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1. Quarkonium Production



1.1 Quarkonium production in e+e− → χcJ + γ

Authors: Nora Brambilla (TUM) Wen Chen (CAS) Yu Jia (CAS)

Vladyslav Shtabovenko (TUM) Antonio Vairo (TUM)

Report: TUM-EFT 68/15

→ see talk of Wen Chen for an extended presentation.



1.1 Motivation



1.1 NRQCD factorization



1.1 Analytical results



1.1 Numerical results

We fix the matrix elements with the Gremm–Kapustin relation

→ requires binding energy and Γ(χc0 → γγ)
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1.2 Quarkonium production in Higgs decay: H → J/ψ + γ

Authors: Nora Brambilla (TUM) Wai Kin Lai (TUM)

Vladyslav Shtabovenko (TUM) Antonio Vairo (TUM)

Report: work in progress



1.2 Motivation

• Measurement of Higgs couplings to other particles eagerly awaited.

µf = Bf/Bf
SM measured from LHC Run 1.

• Hcc̄ coupling not yet observed.

• H → J/ψ + γ clean channel to measure Hcc̄ coupling.

• Precision calculation of H → J/ψ + γ decay rate needed.



1.2 Quarkonium production mechanisms in Higgs decay

H

Direct amplitude Indirect amplitude

• Indirect amplitude determined to percent level.

• Direct amplitude has large uncertainties. State of the art: O(v2) and O(αs).

See Bodwin Chung Ee Lee Petriello PR D90 (2014) 113010.

• Aim of this project: O(v4) corrections to direct amplitude with light-cone

resummation.



1.2 Light-cone distribution amplitude

Computations may be performed using the light-cone approach ...

Light-cone distribution amplitude (LCDA) φ⊥V (x):

1

2
〈V |Q̄(z)[γµ, γν ][z, 0]Q(0)|0〉 = fV (ǫ∗µV pνV − ǫ∗νV pµV )

∫ 1

0
dx eip

−

V
zxφ⊥V (x)

• QCD-LCDA factorization for QQ̄g final state at LO in αs in the light-cone limit:

H

Diagrams for the LCDA with QQ̄g final state:



1.2 Light-cone distribution amplitude

• The amplitude reads

iM =
i

2
eeQκQm(

√
2GF )1/2fV

(
−ǫ∗V · ǫ∗γ +

ǫ∗V · pγǫ∗γ · pV
pγ · pV

)∫ 1

0
dx

1

x(1− x)
φ⊥V (x)

• The running of φ⊥V (x, µ) is governed by the Brodsky–Lepage kernel:

µ2
∂

∂µ2
φ⊥V (x, µ) = CF

αs(µ)

4π

∫ 1

0
dy VT (x, y)φ⊥V (y, µ)

that allows to resum logn(mH/mQ).



1.2 NRQCD matrix elements

... or in NRQCD.

Relevant matrix elements up to O(v4) are

that match the corresponding LCDA (φ0 is the quarkonium wave-function at the origin):

fV =

√
NcmV

mQ
φ0

(
1− 5

6
〈v2〉+ 19

24
〈v4〉

)

fV

∫ 1

0
dx (2x− 1)2φ⊥V (x) = −1

2
〈v2〉+ 3

10
〈O2〉 − 〈OB〉+ 3

5
〈OE1〉+

13

40
〈OE2〉 −

9

20
〈OE3〉

fV

∫ 1

0
dx (2x− 1)4φ⊥V (x) =

43

120
〈v4〉



2. Quarkonium-Quarkonium Interaction



2. Atom-Atom and Quarkonium-Quarkonium Interaction

Authors: Nora Brambilla (TUM) Vladyslav Shtabovenko (TUM)

Jaume Tarrús Castellà (TUM) Antonio Vairo (TUM)

Report: TUM-EFT 58/14

Journal: Phys. Rev. D95 (2017) no.11, 116004

Authors: Nora Brambilla (TUM) Gastão Krein (U. São Paolo)

Jaume Tarrús Castellà (TUM) Antonio Vairo (TUM)

Report: TUM-EFT 70/15

Journal: Phys. Rev. D93 (2016) no.5, 054002



2.1 Van der Waals interaction in QED

Atom-atom interactions are characterized by several energy scales (m = mass of e−):

a0 ∼ 1/(mα) (Bohr radius), E ∼ mα2 (atomic binding energy), R (atom-atom distance),

W , T ∼ Q (potential, kinetic energy between atoms).

