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Introduction

Spectrum of two-body bound state in finite volume
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Spectrum of three-body bound state in finite volume

@ Identical particles and zero angular momentum |
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» The result is strictly valid in the unitary limit.
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Motivation:

@ For spectrum of three-body bound state in finite volume

» Non-identical three particles ?

» Non-zero angular momentum 7

@ For quantization condition of three-body in finite volume

» Akaki's talk on three particles quantization condition.
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N £ 0 S UUCUUUIN  General descriptions
General description of three-body system

Schrédinger equation in finite volume

3

1
D (5 AT+ VE@)+EJ(ra, ra,ma) =0
i=1 ' 3, 3
x2
@ Jacobi coordinates set {i} O
1y, ?1 1 -
x; = pj(rj — i) @2 V2@ 2
m;Ti + mgTy
Yi = hiry (= — T4)

m; + my

@ Mass coefficient

wie = A/ mymy/(m(mj + mi)),  piGry = \/mi(mj + my)/(m(m; + mj + my))

Note:m is a normalization mass.

@ Periodic boundary condition:

vie) = E Vi(z; + pjnl)

nez3
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General descriptions

Energy shift formula

Considering the three-body systems: (mjy, mo, m3) = (2,1,1)

@ Forz>2/V/3-1~0.2
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@ For0<z<2/vV3—-1=0.2
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Evaluation formula Wave function of bound state

Wave function of bound state

Wave function of non-identical three-body bound state with angular momentum (L,M)
under Hyperspherical coordinatesis (R, «;) is given by

3

LM - R—% A gl 1y

Y (@i y;) = Nm Jo(R)A;™H7 sin™ aij cos™ o
J=10 dgly

1/2415,1/2+1 M
xP, = V(= cos2aj) E Clyma tymy Ytwma () Yiymy, (Qy;)

mg+my=M

Hyperspherical coordinatesis : «; = Rsina;, y; = Rcosa; .
Radial asymptotic solution: fo(R) = R*? K¢, (kR), r = (—2mEq)'/?.
Jacobi polynomial: P%Y(—z) = (—1)* P& (2) .

Normalization coefficient .47 5 :f d3a;d3y; |0 M (24, y;)|? = Aglzly)(A“’ly))* .

i

vy, is defines by eigenvalue A vy = —(2+ L + 1,)/2 4+ (4 + Ap) /22

> For Efimov bound state: Aj, < —4, it is usually introduce:A;, = —4 — 5%.
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Evaluation of en e Wave function of bound state

Considering

@ [, > 1 Eigenfunctions are suppressed,thus choosing (I, l;) = (0, L).
@ Unitary limit: any two-body scattering length a > L.

Under above conditions, vy, is determined by the equation

0,L

P Q2 qis AP

21 P g3 Aéo’” =0
B1 G2 P AL

@ where
sin(r(vg, + d/2))
sin(mwd/2)
(/)T (vy +d/2+ L)

;= F(—vp, L4+d—1;d/2+ L; i) (— cos vi)E
9ij T(d/2 + D) (v, + 4/2) (=vp,vp + L+ /2 + COS"MJ)( COSWU)

@ Relation of 4{®%):
A0:D) A(0.D)
2 Pg2s — 21013 _ 1 Pqi2 — 432013 _ 1,
= =A = = ak,

= = A23>»
AéO*L) g21q12 — p? Ago,L) g32P — 412431




Wave function of bound state

Angular eigenvalue

With above considering:

3
N, _5
M () = (<1 R (1) Y~ AP (cos” g PL P 7 (cos 20) Vi ()
iy

j=1

Eigenvalue is obtained as:

@ The lowest angular eigenvalue Ap,. 4
@ z=1,& = 1.00624.
@ Only L =0 considered at present,
so we omit the superscript of AEO’L).
@ Results for L = 0,1 with the assumption o
A1 = 0 is obtained by

