling:

go g2

_ N N 9L g N3N
JC;T = QF?T:\’T TN EFW HD.:\' N Z’F?T ﬂ_{j_:\' N+ ...,
. Once again, one needs to calculate (N7|O4|N) on lattice. Thus

problem of disconnected contraction will occur as well.
11



2. Partially-Quenched
QCD and ChPT



Application to Pion-Pion Scattering

The key 1s the ability to extract particular contractions in a scattering
process. This can be done by properly choosing the quark content in the

external hadron. E.g. _ _
ud uk
\______}_______..-“‘

(ud)(dj) — (uk)(Kj)

(ud)(jk) — (ud)(jk)

This can be realized by adding extra quark flavors into QCD. Such
extension is known as Partially-Quenched QCD (PQQCD).

For review: see e.g. Sharpe, hep-lat/0607016
Sharpe and Shoresh, PRD64, 114510 (2001)



Partially-Quenched QCD and ChPT

. Original motivation: to invent a field theory compatible to the partially-
quenched approximation in lattice calculation in the old days

< P ( 1)11(;0) S— 7 1 / D) DE Di’”r (11)2 (’D)f —S[, 0, U]

=4 / DU QL [U] det(Q[U]) e 5V

. Quenched approximation: detQ=1 /»\

. Partially-quenched approximation: anAAAAE AR,
calculate detQ but take the sea quark \J
mass to be unphysically large

. A corresponding field theory is therefore required to extrapolate the sea
quark masses to their physical values.
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Partially-Quenched QCD and ChPT

In field theory, this can be accomplished by distinguishing “valence
quarks” and “dynamical quarks”. E.g. 2 flavor QCD can be extended to:

SU(2) »SU@4):(u,d) —> (u,d, j,1)

The dynamical quark (u,d) masses and the valence quark (j,1) masses can
be made different.

But this changes the dynamical DOFs. One needs to further introduce a
set of “ghost quarks” (bosons) which are degenerate with the valence
quarks, such that the quark loop effects from valence quarks will be
canceled:

SU(4) > SU(4]2):(u,d, j,1) > (u,d, j,1.7,T)
Ghost quarks CANNOT appear in external states.
Now the extended Lagrangian satisfies a “graded” SU(4 | 2) chiral

symmetry.
y Y Qur 2> VirQLik:
Vi g €SU4|2),q
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Partially-Quenched QCD and ChPT

A bit more detail on graded symmetry:

Vl VZ
VeSUMIN) =V =
V, V,

where V;, is a M*M (N*N) c-number matrix while Vy 3 is a M*N (N*M)
Grassmann-number matrix.

Cyclic “super-trace” of graded matrices:

M+N

Str[A] = i A — Z A, Str[AB] = Str[BA]

i=M +1
PQChPT is a low-energy effective theory of PQQCD with spontaneously-
broken chiral SUM | N) symmetry.

Non-linear representation of Goldstone fields:
= exp{ Z ¢°T }

d2: Goldstone fields, T: Hermitian, super-traceless SUM | N) generators.



Partially-Quenched QCD and ChPT

PQChPT Lagrangian at O(p2):
2 2

F, ‘ I 9 T
£ = 28t [(9,UT)(9"U)] + —5—Str [MU' + UM']

Quark mass matrix:

M :dlag(mu,md,mj,m,,mj,m,)
O(pY):
- - . L . 1 - - - ‘. AVTT
W = Lt [(0,U1)(0,U)(0" U (' U)] + (LY} - §L§Q)Str (8,UN)(8*U)] Str [(8,UT)(87U)]
+(Ly® = Ly )Str [(8,U1)(8,U)] Str [(0#UT) (8°U)]
HLEY +2LE st [(0,U7) (84U (8,UT)(8°U)]
+2B, Ly Str [(8,U7)(8*U)] Str [UTM + MTU] + 2B, Lz “Str [(8,UT)(0*U)(UTM + MTU)]
+4B2LEQ (Str [UTM + M1U])" +4B2LE? (Str [UTM — M1U])?
+4B2Lg st [MUT MUt + MtUMTU] . (1

Completely analogous to Gesser-Leutwyler representation
17



Partially-Quenched QCD and ChPT

For PHYSICAL processes in SU(2), some Low Energy Constants (LECs)
are redundant due to trace identities. Physical ones are:

o= 2L Y+ LY

[ = ilLEQ

I3 = —4(2LY} + LYY — 4Ly —2LY9Y)
Iy = il(QLEQ 1 LEPQ)

l7 = —S(QLTPQ +L§'Q)

Independent LECs can be chosen as:

(L2, 13,10, 17, Lo 2, L5 2, LE9, LEY)

The L's are unphysical LECs that cannot be determined by experiment
but can be determined by lattice.