We have studied the atom-atom van der Waals interactions in the

• short-range regime 1/E ≫ R ≫ a0, also known as the London limit

WLon ∼ 1/R6

.• long-range regime R ≫ 1/E ≫ a0, also known as the Casimir–Polder limit

WCP ∼ 1/R7

.• intermediate regime R ∼ 1/E ≫ a0.

using an EFT framework that allows to explicitly construct a van der Waals EFT (WEFT).



2.1 Short-range van der Waals static potential

1/mα2

R

∼ 1/R

∼ mα2

∼ Q

E

pNRQED

pNRQED′

WEFT

Defining ∆Enm = En − Em and x, µ the electron orbital radius and magnetic moment

pE(n,m) =
e2

3
〈n|x|m〉 · 〈m|x|n〉

which is related to the static electric polarizability (αn =
∑′

m pE(n,m)/(2π∆Enm)),

the LO van der Waals potential (London limit) reads

WLO =WLon =
3

8π2R6

∑′

m1,m2

pE(n1,m1)pE(n2,m2)

∆En1m1
+∆En2m2



2.1 Short-range van der Waals static potential: higher orders

Higher-order corrections to the potential are (counting 1/R ∼ mα3/2 for convenience):

WLO×
√

α =
α

m2

[
2π

3
δ(3) (R) 〈n1|µ|n1〉 · 〈n2|µ|n2〉+

3

4R3
R̂ · 〈n1|µ|n1〉 R̂ · 〈n2|µ|n2〉

]

WNLO = − 1

8π2R4

∑′

m1,m2

pE(n1,m1)pE(n2,m2)
∆En1m1

∆En2m2

∆En1m1
+∆En2m2

WNLO×
√

α = − 7α2

6πm2R3
+ . . .

Terms in WNLO×
√

α carry divergences. After MS subtraction the residual scale

dependence cancels against the one in the contact 4-fermion terms of NRQED:

WNLO×
√

α

∣∣∣∣
log ν

=
8α2

3m2
log ν − 14α2

3m2
log ν +

2α2

m2
log ν = 0



2.1 Long-range van der Waals static potential

1/mα2

R

∼ mα2

∼ 1/R

∼ Q

E

WEFT

WEFT ′

pNRQED

The first non-contact term appears at N3LO (counting 1/R ∼ mα5/2 for convenience):

WN3LO =WCP = − 23

4πR7
αn1

αn2
+ . . .

which corresponds to the van der Waals potential in the Casimir–Polder limit.

Divergences affect single contact terms and the 1-loop diagram leading to the

Casimir–Polder potential; all these divergences cancel with each others as in the

short-distance case.



2.1 Intermediate-range van der Waals static potential

R

1/mα2

∼ 1/R ∼ mα2

∼ Q

E

WEFT

pNRQED

The first non-contact term appears at NLO and admits a dispersive representation:

WNLO =WInt =
1

2π2R
lim
η→0

∫ ∞

0
dµ e−µRµ Im

[
W̃ (η − iµ)

]

Im
[
W̃ (η − iµ)

]
= −

∑′

m1,m2

pE(n1,m1)pE(n2,m2)

16π

{
4∆En1m1∆En2m2

+
µ4 + 4µ2∆E2

n1m1
+ 8∆E4

n1m1

µ
(
∆E2

n1m1
−∆E2

n2m2

) ∆En2m2
arccot

(
2|∆En1m1

|
µ

)

−
µ4 + 4µ2∆E2

n2m2
+ 8∆E4

n2m2

µ
(
∆E2

n1m1
−∆E2

n2m2

) ∆En1m1
arccot

(
2|∆En2m2

|
µ

)}



2.1 Intermediate-range van der Waals static potential
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Relative difference between the intermediate-range van der Waals potential with the

London potential and the Casimir–Polder potential for both atoms in the ground state.