— L=0




Transformation

Denoting

3
@ M (ayy) =) ¢MM(R o)
j=1
My,
@ Mz — pjel,y; + Ter%? el) = Z¢(R 04]
Coordinates transformation

Mg Heg (ke
Q@ (z4,y;) = (z; — HipeLl, y; + #eL) ; tan o,

mjt+my ! v Hi(jk) ™k
@ (z,y;) = (2 + ppiel, y; + %em ; tan a]f L—oo MZ](ZZZ):ZU
@ (wpyp) = (zh, u — ppgzyel) ; tan ay, = }ZZ‘(I:;L/
° R/H—wwk(ij)L—ﬁ(%e ”’% vi

Hyperradial wavefunction

’ _ ’
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Analysis Results

Results

@ Identity

62 2

1 8 )
Vi) (zi, y;) = [ (5 + ) = k7)o(R, a;)

@ For system (z > 2/4/3 —1), it arrives at

M ik
AEy =6 § /d i d3 i[9 (1, v1) Vima) (o — ppel, y; + —9 )

mj + my
i=1
g i)
mj + my

=12 x 27125521 g || Ap 0% (kL) T3/ %] A5

+ " (24, y;) Vi(m) P (zi — pjeel, y; + eL)]

[ NP P -3/2

J1Ayg H3(12) T H312)M3(12) L JaAz3A1s F1(23) L

— exp(—pg(12)kl) + ————— ——— exp(—py(23)KL)
Y13 m1 sin y21 mo

uo3/2
J3Aaz Fa(31)
——— ——— exp(—pg L)) + ...
sinyza ms3

Co = — 7 Tt 2 (w0 + 1) cosh(n€0/4), iy gy) = (1= D2+ (1 + 2]~ /2

Ji = f dzd cos 0y, K¢ exp(—a;zcos Oy, ).

»
. my, (mg+m;+my)
> a; = [mimy/ ((mi + mg) (my + mi))]M/2, vy = arctan(o {7, j, k} 4 / )
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Evaluation of energy formula

Results

@ If denoting
(1)

Analysis results

(2)

. C C,
ABy = (kL) 73/2k2| Ag|2 (22— exp(—p3(12)5L) + —— exp(—piy(23)kL)
mi1 m2

o3

+ 22— exp(—paz1kL)) + -
m3

> cél) = —12 x 271/275/2| Cy |2 | Ap o |2 DlLa [1312) + “;(12)]“;(51/5-

siny13
(2) _ —1/2.5/2 2 2 JaA23A13 ,,—3/2
> o) = —12 x 271/275/2| Cy|?| g 0 L2
3 _ J3 A —3/2
> C(() =122 1/27r5/2|00‘2‘%50|25i?17232 “2(3/1)'

@ The dependence of (cél), 082), 083)) on z arrives at

> (m1,m2,m3) = (2,1,1),L=0
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Numerical results

Results
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@ Especially, the point for z = 1 is just the equal-mass case, which is studied by

[ I
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Numerical results

More results
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@ (M, e8P, el = (~0.47; —10.15; —11.59) for z = 100.

@ (M, e8P, () = (~0.048; —10.16; —11.63) for = = 1000.
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Evaluation of energy formula Numerical results

Question:  why

not consider L > 1 for system z > 2//3 -1~ 0.2 ?

@ Choosing ALY = 0 for simplicity.

> z<0.

@ Conclusion:

067 for A\1 < —4; z < 0.025 for Ao < —4.

No Efimov bound state exists with z > 2/v/3 — 1 for L > 1.
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Summary and outlook

Summary and outlook

@ Summary

> Spectrum of identical three-body bound state in finite volume is generalized
to non-identical case.

» Three-body system with (z,1,1) for z > 2/v/3 — 1 is studied for L = 0, and
the exact energy shift formula in this case is obtained.

> Our method here can be applied for three-body system with any masses and
any angular momentum L.

@ Outlook

» Considering the three-body system with z < 2//3 — 1 for L = 0.
» Considering L # 0.

Work in progress ... I
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