18



3. Application to pion-
pion scattering



Application to Pion-Pion Scattering

Only two PQChPT scattering processes needs to be calculated; other

contractions can be obtained by crossing.

uk
)::( S
| k;

T(stu)

T,(u,t,5) T,(s,u,t) T,(s,u,t)

Decomposition of isospin amplitudes:

T,(t,s,u)

T'0(s,t,u) = =T,(s,t,u) + T, (s,t,u) + T, (s,u,t) + 3(T,(s,t,u) + T,(s,u,t))+ 3T, (t, s, u)

T'(,U) =T, (560) - T, (5,U,8) + 2T, (5,6,0) - T, (5,.1)
T'2(s,t,u) = 2T, (U, t,8) + T, (S, t,u) + T, (S, u, )

20



Application to Pion-Pion Scattering

. Results from PQChPT to one loop:

2m2 —u 3u — 4m? 2m> —4dmi(s+1t) +s(2s+1)\
Ti(s,t,u) = 252 - ( 352 );: + ( 1257 JI_(s)
2m —zlmz{s—l—t]l—l—t(?f—i—s}) 1 PQ.r
- ul u JL(t)+ = (s +t2+u* —dm)) Ly ™'
"Physical LECs ( 12F; () + 73 ) Lo
L% Unphysical LECs 2 2 pQr _ Amzu; por | 16my | po
i Py —I—ﬁ(hlm w+ 8%+t Sm)L — F4 ——L. Fi —= L
~omy N miu N 2u? — % — ¢
7902 F1 T 06r2FY | 576m2k0
(s — 2m)? (u — 2m)? 2mt + 2
Ty(s, t,u) = ————J- — I — | JI
2{'5 _UJ 4F;|_ ‘T'T( ] —IF# TT{ :] —LF;‘ J'ﬂ-{ }
4 2 )
+ﬁ (4mi — s — 1> —u?) Ly ¥" + 7 (t—2m2)" (1 — 20597
r E?Hi ' Dy 2 r PQ.r
F‘= (s + 2 —I—Jm t — 8m? )I + r{ —,Emﬂ) (I —4L. ")
i}
;;“ (I + 17 — SLPYT)
. Depend on both known and unknown LECs.
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Application to Pion-Pion Scattering

. Lattice study can in principle fit both physical and unphysical LECs
because the sea and valence quark masses could be made different.

Table 2 i

The LECs relevant to our work. Values of {/;}

are taken from Refs. [55.,56]. {L?Q'r‘ LSPQ"‘} and L5PQ,r, LSPQ,r are fitted to NLO meson
{LEQ"', EQ’T} are obtained from the NLO and masses and decay constants.

NNLO fits to lattice data, respectively. in Ref. [37] L. Pr, L.PQr can only be fitted at

at ;1 = 1 GeV (see the discussion in the text). NONLE) ;s they do not appear in the

[ —0.4(6) formula of mass and decay constant
I 4.3(1) corrections at NLO, which makes

I3 3.0(8) their fitting less precise.

Iy 442)  «  Direct application of PQChPT results
103152 1.0(1.1) with these fitted LECs will lead to
103 LEQ,r 4 LEQ.r) _1.56(87) 1mprecise predictions.

103 LEQ 0.501(43)

10325 0.581(22)
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Application to Pion-Pion Scattering

Our study provides an alternative approach to fit non-physical LECs:
calculate connected contractions on lattice!

General strategy:

Derive analytic formula for
connected and disconnected contractions from PQChPT

!

Fit the unphysical LECs by matching lattice results to the
analytical formula of connected contractions

!

Use PQCHhPT result to determine the disconnected contractions

which 1s in principle much more economical than to calculate the
disconnected pieces directly.

23



Application to Pion-Pion Scattering

PQChPT results can also be used to check the degree of accuracy of
lattice studies in the handling of disconnected contractions:

3
ai? — =aPy = (1.96 £0.16) x 10~2

2

a'ly + 6a — % = (2.00 £0.02) x 102,

MZ2a} + 8-:1(_« 30M2al? — M, = (6.384+0.13) x 1072,

3 STF2 '

gd 02 SRPE D‘z 1 oo *.-‘i,ffr - 1—3

Myay —3Mzag + <ag ~ T0nFE - (1.47 £0.03) x 1077,
M2ai? +6Mal — fac + My = (—4.39 £0.47) x 10~*.

40T F2

ay :scattering length contributed by contraction X

It i1s thus a mutually-beneficial interplay between lattice and EF'T.

24



Brief Summary

Diagrams involving disconnected contraction are particularly
noisy in lattice calculation

Many interesting physical observables involve such
disconnected contractions, such as meson-meson scattering
amplitudes and P/CP-violating hadronic matrix elements

Diagrams with different connections can be isolated and studied
independently using partially-quenched ChPT.

Our work on nn—scattering demonstrates a mutually-beneficial
interplay between lattice and EFT.

Similar study can be done on hadronic parity violation. Work in
progress.
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