The London potential and the Casimir–Polder potential are a good approximation in the

short and long distances respectively. Due to a conspiracy of numerical factors and

cancellations, the convergence towards the London potential is somewhat faster than the

one towards the Casimir–Polder potential.



2.2 Quarkonium-quarkonium van der Waals static potential

∼ mv2 pNRQCD

∼ ΛQCD gWEFT

∼ mπ ∼ k χEFT

∼ k2/mφ WEFT

E

The hierarchy of scales and the sequence of EFTs is similar to the QED case.

In the long-range the interaction is non-perturbative and governed by a polarizability

coupling β and the two-pion production by the polarizability operator.



2.2 Polarizability and two-pion production

• For the quarkonium ground state the polarizability coupling may be computed in PT:

0.30 0.35 0.40 0.45 0.50 0.55
Αs

0.5

1.0

1.5

Β@GeV-3D

β for bottomonium 1S state

• In the low-energy limit the two-pion production by the polarizability operator is

determined up to a constant from chiral algebra and the QCD anomaly in the trace

of the energy-momentum tensor:

g2〈π+(p1)π
−(p2)|E2

a|0〉 =
8π2

b

(
κ1p

0
1p

0
2 − κ2p

i
1p

i
2 + 3m2

π

)

where κ1 = 2− 9κ/2, κ2 = 2 + 3κ/2, b is the first coefficient of the beta function,

and κ = 0.186± 0.003± 0.006 from BES coll. PR D62 (2000) 032002.



2.2 Quarkonium-quarkonium van der Waals static potential

W = −3πβ2m2
π

8b2R5

[(
4 (κ2 + 3)2 (mπR)3 +

(
3κ21 + 43κ22 + 14κ1κ2

)
mπR

)
K1(2mπR)

+2
(
2 (κ2 + 3) (κ1 + 5κ2) (mπR)2 +

(
3κ21 + 43κ22 + 14κ1κ2

))
K2(2mπR)

]

≈
Rmπ≫1

−3(3 + κ2)2π3/2β2

4b2
m

9/2
π

R5/2
e−2mπR

where Kn are modified Bessel functions of the second kind.

The result completes previous findings by Fujii Kharzeev PR D60 (1999) 114039.

For the 1S-1S bottomonium van der Waals static potential we obtain:
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2.2 Full vs long-range potential

For the 1S-1S bottomonium van der Waals static potential the impact of chiral

corrections to the long-range limit is sizeable and attractive.
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2.3 Chiral corrections to the quarkonium mass

As a side-product of having established the leading pion-1S-quarkonium coupling one

can determine the leading chiral logarithm of the 1S quarkonium mass, which reads

δmquarkonium|chiral log = −3

8

β

b
m4

π log
m2

π

ν2

This result corrects Grinstein Rothstein PL B385 (1996) 265.



3. Quarkonium interaction with light d.o.f.



3. Quarkonium interaction with light degrees of freedom

Authors: Nora Brambilla (TUM) Gastão Krein (U. São Paolo)

Jaume Tarrús Castellà (TUM) Antonio Vairo (TUM)

Report: TUM-EFT 69/15

Journal: submitted to Phys. Rev. D

→ see the project A3 report of Wai Kin Lai for the QCD applications.



3.1 Energy scales in a H+
2 -like molecule

The typical energy scales in a H+
2 -like molecule are:

r ∼ z ∼ 1/(mα) (size of the atom and molecule), E ∼ mα2 (atomic binding energy),

Eheavy (energy of the molecular vibrational modes)

These scales are hierarchically ordered (m is the electron mass ≪M the nuclei mass).

From the virial theorem applied to the vibrational modes it follows: Eheavy ∼ mα2

√
m

M
.

The Born–Oppenheimer EFT (BOEFT) is the EFT that describes these modes, Ψκ.



3.1 Born–Oppenheimer EFT in QED

LBOEFT = −1

4

∫
d3xFµν(x)F

µν(x)

+

∫
d3r

∑

κ

Ψ†
κ(t, r)

{[
i∂t + etotA0(t,0)− H

(0)
κ (r)− δEκ(r)

]
Ψκ(t, r)

−
∫
d3r

∑

κκ′

Ψ†
κ(t, r)C

nad
κκ′ (r)Ψκ′ (t, r)

The operator H
(0)
κ is the LO nuclei-nuclei Hamiltonian:

H
(0)
κ (r) = −∇2

r

M
+ V LO

ZZ (r) + V light
κ (r)

V LO
ZZ is the LO nuclei-nuclei electromagnetic potential,

V light
κ is the Born–Oppenheimer potential.



3.1 Born–Oppenheimer potentials

The Born–Oppenheimer potentials are solutions of the Schrödinger equation

[
−∇2

z

2m
+ V LO

Ze (z + r/2) + V LO
Ze (z − r/2)

]
φκ(r; z) = V light

κ (r)φκ(r; z) .

where V LO
Ze is the LO nuclei-electron electromagnetic potential.

The label κ reflects the cylindrical symmetry of the system.



3.1 Higher-order Born–Oppenheimer potentials

δEκ(r) = δrecEκ(r) + δrec, 2Eκ(r) + δNLOEκ(r) + δUSEκ(r) + ...

contains higher-order contributions to the Born–Oppenheimer potential,

e.g., the nucleus recoil correction

δrecEκ(r) =

∫
d3z φ∗κ(r; z)

(
−∇2

z

4M

)
φκ(r; z)

or iteration of it, δrec, 2Eκ, or NLO electromagnetic corrections to the potential, δNLOEκ,

or Lamb-shift-like corrections

δUSEκ(r) = − e2

6π2

{
− Ze2

2m2

[
log
( µ
m

)
+

5

6
− log(2)

]
ρκ(r)

+
∑

κ̄ 6=κ

∣∣∣∣
∫
d3z φ∗κ(r; z)

(
−i ∇z

m

)
φκ̄(r;z)

∣∣∣∣
2

(V light
κ (r)− V light

κ̄ (r))

× log

(
m

|V light
κ (r)− V light

κ̄ (r)|

)}

where ρκ(r) is the electron density at the positions of the nuclei.



3.1 Non-adiabatic couplings

Cnad
κκ′ (r) is the nonadiabatic coupling:

Cnad
κκ′ (r) =

∫
d3z φ∗κ(r;z)[−∇

2
r/M, φκ′ (r; z)]

It is responsible for the mixing between Born–Oppenheimer levels.

In the molecular case, this mixing is suppressed → suppression of the Λ doubling.

Molecular energy levels:



3.2 Born–Oppenheimer EFT in QCD

Adjoint quarkonium bound with gluons (hybrids) or with light quarks (tetraquarks) is a

system very similar to the H+
2 molecule, but with some noteworthy differences:

• The size of the hadron is 1/ΛQCD, but the QQ̄ distance, 1/(Mw), is smaller.

• In the short distance the cylindrical symmetry becomes a much stronger spherical

symmetry, with a specific pattern of degeneracies.

• The nonadiabatic coupling may count for nearly degenerate states as the LO

Born–Oppenheimer potential → strong Λ doubling.

→ see project A3.



Outlook

Consistently with the two years funding we plan to complete the following items.

• Full O(αsv2) phenomenological analysis of H → J/ψ + γ with complete error

budget. In particular, we will carefully size the effect of the octet matrix elements

(of similar nature to those appearing in e+e− → χcJ + γ).

• The polarizability coupling and operator entering quarkonium-quarkonium van der

Waals interactions are also crucial ingredients in quarkonium hadronic transitions

and in particular in dipion transitions. We will study in a suitable EFT framework

these observables.
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